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today • Stability
- Scalar discrete - time

→ vector discrete -time
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⑧

Intro:

This week we will be talking
about stability and Stabilizing control .

Often times useful operating points

of systems are Unstable
,

and we

must design Controls to stabilize the

system .

T
E.g ,



Example : µ pendulum:

O

Linearize around upright (yay JXA-li-XGH.LY/J4Lt):EUlt
) - Oequilibrium :

dict) - f: .hn/dxctlt duct)

Discretize :
-

dxut
,
= Addxiu t Badua ←

System is controllable .

x , ¥4-on.

Assume NCH -

- o

dxo= f- °o°
" ) -- Ntl - FYI

⇒ Could solve optimal control

problem to get to dXu¥f: ),
but will that work ?



In order to learn how to

address this
,

we must first

study Stability
.

→

Stability : XUEIR
,
Uu -412

-

consider Xu+ , = XXut Kuk
-

Xu= Xo t X
"'$u . t '

but . . . tbh,

4- I

= X
"

Xo t E X
"" - t
but for kHz .

. . .

.

⇐ 0

Definition- .

This system is Stable
-

if the State remains bounded

for any initial configuration
and any bounded input Sequence

conversely : system is unstable if
we can find any initial config ,

or any

bounded input sequence such that 14*1-70 as

KTX



For Scalar case :
-

If I X1 7 1 :

choose Uu E- O H K

Hunt ⇒ ( x"xo/ → X

as K →x

⇒ System unstable

If I X1 L1 :

I Xxl = lx" Xo t K
" - tbuel

E IX" x. I t I :{ x" " but I
E IK"xol tlb.E.MX" -tppu¥
E l 'd"xoltlblMMI.ly#K-*-tfEl*oltlblMEEl*it
EEE lxolt HIM I

⇒ If 1×1<1
THI

⇒ System remains bounded ⇒ stable



what if X is complex ?

1×1 = F-REEK} 't Inga}

what if 1×1=1

If no control :

lxul = IX" Xo ) = lxol

Eg . 4=1
,

define Ula II 0K

II. X"" - t

but = Kob → x

as u-7

If 1×1=1 :
we call this Marginally Stable

Recap :

1×12 I ⇒ Stable

1×17 I ⇒ unstable

1×1=1 ⇒ Marginally stable



Vector case :

-

Xu EIR
"

consider Uu C- IRM

XCKHI = AXCK] + Bucks

XCIUB : A
" HOTTIE! A"" Bucca Kha. . .

A
"
:-c A. A. A . .

.

-

K times

First assume :

A diagonalizes le

AV -- VA. ⇒ V'
'AV -_ If

ZCk3= V
- '
Xcel

XCKJ -- V ECU ]

24k¥13 = A- Ecu] t V'
'

Buck ]
in w

Ane- Bueno

['' ' '+1



Zi Cutis = ki Zick] t bi Ul

bi ith row of Brew

For each scalar subsystem

( Kil L1 ⇒ State

( Kil 7 I ⇒ unstable

( Kil - I ⇒ Morsinally Stable

For whole system

If I i C- Eli . . - in}
with 1×171 ⇒ unstable

Ira (Kil L I t i ⇒ Stable

1

what about the non - diagonalize
Ease ?

For general (non- diagonalizing
Linear discrete - time Systems

,

The stability criterion is the

same
as the diagonalize able

case .



General DT . Linear System :

- Stable if lxilc I ti
- marginally stable if IXIIEI

with at least one Hit#

We will prove (eventually )
that all Savar matrices

A can Be upper - triangular'zed

TAT
. '

=U=µ ? ! !
-

j)0

Let Elvis = EXCH

+ [k3= T
- '

ECK ]

Hut's :[ . ?
. !j÷)zµytBnuucu3



Start with
"

nth
" dimension at

Elroy

Znluti ] = An -21Mt bnU[ a]

This subsystem is Stable

it l*nl L1

( Xml L1 ⇒ Zack} bounded

for any bounded input

drow : n - I

Zn . ,(Htt]= In, Zn, [K]t( Enlist bn.MN)w

bounded

sub LN
( knit L1 ⇐7 System Tun

.

.CM
is stable)bounded bounded

Repeat for n - 2
,
. . .

,
I

⇒ Entire system is stable

Iff Magnitude of all eigenvalues

less than I
.

Recall ;
"

bounded
"

Uµ:= UKRLM.tt "
ML



If Fi such that Id :/ > I

⇒ System is unstable
.

RecaP For Linear Discrete - time

boundedsystem ←

Katie A- Xu t Buu t ca.

Stable if all eigenvalues of

A have magnitude less than 1 .

Continuous - Time
xct ) EIR
- acts EIR

X. CHI = X Nti t but >
Assure W - hoog . to -

-
O

Xlt ) = e×t×lo, + b)tent- "ucsjdg
Assure : Re { X} 70

,

choose UCTIIO htt

Hall --/e*×o/ ⇒ I tiwttxol
= leateiwtxof-le.tl/xo/

→x as' t -7



for Re{ 43 7 O ⇒ System
Unstable

Assume Re EX} L O

( Xlt) / = / e " No) t # ENT -"bugs)ds
E le" x I tfotlemt-sy.lk/.lucsYa,
E text Ngl t Holm ""Yds
= / e" No) ) t lblMJ.tfe.tt-Yds

*a"

.

e text Noy t$lMµ)
⇐ I No) I * I m (e¥*y

Re { $3 co ⇒ system is

stable



Rez 23=0 ⇒ System
is marginally
stable

.

Recap : far Scalar linear

continuous - time Systems ?

Re { X} L O ⇒ Stable

Rose X } 7 o ⇒ unstable

Reg K } = o ⇒ Marginally
stable

weaaxshou.us#diagonalizatianartriangularizatdon
X.G) = Axa) t BUCH

XEIRN

That for Vector - valued ,
Linear

,
y FIRM

continuous - time System :

If Re { X } co for all

eigenvalues ⇒ stable

If Re { X} > o for any

eigenvalue ⇒ unstable


