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a Controllability , continued

• Least - squares and SVD

→ optimal control

⑧

Controllability : ( XCk*x)=AX(Ht Buck)
Xut , = A ×µ, t Buu

NK"J⇐AXCkItBuc⇒
Assume Xu E IR

" Analogous resultsuuc.ir/::.e:
At 112mm
Be 112mm

System is controllable i,# for every

Xgoal & IR
"

,
there exists a HE { 1,2. . . . }

and inputs Uo
,
41

,
- - -

, Uu- i Such that

Xu = Xgoal

Assuming B is a column vector
,
b
,

( scalar input )
,

we have

* x - A' x. = [ b Ab - " A"b3[!÷
"

)
-

⇒ System is controllable iff

span { b , Abi . . -

c A-
"'

83=1/2
"
for

Some K



Assume lb F O

n 7,2

check for controllability :

µ= I{" 'eietrueir.nu/fbab...au..byy**n..break

else :

# =Kt1

Situation 1 :
2-

rank ( ( b Ab . . . AUM b)) grows

with Ka up until k=n

Situation 2 :
-

rank ( Cb . . . A "
-' b ] ) grows up

until KILL h and then

the rank stays the same

for K -- left

- will rank ever grow again
if we continue to increase k ?



n

Lemma : nxe
- a

If rank ( ( b Ab - -
- Al

-

$]) ==L

and rank ( ( b Ab . . . AA ' b)) ⇐ EL
nxfltl )

then rank ( Cb Ab .
. . A
"- ' 1) =L

H K 7A

Proof :

Tanu@ b As - - A" b) 1) =L tKd

E) AKI e span { b , Abi . - - i At
- '

b} Hk# l

FED There exist scalars
Aho

"

, . . .

, the
,

such that

A
"

b = a:$ tai
' Abt a'i'A'bt - -

-

KKK e
tae't *Ag,

we will prove this by induction .



take nxe ⇒

By assumption of lemma : f full column

rank

rank =

and

Alb isramel Ab - " ALD )=hG÷÷÷:
Therefore

-⇒→ Alb = a:b ta ,eAbt . . . txe.AT's
den for some Scalars 4¥

,
- n

, def ,

Inductive hypothesis : "Atb is

linear combination of

for K Y, I rectors { b , . . . , Atsb}
"

AIL = xkobta.MS#.-.*xe*IAt's
,

* Kenn :
for some scalars a :* . . . ..ae? ,

A-
""

lb =A(Aub ) -- do"Abteo.tk#Atb-=&I.ixo)bt&eiaaitao)Abt...tCxiixei*aii) Al
- '
b

°

.

.

- w YE 'n'or

a
"! X !

"

yes, gb. . .
. . A'

" 63
"



We have then that if .

rank (Cb Ab -
c . Ann "lbbJ)2n

⇒ System is uncontrollable
Therefore

,

controllability 2=7 rank (( b Ab .
- - A-

'

b)) =n

Multiple inputs :

nxm

( = [ B) ABI . .io/An-
'

BI
T T r s

-

M X ( n - m ) matrix

rank ( C ) =n ⇒ system is

controllable

continuous - time systems : same as

- discrete - time

controllability €7 rank (c) = an



Example. ( controllability in

-
continuous time )

"

i

↳ daeiiltl = Rina ) = R(UH - i. Al - int ))
Lzddeidt ) = Rinat = R (ult ) - i. Al - int )

xw-fii.tt'd
kith xitstf: "

Ah. =
-Erratas

[ b Ab] not full rank ⇒
uncontrollable



↳ diff ' = ↳ digits
⇒ ft ( hilts - Laius)=o
-

↳ ice ) - Lzizlt ) = Lillo ) -Kido)
Iff

-

SVDfleast-sauar.es
Recall : A ⇐ UEVT A * nnxm

assume rank (A) Ere Minchin)
r n - r

U =n[ UH , U2 ] U

if :÷÷÷÷.Vz : form
a

basis for
the null

{ =[ so Oo ) spade or
.

Here these
"
O

''s are

block Matrices of all Os .



Least - squares
Recall : 11×1/4 =

- MxE±IFExnT

case : A is a tall matrix
^

n > m -

nf ) ca: Iran,
Assume we have relationship :

Y = # * t e ← errors # o

ii÷÷
:c:

×
such . e. = Y - AX
that . .

Equivalently : minllt-x-y.IT×

1ninHtx-Ty It:×÷etµhata,!"%g
-

←
This is because

[min "*Hide:*:# In EI "" "
← ⇒⇐ em.)- ( Z, czz ¥8 Ffa) after?



Expanding the 2
: pA× - yyi.HU/soIvTx-yllz

orthonormal matrices :#
= Buff so ]vtx - Uty)//j

✓ ✓⇐ I
" now,

saw
"
"

⇐ 11 [ f) vtx - Uty µ
" " "" """

-

- Ill :p" - K ' Il:
one:*:"

. in :*, n.

"
" iii.

iii. c. 411.
": '' Ill :

Eflsvtx - Vityaz'
t 11 -UEYHZ

Therefore : hidden# x
x.⇐ min MAX - ylk ⇒ mink svtx - vigil !

↳ Divvy c :ot÷÷÷÷:)
can also show : x. = CATA)

#

Atg ( I.gs?IIYrI*hEu)



Cases A wide matrix

£
"

Jass:" a"
row - rank

' msn.mn?Yiy=axO
Tomorrow we will

prove that the optimal X
. is given by :

X. = AT CAAT)
- '

y

= V ,
S
- ' U'
'

y


