EECS 16B Summer 2020 HW 5

This homework is due on Tuesday, July 28, 2020, at 11:59PM.
Self-grades are due on Tuesday, August 4, 2020, at 11:59PM.

1 Controllability in circuits

Consider the circuit in Figure (1} where V; is an input we can control:

Figure 1: Controllability in circuits

a) Write a state space model for this circuit with V; and V5 as the state variables.

Solution
VS V1 - V2 _ dV1 dV2
= R =G =6y
i Vl p— _Rél _R(l:l V1 + RLCl V
dt \V - |__1 _ 1 V. 1 s
2 RC, RC, 2 RCy

b) Show that this system is not controllable.

Solution

If we calculate AB, we find that it is a linear combination of B:

This means that the controllability matrix
[B AB]
Must have rank of 1. Therefore, this system is not controllable.

c) Explain, in terms of circuit currents and voltages, why this system isn’t controllable.
(Hint: think about what currents/voltages of the circuit we are controlling with V;)
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Solution

We can only control Vs, which in turn controls the amount of current flowing through
the circuit. Since this current is equal through both capacitors and current directly
affects the voltage across a capacitor, there is no way to individually control the voltages
across the capacitors.

d) Draw an equivalent circuit of this system that is controllable. What quantity can you
control in this system?

Solution

We can control V3 in this circuit.
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2 Controllability in 2D

Consider the control of some two-dimensional linear discrete-time system

F(k + 1) = AZ(k) + Bu(k)

where A is a 2 X 2 real matrix and B is a 2 X 1 real vector.

a)

b)

d)

Let A = [Z 2] with a,c,d # 0, and B = [fgf] Find a B such that the system is

controllable no matter what nonzero values a, ¢, d take on, and a B for which it is
not controllable no matter what nonzero values are given for 4, ¢, d. You can use the
controllability rank test, but please explain your intuition as well.

Solution

With B = (1)}, the system is controllable for all nonzeros 4, c, d, because [B, AB] =

the system is not controllable because

[(1) {Z], which has full rank. With B = [(1)

[B,AB] = 0 0} , which only has rank=1. The intuition is that, due to the zero entry

1 d
in A, the state x; evolves autonomously, i.e., %xl(t) = ax1(t) , hence it needs to be
controlled by some input f. On the other hand we can control x; via controlling x1, as
%xz(t) = cx1(t) + dxo(t), which implies that x, can be “tuned” by manipulating x;.

0 d
controllable? If not, find configurations of nonzero 4,4, f, g that make the system
uncontrollable.

Let A = [a 0} with a,d # 0. and B =

(g]j ] with f, g # 0. Is this system always

Solution

No. uncontrollable when a = 4. In this case the matrix is just a constant a times the
identity. So when you check with the controllability test, AB is just a scalar multiple
of B and hence linearly dependent. The intuition is that the two states are inherently
“coupled” as two eigenvalues are the same. Any control input can only move the states
along a line hence the states cannot reach arbitrary points in R?.

We want to see if controllability is preserved under changes of coordinates. To begin
with, let Z(k) = V~1¥(k), please write out the system equation with respect to Z.

Solution

X(k) = VZ(k), hence we have
VZ(k +1) = AVZ(k) + Bu(k)

Z(k+1) = V'AVZ(k) + V" 'Bu(k)

Now show that controllability is preserved under change of coordinates. (Hint: use
the fact that rank(MA) = rank(A) for any invertible matrix M.)
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Solution

The matrix whose rank needs to be tested after the coordinate changeis [V !B, V' AVV~!B] =
[V-!B, V"1AB] = V~![B, AB] which has the same rank as [B, AB], since V by assump-
tion is full rank.
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3 Controllability and discretization

In this problem, we will use the car model

%x(t) =o(t)

%v(t) = u(t)

that was discussed in class.

a)

b)

Assuming that the input u(#) can be varied continuously, is this system controllable?

Solution

Introducing states x; = x and x2 = v, we rewrite this system in state space form

%Sc’(t) = AR(t) + Bu(t) = [8 (1)} x(t) + [(1) u(t).

The controllability matrix

c=|[B AB]:[(l) (1)}

has rank 2. Therefore the continuous-time system is controllable.

Now assume that we can only change our control input every T seconds. Derive a
discrete-time state space model for the state updates, assuming that the input is held
constant between times nT and nT + T.

Solution

To discretize this, we first solve the differential equation for v(t) for interval ¢ €

[nT,nT +T)
t t
/dv=/ u(nT)dt
nT nT

v(t) —onT)=({-nT)u(nT)

Now we substitute the expression for v(t) into the first differential equation and solve
for x(t)

t t
/ dx = / (0(nT) + (t = nT)u(nT)) dt
nT nT

Change the variable of integrationtos = 7 — nT:

t—-nT
x(t) = x(nT) :/0 (0(nT)+u(nT)-s)ds

u(nT)
2
Lastly, we evaluate both states at time t = nT + T to get the discretized model

=onT)(t —nT) + (t —nT)?

x(nT+T)=x(nT)+ To(t)+ gu(nT)
vnT+T)=0vnT)+TunT)

|1 T |x[n]
10 1| |v[n]

x[n +1]

v[n + 1] *

2
2
Z | uln]
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c) Is the discrete-time system controllable?

Solution

The controllability matrix
ir2 372
C=|[B AB]:[QT QT]

has nonzero determinant det(C) = —T? since T > 0. Therefore, the controllability
matrix has rank 2 and the discretized system is controllable.




EECS 16B Summer 2020 HW 5

4 The Moore-Penrose pseudoinverse for “wide” matrices

Say we have a set of linear equations given by AX = . If A is invertible, we know that the
solution for ¥ is X = A™'.

However, what if A is not a square matrix? In 16A, you saw how to set up a least squares
problem for tall matrices A which gave us a reasonable answer that asks for the “best” match
in terms of reducing the norm of the error vector.

Now we will consider the case where A is a wide matrix with more columns than
rows. To solve this system, we will walk you through the Moore-Penrose pseudoinverse
that generalizes the idea of the matrix inverse and is derived from the singular value
decomposition.

To find the Moore-Penrose pseudoinverse we start by calculating the SVD of A.

a) Say you have the matrix

Calculate U, X, V such that
A=Uuzv? (1)

Solution
_[3 1 )
AA =[_1 3} Af=—6A+8=0 = A =42
Solving AU = A;U produces eigenvectors [\/%, —\/%]T and [\/%, \/%]T associated with
eigenvalues 4 and 2 respectively. The singular values are the square roots of the
eigenvalues of AAT, so

2 0 0]

Z‘[o V2 0

and .
1 1

u=|" ¢

V2 V2]

We can then solve for the o vectors using A" ii; = 0;0;, producing 7, = [0, —\/%, %]T

and U3 = [1,0,0]T. The last ¥ must be orthonormal to the other two, so we can pick

1 137
[O/E/\/_E]
The SVD is:

R Rl

A=| V2 1 0 0

" ow|l0 V2ol oo

V2 V2

Let us now think about what the SVD does. The matrix A acts on a vector X to give the
result ij. We have
AX =UZVTX = 4.

Observe that VT rotates the vector, X scales the result, and U rotates it again. We will
try to "reverse" these operations one at a time and then put them together to construct
the Moore-Penrose pseudoinverse.

If U “rotates” the vector (ZVT) X, what operator will undo the rotation?
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b)

<)

d)

Solution

By orthonormality, we know that UTu = uuT = I. Therefore, UT undoes the rotation.

Derive a matrix that will "unscale", or undo the effect of X where it is possible to
undo. Recall that ¥ has the same dimensions as A. Ignore any division by zeros (that
is to say, let it stay zero).

Solution
If you observe the equation:

rz=UTy=w, ()
you can see that 0;z; = w; fori =1, ..., k if A is rank k. This means we can recover z;
by dividing w; by o;. For i > k, since ¢; = 0, there is no way of recovering z;.

To do some dimension accounting, £ is an m X n matrix and @ is a vector in R so in
order to “unscale” so that Z = U7, we would need = to be an n x m matrix.

Therefore, the best we can do is pad Os below X! where ¥, represents the singular
values from the compact SVD.

= 0 0
o 0 0 O O 0 : 0
fy =" 000 O thenst=|0 ... &
: oo 0 0 0 ... 0
0O 0 0 o4 O 0 :
0 0 0

This =t matrix undoes the effect of ¥ where that effect can be undone.

Derive an operator that would "unrotate" by V7.

Solution
By orthonormality, we know that VTV = VVT = [. Therefore, V undoes the rotation.

Try to use this idea of "unrotating" and "unscaling" to derive an "inverse", denoted
as A'. That is to say,

X =A%y
The reason why the word inverse is in quotes (or why this is called a pseudo-inverse)
is because we're ignoring the "divisions" by zero.

Solution

We can use the unrotation and unscaling matrices we derived above to "undo" the
effect of A and get the required solution. Of course, nothing can possibly be done for
the information that was destroyed by the nullspace of A — there is no way to recover
any component of the true X that was in the nullspace of A. However, we can get back
everything else.

i =A¥=UrVT¥
uly  =xvly Unrotating by U
stuty  =vTx Unscaling by =F
vtuty =% Unrotating by V
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Therefore, we have At = VXtUT, where =t is given in (c).

e) Use AT to solve for a vector X in the following system of equations.
1 -1 1]. |2
11 -1|" 7|4
Feel free to use the SVD of A from part (a) and numpy.

Solution

From the above, we have the solution given by:

Xx=A'y=vetuly
0o 1 0]fs o]jx _ayy,
_1 o L s v
=" © |0 $#||E [4]
L 0 Lllo oflve 2
v "%
[ 1 1
11 3
I Hz 1
PR B B B
L 4 4 2

Therefore, a reasonable solution to the system of equations is:

NI Qo

X =

|
N =
L

We will now show that ¥ = A’y satisfies the minimality property that ||¥|| < ||Z]| for all
other vectors Z satisfying AZ = ¥j. To do this, suppose A is a generic m X n matrix of rank
m < n and let us look at the coordinates of X in the V basis.

f) Find the coordinates of X in the basis formed by the columns of V.

Solution

Since ¥ is the pseudo-inverse solution, we know that
X=A'y=vetuly

To write down X using the V basis, recall that the matrix V-1 takes us from standard

coordinates to V basis coordinates.

¥, =viz=vlvtuTy=ztu’y

1
= 0 ... 0
0 % ... 0
: - 0y -
=10 0 ﬁ” :
0 0 0f|- aTy -
0 0 0
r T
=T = >T = ST =
u u u
- | MY By Y
01 02 Om
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8)

The n — m zeros at the end come from the fact that there are only m non-zero singular
values. Therefore, by construction, we see that Z is a linear combination of the first m
columns of V.

Now let Z be a solution to AZ = jj. Write out the SVD of A and undo the rotation of U.
If Z|v is the representation of Z in the V basis, what happens to its last 7 — m entries
when left multiplied by £? Use this result to show that ||X|| < ||Z]|.
Solution
Since any other Z is also a solution to the original problem, we have

AZ=UrvTZi=Urz, =7,
We can undo the rotation of U to get

Z|, =u'y

When left multiplying Z|y by the matrix £, the last n—m entries are “lost” by multiplying
by the zeros in the X matrix. Formally the last n — m columns of V form the null-space
of A so we lose all of the coordinates when multiplying by X.

vz, =z of|Velz-svmzoury
Z|v_[C ]VnT z=X.Viz=UvYy

The first m entries must be identical to the first m entries of X|y in order to satisfy
AZ = i but the last n — m entries can be arbitrary scalars @41, ..., an.

T

ST = =T = ST =

S _ | MY Uy Uy

Z|V_ s RN r¥m+1, Am42, - -+, Oy
01 02 Om

Now, since the columns of V are orthonormal, observe that,

2

1712 = ) | ==
- Oj
=1
and that,
m —’T—>2 n
5 i Y
212 = > ==+ D fail?
i=1 i=m+1
Therefore,
n
IFI2 = 1EIP+ ) laf?
i=m+1
This tells us that,
[1x[] < ||z]]

10
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5 Weighted Minimum Norm

From the previous problem, given a wide matrix A, we solved AX = ¥ such that X is a
minimum norm solution:

HIE

for all Z such that AZ = ij. However, what if you weren't interested in minimizing just the
norm of ¥? What if you instead cared about minimizing CX? For example, suppose that
controls were more or less costly at different times.

The problem can be written out mathematically as:

min ||CZ|| subjectto AZ = § (3)
ZeR"

To give a concrete example, we define the following matrices

00 2
100 2
01 1 5 0 0

1
0
Let’s start with the case of C being invertible. We will reformulate the minimum norm
problem into one we already now how to solve.

a)

b)

Define the change of basis @ = CZ. Show that the original minimum norm problem
can be reformulated as

min ||@|| subjectto AC™'@ = j 4)

weR:

Solution

Since w = CZ, our objective ||CZ || is equivalent to [|w||. In addition, searching over
all Z € R" is equivalent to searching over all Cz € R" since C is an invertible linear
transformation.

Since C is invertible, Z = C~'@ and we see that the constraint AZ = ¥ is equivalent to

the constraint AC™'w = /.

Explain why our new problem is one that we already know how to solve. Then give
the optimal solution ¥ such that ||C%|| < ||CZ||.

Solution

Our new optimization problem is minimizing the norm of a vector @ over all vectors in
R" subject to the constraint Bw = i where B = AC™!. Therefore, the optimal solution

-

is w* = B'y.
We can compute AC™! and its pseudoinverse in numpy by calling

np.linalg .pinv(B)

0 0.4
B:AC‘lz[O 0 0'5] = B'=|0 08
05 1 0
2 0
Multiplying by the pseudoinverse of B, the optimal solution is
0.4 2
0 =B =108 = ¥=C"'a" =08 (5)
4 0.2

11
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<)

d)

Now what if C were a tall p X n matrix with linearly independent columns? This
would mean we are no longer able to invert C. Show that the original problem (3) can
be reformulated as

min ||BZ|| subjectto AZ = § (6)

ZeR"
where B is an invertible matrix. You must also show what B is.
Hint: Try using the compact SVD of C to find what B is.

Solution
We start by expanding out ||CZ || as
|CzZ|| = VzTCTCz )

Now if we can find an invertible matrix B such that B'B = CTC, then we would be
able to say that

||cz|| = VZTCTCZ = VZTBTB: = ||BZ|| 8)
If the compact SVD of C is UL V], then
clc=w.z.vhlu.z. vl =v.rlIz v?! 9)

Since C has linearly independent columns, the matrices X and V. are square and
invertible from the compact SVD. Therefore, it follows that B = X, v

Let

BN
1l
—
el
—

— O
[S—
~
@)

Il
= O = N
o = O O

Based on the reformulation from the previous part, solve for X such that ||C X H < ||CZ ||
Note: You will most likely need to use numpy to do these calculations

Solution

The reformulated problem from the previous part is identical to the one given in part
(a). Therefore, we define a change of basis @ = BZ and an equivalent problem will be

min ||@|| subject to AB™'@ =y (10)

WeR™

Then we can compute H = AB~! = AV.X ! and its pseudo-inverse H' in numpy

-0.45 -0.22
H=| o 02 00 = H=| o4 092 (11)
' ’ ’ -1.03 -0.33
The minimum norm solution will be @* = H'jj
-1.12
@*=H'y=|0.04 (12)
-24

Lastly, converting our solution back into standard basis coordinates

2
I=Bla'=|4 (13)
-3

12
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6 Understanding the SIXT33N Car Control Model

As we continue along the process of making the SIXT33N cars awesome, we’d like to better
understand the car model that we will be using to develop a control scheme. As a wheel
on the car turns, there is an encoder disc (see below) that also turns as the wheel turns.
The encoder shines a light though the encoder disc, and as the wheel turns, the light is
continually blocked and unblocked, allowing the encoder to detect how fast the wheel is
turning by looking at the number of times that the light "ticks" between being blocked and
unblocked over a specific time interval.

The following model applies separately to each wheel (and associated motor) of the car:

vlk] =d[k + 1] - d[k] = Ou[k] - B
Meet the variables at play in this model:

* k - The current timestep of the model. Since we model the car as a discrete system,
this will advance by 1 on every new sample in the system.

* d[k] - The total number of ticks advanced by a given encoder (the values may differ for
the left and right motors—think about when this would be the case).

e v[k] - The discrete-time velocity (in units of ticks/timestep) of the wheel, measured by
finding the difference between two subsequent tick counts (d[k + 1] — d[k]).

* u[k] - The input to the system. The motors that apply force to the wheels are driven
by an input voltage signal. This voltage is delivered via a technique known as pulse
width modulation (PWM), where the average value of the voltage (which is what
the motor is responsive to) is controlled by changing the duty cycle of the voltage
waveform. The duty cycle, or percentage of the square wave’s period for which the
square wave is HIGH, is mapped to the range [0, 255]. Thus, u[k] takes a value in
[0, 255] representing the duty cycle. For example, when u[k] = 255, the duty cycle is
100 %, and the motor controller just delivers a constant signal at the system’s HIGH
voltage, delivering the maximum possible power to the motor. When u[k] = 0, the
duty cycle is 0 %, and the motor controller delivers 0 V.

* 0 - Relates change in input to change in velocity: if the wheel rotates through # ticks
in one timestep for a given u[k] and m ticks in one timestep for an input of u[k] + 1,
Av[k] _ Ouq k=00 kK]
Aulk] T wa[k]-uo[k]
Since our model is linear, we assume that 6 is the same for every unit increase in u[k] .
This is empirically measured using the car: 6 depends on many physical phenomena,
so for the purpose of this class, we will not attempt to create a mathematical model
based on the actual physics. However, you can conceptualize 0 as a "sensitivity factor",

then0 =m—n =

. Its units are ticks/(timestep - duty cycle).

13
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representing the idiosyncratic response of your wheel and motor to a change in power
(you will have a separate 6 for your left and your right wheel).

B - Similarly to 6,  is dependent upon many physical phenomena, so we will
empirically determine it using the car. § represents a constant offset in velocity, and
hence its units are ticks/timestep. Note that you will also have a different 8 for your
left and your right wheel.

In this problem (except parts (c) and (e)) we will assume that the wheel conforms perfectly
to this model to get an intuition of how the model works.

a)

b)

d)

If we wanted to make the wheel move at a certain target velocity v*, what input u[k]
should we provide to the motor that drives it? Your answer should be symbolic, and
in terms of v*, u[k], 6, and B.

Solution
v* = Oulk] - B
'+ B = Oulk]
T+
Mﬂ=veﬁ
Even if the wheel and the motor driving it conform perfectly to the model, our inputs

still limit the range of velocities. Given that 0 < u[k] < 255, determine the maximum
and minimum velocities possible for the wheel. How can you slow the car down?

Solution

The maximum is 25560 — f, and the minimum is 0 — § = —f.

Since there are no brakes on the wheel, we slow down by reducing the input value
and thereby the PWM duty cycle.

Our intuition tells us that a wheel on a car should eventually stop turning if we stop
applying any power to it. Find v[k] assuming that u[k] = 0. Does the model obey your
intutition? What does that tell us about our model?

Solution
olk] = -p

However, our intuition says that the car should have stopped: i.e., v[k] = 0. In lab, we
will empirically find the value of B over a range of input duty cycles, but our fit does
not work very well everywhere and our model does not match the real behavior near
u = 0. This is a limitation of the simplified empirical model we are using, but as we
will see in lab, we can still make the actual car work well over a certain range of inputs.

In order to characterize the car, we need to find the 6 and § values that model your
left and right wheels and their motors: 9y, §;, 6;, and 3,. How would you determine 8
and f empirically? What data would you need to collect? Hint: keep in mind we also
know the input u[k] for all k.

14
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Solution

Given the motor model v[k] = d[k + 1] — d[k] = Ou[k] — B, we can determine O and f
by plotting velocity (v[k]) vs. input (u[k]).

By sweeping the input over a reasonable operating range and collecting multiple
velocity samples (by differencing the total number of ticks, a collected quantity, between
subsequent timesteps), we can collect velocity and input data. Then, we can perform
least-squares linear regression on the data to determine the slope 0 and y-intercept .

Least-squares example solution:

Velocity of wheels vs. U (PWM input)

e left o *
70 4 right ]
[ H
raes : !
b s H
=
bl T
=] i
z .
= *
B o .
u .
:’413- .
30_

T T T T T T
80 ] 100 110 120 130 140 150 160
L {PWM input)

Using the least squares linear regression method shown below, we can estimate the
slope and y-intercept for each graph.

ATAz = ATy (14)
_Mo 1
ui 1

A=|. . (15)
u, 1

Umeasured,0

Umeasured, 1

y= : : (16)

Umeasured,n

Using the 0 and g values we found above, we now plot the predicted velocities of the
left and right motor over the inputs u from 0 to 255:

Vleft = Oleftld — Pleft (17)
Oright = Grightu - ﬁright (18)

15
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120 T T T .
+  Measured (left) //
+ Measured (right) Py
100 1| — predicted (left) P
— Predicted (right) o
80 |- e ]

_20 i i i i
0 50 100 150 200 260

Input

e) How can you use the data you collected in part (d) to mitigate the effect of the system’s
nonlinearity and/or minimize model mismatch? Hint: you will only wind up using a
small range of the possible input values in practice. There are several reasons this is
true, but one is that each motor has a characteristic attainable velocity range, and for
your car to drive straight, we need the wheels to rotate with the same velocity.

Solution

Since we model the relationship between input and velocity as linear, if the actual
data we collect displays nonlinearity, the car’s behavior will not match the model
well. To minimize model mismatch, we choose an operating point centered within an
approximately linear region of the plot, as long as both motors are capable of attaining a
reasonable amount of the surrounding velocities.

16
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7 Open-Loop Control of SIXT33N

Last time, we learned that the ideal input PWM for running a motor at a target velocity v* is:

vt +p

u(t) = 5

In this problem, we will extend our analysis from one motor to a two-motor car system
and evaluate how well our open-loop control scheme does.

a)

b)

vr(t) =dp(t +1) —dp(t) = Opur(t) — e
vr(f) = dr(t + 1) — dr(t) = Orur(t) — Br

In reality, we need to “kickstart” electric motors with a pulse in order for them to work.
That is, we can’t go straight from 0 to our desired input signal for u(t), since the motor
needs to overcome its initial inertia in order to operate in accordance with our model.

Let us model the pulse as having a width (in timesteps) of t,. In order to model this
phenomenon, we can say that u(t) = 255 for t € [0, t, — 1 In addition, the car initially
(at f = 0) hasn’t moved, so we can also say 4(0) = 0.

Firstly, let us examine what happens to d;, and dg at ¢ = ty, that is, after the kickstart
pulse has passed. Find d(ty) and dr(t,). (Hint: If it helps, try finding d; (1) and dg(1)
first and then generalizing your result to the ¢, case.)

Note: 1t is very important that you distinguish 6; and Or as the motors we have are
liable to vary in their parameters, just as how real resistors vary from their ideal
resistance.

Solution

Applying the model directly, we get:

d(1) = d(0) + (2550 — B)
d(2) = d(1) + (2550 — B) = d(0) + (2550 — B) + (2550 — B) = d(0) + 2(2550 — B)
d(3) = d(2) + (2550 — B) = d(0) + 2(2550 — B) + (2550 — B) = d(0) + 3(2550 — B)
d(ty) = d(0) + t,(2550 — B) (by analogy)

d(ty) = t,(25560 — p) (substitute d(0))

Thus we get:
dL(tp) = tp(2559L - ﬁL)
dr(ty) = t,(2550k — BRr)
Let us define 6(t) = d.(t) — dr(t) as the difference in positions between the two wheels.

If both wheels of the car are going at the same velocity, then this difference 6 should
remain constant since no wheel will advance by more ticks than the other. As a result,
this will be useful in our analysis and in designing our control schemes.

Find 6(t,). For both an ideal car (6; = Or and ;. = fr) where both motors are perfectly
ideal and a non-ideal car (0, # Or and fr. # fr), did the car turn compared to before
the pulse?

Note: Since d(0) = dy.(0) = dr(0) = 0, 5(0) = 0.

1x € [a, b] means that x goes from a to b inclusive.

17
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d)

Solution

6(tp) = dL(tp) - dR(tp)

5(fp) = tp(2559L - ﬁL) - tp(2558R - ﬁR)
O(ty) = tp((2550L — BL) — (2550r — Br))
o(tp) = tp(255(0L — Or) — (BL — BRr))

For an ideal car, both the 01, — Or and 1 — fr terms go to zero, so the pulse made the
car go perfectly straight. However, in the non-ideal car, we aren’t so lucky, since the
car did turn somewhat during the initial pulse.

We can still declare victory though, even if the car turns a little bit during the initial
pulse (¢, will be very short in lab), so long as the car continues to go straight afterwards
when we apply our control scheme; that is, as long as 6( — o) converges to a constant
value (as opposed to going to +oo or oscillating).

Let’s try applying the open-loop control scheme we learned last week to each of the
motors independently, and see if our car still goes straight.

v* +
ur(t) = QLﬁL

v+
ur(t) = QRﬁR

Let 6(t,) = 6¢. Find 6(t) for t > t, in terms of 6. (Hint: As in part (a), if it helps you,
try finding 6(t, + 1), 6(t, + 2), etc., and generalizing your result to the 5(t) case.)

Does 6(t — o) deviate from 6,? Why or why not?
Solution

5ty +1) = dy(ty + 1) — dr(ty, +1)
=dp(ty) + OLu(t) — pr — (dr(tp) + Oru(t) — Br)
=dp(tp) + Opu(t) — pr — dr(ty) — Oru(t) + r

= (du(ty) = dr(ty) + (OL(t) - Br) = (Oru(t) - i)
= (du(ty) = dr(ty) + 0"~ v

= (du(ty) - dr(ty))

= d(ty)

= 0g
O(t) = ¢ (by generalization: every step does not change 0)

Since we are able to apply just the right amount of input PWM to keep a constant
velocity on both wheels, neither wheel gets ahead of the other, so 6(f) does not change,
meaning that the car does not turn.

Unfortunately, in real life, it is hard to capture the precise parameters of the car motors
like 6 and f, and even if we did manage to capture them, they could vary as a function
of temperature, time, wheel conditions, battery voltage, etc. In order to model this
effect of model mismatch, we consider model mismatch terms (such as A8r), which
reflects the discrepancy between the model parameters and actual parameters.
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op(t) = dp(t +1) —dp(t) = (O + AOL)ur(t) — (B + ABL)
or(t) = dr(t +1) — dr(t) = (Or + AOR)ur(t) — (Br + APR)
Let us try applying the open-loop control scheme again to this new system. Note that

no model mismatch terms appear below — this is intentional since our control scheme
is derived from the model parameters for 6 and g, not from the actual 6 + A9, etc

vt +
ur(t) = QLﬁL

v+
ur(t) = Q—RﬁR

As before, let 6(t,) = 0¢. Find 6(t) for t > t, in terms of .
Does 6(t — o) change from §,? Why or why not, and how is it different from the

previous case of no model mismatch?

Solution

O(ty +1) =dp(t, +1) —dr(t, +1)

= (dL(fp) +(OL + A0 )ur(t) — (B + AﬁL)) - (dR(fp) +(Or + AOr)ur(t) — (Br + AﬁR))

= (dL(fp) - dR(fp)) + ((0L + AOL)ur () — (BL + ABL)) — ((Or + AOR)ur(t) — (Br + ABR))

= 6(ty) + (O + AOL)ur(t) — (BL + ABL)) — ((Or + AOR)ur(t) — (Br + ABR))
= 00 + (Orur(t) = fr + AOLur(t) — ABr) — (Brur(t) — Br + ABrur(t) — ABR)
=060+ (0" + ABLur(t) — ABL) — (0" + ABrur(t) — ABR)

=00+ 0" — 0"+ (AOLur(t) — ABL) — (ABrur(t) — ABR)

=00+ (AOLur(t) — ABL) — (AOrug(t) — ABR)

= (30 + (%(U* + ﬁL) - A‘BL) - (%(U* + ﬁR) - AﬁR)
L R
O(t) = 0o + (t — tp) ((AG—QLL(U* +BL) — AﬁL) - (AQ—QRR(U* +Br) — AﬁR)) (generalizing)

If there is no model mismatch (i.e., all mismatch terms are zero), then we are back to
the same case as last time (all those terms drop out, and 6 does not change).

If there is model mismatch, however, we are not so lucky.

Ast — oo, the term ((%(v* +BL) — AﬁL) - (%(v* + BR) — A[SR)) (which is highly
L R

unlikely to be zero) causes 6 to either steadily increase or decrease, meaning that the
car turns steadily more and more.

You may have noticed that open-loop control is insufficient in light of non-idealities and
mismatches. Next time, we will analyze a more powerful form of control (closed-loop
control) which should be more robust against these kinds of problems.

2Why not just do a better job of capturing the parameters, one may ask? Well, as noted above, the mismatch
can vary as a function of an assortment of factors including temperature, time, wheel conditions, battery voltage,
and it is not realistic to try to capture the parameters under every possible environment, so it is up to the control
designer to ensure that the system can tolerate a reasonable amount of mismatch.
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8 Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student! We
also want to understand what resources you find helpful and how much time homework is
taking, so we can change things in the future if possible.

a) What sources (if any) did you use as you worked through the homework?

b) If you worked with someone on this homework, who did you work with? List
names and student ID’s. (In case of homework party, you can also just describe the

group.)

¢) How did you work on this homework? (For example, I first worked by myself for 2 hours,
but got stuck on problem 3, so I went to office hours. Then I went to homework party for a few
hours, where I finished the homework.)

d) Do you have any feedback on this homework assignment?

e) Roughly how many total hours did you work on this homework?
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