EECS 16B Summer 2020 HW 7

This homework is due on August 11, 2020, at 11:59PM.
Self-grades are due on Thursday, August 14, 2020, at 11:59PM.

1 Closed-Loop Control of SIXT33N

Last week, we discovered that open-loop control does not ensure that our car goes straight
in the event of model mismatch. To make our control more robust, we introduce feedback,
turning our open-loop controller into a closed-loop controller. In this problem, we derive
the closed-loop control scheme you will use to make SIXT33N reliably drive straight.

Previously, we introduced 6[k] = dr[k] — dr[k] as the difference in positions between the
two wheels. If both wheels of the car are going at the same velocity, then this difference
0 should remain constant, since no wheel will advance by more ticks than the other. We
will consider a proportional control scheme, which introduces a feedback term into our
input equation in which we apply gains k;, and kg to 0[k] to modify our input velocity at
each timestep in an effort to prevent |6[k]| from growing without bound. To do this, we will
modify our inputs uy [k] and ug[k] accordingly:

We begin with our open-loop equations from last week:

'UL[k] = dL[k + 1] - dL[k] = QLML[k] — ,BL (1)
or[k] = dr[k + 1] — dr[k] = Orur[k] — Br
We want to adjust vy [k] and vg[k] at each timestep based on 6[k]: instead of v*, our
desired velocities are now v* — k;.0[k] and v* + kro[k]. As vy, and vg go to v*, 6[k] goes to
Zero.
orlk] = dilk + 1] — di[k] = 0" — kp6[k] (2)
Z)R[k] = dR[k + 1] - dR[k] =0+ kR(S[k]

Setting the open-loop equation for v equal to our desired equation for v, we solve for the
inputs uy, and ug:

vt + olk
k] = S - 2
o0t + ok
uglk] = eRﬁ R kg Q[R]

Now, we plug these i nputs into our original equations for v; and v to complete the
model:

oulkl = sl 1=l = 0, (S P - 5 )
L L

UR[k] — dR[k + ]_] — dR[k] = QR (U*;_RﬁR + kR 6@[2]) —ﬁR

Below are two block diagrams representing our control scheme. The first is the one you
saw in lab: in this one, we abstract away the calculation of ur[k] and ug[k] and directly plug

them into our plants, dr[k + 1] — di[k] = Oru[k] — Br and di[k + 1] — dr[k] = Opulk] — Br.
The second shows how uy [k] and ugr[k] are calculated.
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]
¥ _ dy[k+1] = d,[k] + 6 u[k] - B,
O b dglk + 1] = dg[k] + 6gulk] — B

5[k

.

Integrator
Y e [,

Unit Delay

v*

ur[k] and ur[k] are represented as outputs because they are essentially the outputs of
the system you implemented in your code: all the calculations you go through at each
timestep lead up to the calculation of ur[k] and ug[k], which are then input into the physical
system via the actuators that generate the PWM signal and make the wheels turn (i.e., the
Launchpad’s signal pins and the motors/motor controller circuitry). Do not be alarmed
by the integrator block: it merely accumulates the velocities to determine distance, and
calculates 0[k] from the differences of the distances. You do not have a direct representation
of this integration in your code because the Launchpad stores your distance traveled, but we
need it in the block diagram representation because your chosen v+, the primary input to the
system, is a velocity, and is independent of total distance traveled: the block diagram is a direct
representation of the system created by setting the equations in (1) equal to their respective
equations in (2). Delay blocks in discrete-time systems act like memory overwritten at each
timestep, and we can use them to create discrete-time integrators, representing persistent
memory, like the one shown in the second system above. Keep in mind, v;[k] and vg[k] are
the modeled vy [k] and vgr[k]: according to the equations of our model, this is how vy [k] and
vRr[k] should evolve, and we do not attempt to mathematically model the full complexity of
the physical actuator system but instead account for its influence with 6 and f.

a) Let’s examine the feedback proportions k; and kr more closely. Should they be positive
or negative? What do they mean? Think about how they interact with 6[k].

Solution

If 6[k] > 0, it means that dr[k] > dr[k], so the left wheel is ahead of the right one. In
order to correct for this, we should help the right wheel catch up, and we should do
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b)

d)

this by making k;, > 0 in order to apply less power on the left wheel and kg > 0 in
order to apply more power to the right wheel.

Likewise, if 6[k] < 0, it means that dp[k] < dr[k], so the right wheel is ahead of the

left one. In this case, k; > 0 is still valid, since k;,6[k] > 0 and so the left wheel speeds
up, and likewise kg > 0 is still correct since kro[k] < 0 so the right wheel slows down.

Let’s look a bit more closely at picking k;, and kg. First, we need to figure out what
happens to §[k] over time. Find 6[k + 1] in terms of 5[k].

Solution
Olk + 1] = dr[k + 1] — dr[k + 1]

=v" — ko[k] + dp[k] — (v + krO[k] + dr[k])

=" = kpolk] + dr[k] - v" — kro[k] — dr[k]

= —kpo[k] = kro[k] + (di[k] - dr[k])

= —kLé[k] krolk] + o[kl

O[k](1 — kL — kgr)

Given your work above, what is the eigenvalue of the system defined by 6[k]? For

discrete-time systems like our system, A € (-1, 1) is considered stable. Are A € [0, 1)
and A € (-1, 0] identical in function for our system? Which one is “better”? (Hint:
Preventing oscillation is a desired benefit.)

Based on your choice for the range of A above, how should we set k;, and kg in the end?

Solution

The eigenvalueis A = 1 — kg — kr.

As a discrete system, both are stable, but A € (-1, 0] will cause the car to oscillate due
to overly high gain. Therefore, we should choose A € [0, 1).

Asaresult, 1 —kp —kr € [0,1) = (kL + kr) € (0, 1] means that we should set the
gains such that (k;, + kr) € [0, 1).

Let’s re-introduce the model mismatch from last week in order to model environmental
discrepancies, disturbances, etc. How does closed-loop control fare under model
mismatch? Find 655 = 6[k — oo], assuming that 6[0] = 69. What is 0s,? (To make this
easier, you may leave your answer in terms of appropriately defined ¢ and A obtained
from an equation in the form of 6[k + 1] = 6[k]A + c.)

Check your work by verifying that you reproduce the equation in part (c) if all model
mismatch terms are zero. Is it better than the open-loop model mismatch case from
last week?

vr[k] = dplk + 1] = dL[k] = (6L + AOL)ur[k] = (BL + ABL)
vr[k] = dr[k + 1] = dr[k] = (Or + AOR)ur[k] — (Br + ABR)

v+ olk
ur[k] = GLﬁL —kt Q[L]

vt + ok
MR[k] = GRﬁR + kr Q[R]
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Solution

[k + 1] = dp[k + 1] — dr[k + 1]
= (6L + AOp)ur[k] = (BL + ABL) + d[k] — ((Or + AOr)ur[k] — (Br + ABR) + dr[K])
= Orurlk] = L + AOrur[k] — ABL + dr[k] — (Orur([k] — Br + AOrur[k] — AR + dr[k])
=0" - kL(S[k] + AQLLIL[k] - A‘BL + dL[k] - (0* + kR(S[k] + AGRuR[k] - AﬁR + dR[k])
=0" - kL(S[k] + AQLML[k] - A‘BL + dL[k] -0 = kR(S[k] - AGRuR[k] + A‘BR — dR[k]
=0"-0"+ (dL[k] - dR[k]) - kL(S[k] - kR(S[k] + AGLuL[k] - AﬁL - AQRMR[k] + AﬁR
= 6[k](1 — ki — kR) + A@LL{L[k] - AﬁL - AQRMR[k] + AﬁR

= 5[’(](1 -k - kR) + AOr. (U* +‘BL - kLé[k]) — ABr (U* +ﬁR + kRé[k]) - AﬁL + AﬁR

01 or Ox Or
AOL AOL  AOR ., . AO
= 6[k](1 =k — kr) + == (0" + Br) — 0[klkr == — == (0" + Br) — 6[k]kr == — ABL + ABR
0r 0, O Or
AB AB AOL . AOr .
= 6[k] [1 -k — kg — kp == — kg == | + =L (0" + L) — —(v" + Pr) — ABL + ABr
0r Or 0r Or

k] (1 kb~ g kS )+ (S ) - ) - SR+ i - e

Let us define ¢ = (%(v’s +pL) - AﬁL) - (%(v* +Br) — AﬁR), and our new eigen-
L R

value A =1—-k; — kg - kL& - kR%. In this case,
oL Or
S[1] = 5o + ¢
0[2] = A(6pA +¢) +¢ =0pA2 +cA +c
8[3] = A(6oA* +cA+c) +c =0gA% +cA? +cA+c
5[4] = A(GoA® + cA2+cA+c) +¢ =6pA + A3+ A2 +cA +c

0[6] = 60A° + c(A* + A3 + A2 + AL 4+ 1)
S[n] =6oA" +c(1+AY + A2+ A3+ A + .+ A7)

k=0

n

1-A

n
o[n] = 6oA" +¢c (Z )\k) (rewriting in sum notation)

o[n] = 6pA™ + ¢ ( ) (sum of a geometric series)

If A <1, then A* =0, so those terms drop out:

o 1-A%

O[n =t — o] = 0gA +C(1—A)
dn=t > ]=c !
B S 1-A
1
6ss—cl_A

For your entertainment only: 0, is fully-expanded form (not required) is
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%(U* +BL) - AﬁL) - (%(U* +Br) — ABr
L R

AO AO
kp + kg + kL—L + kR—R
oL Or
The answer is correct because plugging in zero into all the model mismatch terms into
c causes ¢ = 0, 50 0ss = 0 if there is no model mismatch. Compared to the open-loop

1
result of 055 = +00, the closed loop 0ss = ¢ T is a much-desired improvement.

What does this mean for the car? It means that the car will turn initially for a bit but
eventually converge to a fixed heading and keep going straight from there.
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2 DFT properties

a) Suppose the DFT of a length-N sequence x[n], n =0,1,...,N — 1, is given by X[k],
k=0,1,...,N -1 and a new sequence is defined as

y[n] = efm%”x[n].
Show that
Y[k] = X[(k—=m) mod N]

Solution

Letting r = k + m we have

N-1
y[n] = /" Fx[n] = /" F" Z X[k]e/*5n
k=0

Z

-1 N-—
X[k]e/®+ T = N X[(r —m) mod NJe/¥™™
0 r=0

[

=~
Il

So Y[k] = X[(k —m) mod NJ.
b) Let N =4 and y[n] = (-1)"x[n], n =0, 1,2,3. Write Y[0], Y[1], Y[2], Y[3] in terms of
X[0], X[1], X[2], X[3].

Solution

Using our solution for part (a) with m = 2 and N = 4 gives
y[n] = 25 x[n] = (/)" x[n] = (-1)"x[n].

So Y[k] = X[(k - 2) mod 4]. Thatis, Y[0] = X[2], Y[1] = X[3], Y[2] = X[0], Y[3] =
X[1].
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3 DFT Sampling Matching

a) A sampled sinusoidal time domain signal and its DFT coefficients are given below:

10

Mkh\ m /(( 2
= 00
1
-0.5
-1.0 {81 906086060606000000000000 @
1 2 0
t

Time domain signal x(t) Magnitude of X[k]

JXIK]|

Remember that we saw in discussion that the DFT of a pure harmonic of the form
x > Aj cos(2mlfy + 6) has a very particular structure, and that its non-zero coefficients
are related to A; and 6.

Now given the following sinusoidal time domain signal, which of the options below
shows the correct DFT coefficient magnitudes?

Time domain signal x(t)

AN N ) N

g 0
-1
-2
0.0 D.IS 1‘0 1‘5 2‘0 2‘5 30
(A) (B)
6 £l
_ 4 2
% 2 21
0 {eselsesssssessssnssssseloe 0{eeeleoesssesssssessesselee
0 5 10 15 20 0 5 10 15 0
k k
(c) (D)
3 20
2 e
£ £ [ II II [
= 1 3
0 {esssssossssssssssasssse 0 T?’-mTTI ITTA!’?T
0 5 10 15 20 0 5 10 5 20
k k
Solution

The correct DFT coefficients are shown in A. The signal is a pure harmonic so it cannot

be D. Its amplitude is 2, so the magnitude of X must be scaled by 2 in comparison to
the example above. Furthermore, our signal completes 3 periods during the discrete
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sequence, which corresponds to having a nonzero 3" and 24 — 3 = 21°' components
(counting from 0).
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b) Given the time domain signal below, which of the options below shows the correct
DFT coefficient magnitudes?

Time domain signal x[n]

10

05

%[n]

0.0 He—e—e—a—= B ————B————— B —B——O— B —B—B—i-
L0 e—8—8—8—% —8—0—0—0—0—0—0—0—0—0—00 0000

e il -ttt
2 TR 2 7t

The correct DFT coefficients are shown in C. The magnitudes of the DFT coefficients
of a unit impulse are all 1. Assuming that x;, is the only non zero sample:

N-1
X[k] = Z ikt = x; ko )
n=0

And therefore | X[k]| = |x;,|. This impulse has been shifted, so the DFT coefficients have
varying phase and are not purely real; however, their magnitudes are still uniformly
|, -
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¢) Given the magnitude of the (complex) time domain signal below, which of the options

[XIk]]

[X[k]]

below shows the correct DFT coefficient magnitudes? Hint: this is a trick question!

o Magnitude of x[n]

10

0.5

[x[n]|

0.0

0 5 10 15 20
(A) (B)
_4-
)
52
T DO
0 5 10 15 20 0 5 10 15 20
k k
(c) (D)
4 _ 4
o
2.
D5 b D bR
0 5 10 15 20 0 5 10 15 20
Solution

Let us assume that for all 1, |x,,| = |x|e/?: the sample vector has constant magnitude.

N-1 N-1
|X[K]| = anwf\]” = x| Zwlk;lef% @)
n=0 n=0

Depending on e/?, the term | $)= wXe/%"| can be either 0 or N.

The magnitude of x[n] is not enough to know the signal. Any four of the responses
can be the correct DFT coefficients. If we modulate x[n], the DFT coefficients will shift
without changing the magnitude of x[n].

10
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d) Given the time domain signal below, which of the options below shows the correct

[X[k]]

[X[K]]

DFT coefficient magnitudes?

Time domain signal x(t)

10
0.8
08
0.4
0.2
0.0 #33?:#33? —8—8—8—0—080%
—2 -1 0 1 2
t
(A) (B)
6
_ 4]
=
% 2
U e — - R DS -0
-10 ig 0 5 10 -10 5 0 5 10
k K
(C) (D)
6
— 41
=
= 2
04 o
10 x5 0 5 10 _10 e 0 5 10
K K
Solution

The correct DFT coefficients are shown in C. The DFT of a boxcar should be a sampled

periodic sinc, which eliminates A, B, and D.

11
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4 Convolution Matching

Consider the following discrete time signals:

b
. aln] o [n]

27 05

] I il

0 s - 0.0 L g L 4 L g L g L g
_]. T T T T T T T _05 T T T T T T T
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n
c[n] d[n]
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e
-
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o

b
|
i
[=]
=
(8]
(]
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5]
[=3)
rL'
|
=
=
[

(8]
(]
=4

&
n
e[n] fn]

2 2

L1 I I R

o & & & & & o & & & &
-1 T T T T T T T -1 T T T T T T T
-2 -1 o 1 2 3 4 5 & -2z -1 o 1 2 3 4 5 &

a) Which of the options below shows the correct plot for the convolution a[n] * a[n]?

(a) (B)
20 20

g G g 0 2 3 g g 0 2 3 6 8 10
n n
(C) (D)
20
4_
10 | I I 24
o T T o 0 - =
T T T T T T T T T T T T T
0 2 2 & B 10 2 a3 o0 1 3 4 & &
n n
Solution

The correct plot is B. A shows cross-correlation instead of convolution. C is close, but
off by one timestep. D shows pointwise multiplication of the two signals.

12
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b) Which of the options below shows the correct plot for the convolution a[n] + b[n]?

(A) (B)

[=] =
$
—
—
$
+
$
$
il Tl
[
—‘
.
.
.
e
-

|
i

(c) (D)

|
=

|
=

Solution

The correct plot is C. A shows pointwise multiplication of the two signals. B would
be the output if a[n] was a unit step (as in discussion 7D) as opposed to a boxcar. D
shows cross-correlation instead of convolution.

¢) Which of the options below shows the correct plot for the convolution c[n] * d[n]?

(A) (B)

] %)

+

$

+
.
*
.
—‘

$

[=TR N |

+
e
*
.
*

$

|
5]

|
bl

ty 0 2 3 B § =23 0 1 % 3 4 B B
n n
(C) (D)

6 B

4 4

2- I I 2- I I

o L T r L ] . J L L r T L

_2 T T T T T T T _2 T T T T

-4 -3 -2 -1 0 1 2 3 4 =2 0 , 4 B B
n n

Solution

The correct plot is A. This demonstrates that convolution with a shifted impulse shifts
the input signal! That is,

(o]

x[n]=*0[n —ng] = Z O[m — nolx[n —m] = x[n — ng]

m=—o0o

13
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From this we can argue that the impulse response of a delay block would be a shifted
unit impulse.

B shows the output if d[n] were convolved with the identity element of convolution
6[n], i.e. a unit impulse with a delay of ny = 0. C shows cross-correlation instead of
convolution. D shows convolution with d[4 — n].

14
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d) Which of the options below shows the correct plot for the convolution d[n] * c[n]?

e) Which of the options below shows the correct plot for the convolution e[n] * f[n]?

(A) (B)
B
4
] 41, ]
*—o—» ? t - 0 —e 14 ? »
S T : 3 z T R (R TR T
(C) (D)
B
[ 4- [
2_
ol 5 | e | B e ol ol o'l
M T S R R T v i ] 3 .
n
Solution

The correct plot is still A. This is because convolution is commutative!

i e 5 e S

|
=

Solution

The correct plot is A. We can either show this algebraically or use the convolution

formula. Since e[n] = 6[n + 1] + 6[n — 5] and convolution is distributive,

(e Nln] = (f+e) = (F *(6ln +1] +6[n — 5])
= f[n]*0[n + 1] + f[n]+6[n - 5] = f[n + 1] + f[n — 5]

So it follows that the (e * f)[n] is the sum of two copies of f. One shifted by 1 to the

left and the other shifted 5 to the right.
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5 Denoising signals using the DFT

Simon is sad. He just managed to create a beautiful audio clip consisting of a couple pure
tones with beats and he wants Emily to listen to it. He calls Emily on a noisy phone and
plays the message through the phone. Emily then tells him that the audio is very noisy and
that he is unable to truly appreciate the music. Unfortunately, Simon has no other means of
letting Emily listen to the message. Luckily, they have you! You propose to implement a
denoiser at Emily’s end.

a)

b)

<)

In the IPython notebook, listen to the noisy message. Plot the time signal and comment
on visible structure, if any.

Solution
The plot is in the notebook. There is no visible structure. It looks too noisy.

Take the DFT of the signal and plot the magnitude. In a few sentences, describe what
the spikes you see in the spectrum are.

Solution

We know the Simon generated pure tones. In the DFT basis, these pure tones are
represented by 2 coefficients each. Note the conjugate symmetry.

There is a simple method to denoise this signal: Simply threshold in the DFT domain!
Threshold the DFT spectrum by keeping the coefficients whose absolute values lie
above a certain value. Then take the inverse DFT and listen to the audio. You will be
given a range of possible values to test. Write the threshold value you think works
best.

Solution

Any threshold from 60 onwards works well.

Yay, Simon is no longer sad!

16
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6 Amplitude modulation (AM)

In electronic communication, transmission is achieved by varying some aspect of a higher
frequency signal, (“carrier signal)”, with some information-bearing waveform (“base signal”)
to be sent, such as an audio or video signal, a process known as “modulation”. Amplitude
modulation is a specific scheme of modulation, where the amplitude of the carrier oscillations
is varied. In this question, you will be led through the mixing of some simple base and
carrier signals so you know the magic behind your traditional AM radio.

Recap of DFT: Consider a discrete time signal x[n]. We can represent it as a vector of
discrete samples over time ¥, of length N.

- T
X=[x[0] ... x[N-1]] 3)
Let X = [X [0] ... X[N- 1]]T be the signal ¥ represented in the frequency domain
X=Ul'x=U% 4)

where U is a matrix of the DFT basis vectors.
Us=|up -+ UnN-1 ®)

Recall that the DFT basis vectors iy are complex exponentials that have a cyclic property

R 1 ion
uk:ukmosz—NeJQNk‘”fornzo,l,...,N—l. (6)

Lastly, we can represent X = UX or more explicitly
X = X[0]ig + - - + X[N — 1]iin-1 (7)

In other words, X can be always represented as a linear combination of the DFT basis signals iix
with coefficients X[k].

a) Let N be the number of samples in a vector. Suppose we have a complex exponential

signal s[n] = e/ N with frequency % for some integer K. In vector form, we can
represent it as

T
21K . . . -
e]%n = [1 gl% 61%2 cee 61%(1\]_1) = VNug (8)

Mixing two signals is defined to be the process of element-wise multiplying them together,
i.e. computing e/ *§7 x[n]. This amounts to element-wise multiplication ©:

2nK

eI W x[n] = (VNiix © %)[n] ©)

The idea is, instead of transmitting the signal X directly, we will transmit the mixed
signal.

Let’s start simple. Suppose our signal x[n] is a simple complex exponential with
frequency &, thatis X = iig.

What is ij = VNiix © X? Then represent i in the frequency domain. What does mixing
with a complex exponential do to the frequency of the signal? You may assume that
K+R < N.

17
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b)

<)

Solution

= S 1 K R 2mK(2) o 21R(2) onKomy) o 2nRoey | T
NUK(Dx:—[l.l eJQZ 6]2:: e] 7-[n ~e] nn e]nnn .6]77”” ]

271(K+R . 271(K+R)(2) . 271(K+R)(3) . 2m(K+R)(n—1) T

[ e n e] n cee e n ] = ﬁK+R

X = U*% = U*iig. Since U is orthonormal, we know that (iy,ig) = 1iff p = g and
(iiy, 1ig) = 0 otherwise. Therefore, X[k] = 1, for k = K and is zero everywhere else.

Suppose Y represents the new signal in the frequency domain: Y = U*(VNii K O X).

Following the above results, Y =Ui k+R. Similar to what we do for X=U" X, Y is all
zeros, except Y[K + R] = 1.

We see that mixing a signal ¥ with a complex exponential at K shifts the frequency
components of X to the left by K.

Now suppose that X is a cosine signal, that is x[n] = cos( ZRy ) Mix this new ¥ with

the complex exponential § = VNiix. What is the frequency domain representation of
this new signal and how does it differ from X¥? You may assume that R < K.

Solution

)3 o) B -

x[n] = Cos(

Mixing this new X with the complex exponential s, and using the result from part (a),
we see that the signal ¥/ is a linear combination of two mixed signals, one centered at
frequency X8, the other at ££.

. oo j 2nK 1 2nR,  _iz2nR 1 j2EKER) i 2(K=R)
3/:5®x=€]g’"®2(efn +ef§/”)=§( "tel TN ”)

VN

= T(MK+R + UK-R)

e

This implies that the DFT coefficients of jj are all 0 except Y[K — R] = Y[K + R] =

With the above x[n] = cos( IRy ), let’s go one step further by mixing it with a carrier
signal s, where s[n] = cos( Zhy )

This is practically important because complex-exponentials need to be realized in a
physical way that is real to build real-world AM radios.

What is the frequency domain representation of this new signal and how does it differ
from X¥? Again assume that K is much bigger than R and in-turn N is much bigger
than K.

Solution

2K 1 N . N
s[n]=cos( ; n) §(efN”+e7N”)=g(uK+u1<)

18
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d)

e)

Mixing the two signals we will see that

§®5{ = % (3]‘%” + g_j%n) O] % (ej%n + g_j%n)
- 2n(K+R - 2n(K-R - 2m(-K+R - 2n(-K-R
=i<612n(1\’+)”+6 277(N )n+e]2n(N+)n+e]zn(N )n)

= (ﬁK+R + UK-R + U_Kk+R + 17—I<—R)

Let Y be the frequency representation of the mixed signal, Y = U*(3 © ¥), we can see it
is % at K+ R, K =R, =K + R, =K = R and 0 elsewhere. Comparing with that of the
frequency representation of ¥, it has two copies of the frequency components of X,
one shifted by K, the other shifted by —K.

Now that you see the effect of mixing the base signal with a cosine wave as the carrier
signal. It is natural to wonder how can we undo this process.

The technique that is used is called de-modulation. Now, mix cos (%n) with the

signal you get from the previous question. How many resulting terms do you get in
the frequency domain? Considering the fact that K > R, what are the frequencies
relative positions on the frequency spectrum? Have we recovered the original signal?

Solution
o o N . VN . VN . N . -
(S © x) ®©Ss=|—Ugs+R + —UK-R + —U_K+R + —U_K-R| O S (10)
4 4 4 4
VN (. - - - - -
=5 (MR+21< + U_Ryok + 2UR + 2U_R + UR-2Kk + ”—R—zK) (11)

We now have six terms in the frequency domain; two which are at the base signal’s
frequencies, R and —R, and the other four farther away near double the carrier signal’s
frequencies, at R + 2K and —R + 2K.

We have not yet recovered the original signal x[n].

Refer to the iPython notebook for the implementations. Explain how we can recover
the original signal and comment on what you see in the plots.

Solution

With x[n] = cos(%n) = g(ﬁR +1i_R),

2K 2K
cos N n| cos N

n) x[n] =

(ej%k" + e_jz}\ilil(n) (ejQTnk” + e_]'%n)

.27'((K+K)n ,72n(l<+l<)n
(e] N T4 2+ TN )x[n]

e N

In our vector notation, this is

N . S o - - > o "
g(uK+u_K)®(uK+u_K)®x= (uK+K+2-1+u_K_K)®x

- - I
(u2K+u_2K)®x+§1®x

=1

e

N | —

(u21<+R + U_9K+R + U2Kk-R T u—zK—R) +




EECS 16B Summer 2020 HW 7

Note that in the frequency domain, Y =ur (% (ﬁK + ﬁ_K) o) (ﬁK + ﬁ_K) ) J?) is 0 except
Y[2K+R]=Y[-2K+R]=Y[2K-R]=Y[-2K-R] = g and Y[R] = Y[-R] = ‘/Al—ﬁ.
The additional step we need to take is to throw out the higher frequencies using a
low-pass filter with gain 2. It is not difficult to make a filter that does this since K > k
thus the other frequencies are far away from the base frequency.
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7 LTI filter

Suppose we apply the length L = 100 input
x[n] = cos(0.1mtn) + cos(0.4ntn), n=0,1,...,99 (12)
to a finite impulse response filter whose impulse response is

n=0,...,5
otherwise.

1
hin] = { 6
We want to find the output y[n], n =0, ..., 104 using the DFT.

a) Find the 105-point DFT of x[n] by adding 5 zeros to the length-100 signal given above
and using the DFT command numpy . £ft. fft(x, norm="ortho"). Plot the magnitude
| X[k]| against the frequency variable @ € [0, 27]. (Recall that the integer k corresponds

to the frequency 2Xk.)

Solution

Magnitude of the DFT of x

. L\/\/_J

T T T T
0 1 2 3 4 5 6
frequency

b) Find the 105-point DFT of h[n] by adding 99 zeros to the length-6 impulse response
given above. Plot the magnitude |H[k]| against the frequency variable w € [0, 27].
Given this frequency response how do you think each frequency component of x[n]
will be affected when the filter is applied?

Solution

Magnitude of the DFT of h
0.10

0.08

0.06

HI

0.04 A

0.02 A

0.00 T T T T
0 1 2 3 4 5 [}
frequency
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Low frequencies pass, high frequencies are cut.
c) As will be shown in lecture, the DFT coefficients of the output are
Y[k] = V105H[k] © X[k], k =0, ...104.

Find y[n] using the inverse DFT command numpy . fft.ifft(¥, norm="ortho") Plot
both x[n] and y[n] versus time n and explain how the filter modified x[n].

Solution
Time Domain output y[n]
2
— x[n]
— yIn]
1
£ o
>,
_1 -
-2 . . . T
0 20 40

T
60 80 100
time

High frequency oscillation component is attenuated.
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8 Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student! We
also want to understand what resources you find helpful and how much time homework is
taking, so we can change things in the future if possible.

a) What sources (if any) did you use as you worked through the homework?

b) If you worked with someone on this homework, who did you work with? List
names and student ID’s. (In case of homework party, you can also just describe the

group.)

¢) How did you work on this homework? (For example, I first worked by myself for 2 hours,
but got stuck on problem 3, so I went to office hours. Then I went to homework party for a few
hours, where I finished the homework.)

d) Do you have any feedback on this homework assignment?

e) Roughly how many total hours did you work on this homework?
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