EECS 16B Summer 2020 HW 4

This homework is due on Tuesday, July 21, 2020, at 11:59PM.
Self-grades are due on Tuesday, July 28, 2020, at 11:59PM.

1 SVD

Note: Solutions to this problem will be released on Wednesday, but you are still required
to submit your own original work for this problem.

Find the singular value decomposition of the following matrix (leave all work in exact
form, not decimal):
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a) Find the eigenvalues of A*A and order them from largest to smallest, A; > A5 > As.

Solution
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b) Find orthonormal eigenvectors v; of A*A (all eigenvectors are mutually orthogonal

and have unit length).
Solution
A1 =0
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Since A5 = A3, any two mutually orthogonal unit vectors that are also orthogonal to
3 =[0 1 0] will work. For example:
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c) Find the singular values o; = +/A;. Find the ii; vectors from:
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Solution

1 G
0 p -3
- N
iy = |0f, ily= ||, iiy=| L
1 0 0

d) Write out A as a weighted sum of rank 1 matrices:

S o S o S o
A = 01U10] + 02UV, + 031305

Solution
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2 Eigenfaces

In this problem, we will be be exploring the use of PCA to compress and visualize pictures of
human faces. We use the images from the data set Labeled Faces in the Wild| Specifically, we
use a set of 13,232 images aligned using deep funneling to ensure that the faces are centered
in each photo. Each image is a 100 x 100 image with the face aligned in the center. To turn
the image into a vector, we stack each column of pixels in the image on top of each other,
and we normalize each pixel value to be between 0 and 1. Thus, a single image of a face is
represented by a 10,000 dimensional vector. A vector this size is a bit challenging to work
with directly. We combine the vectors from each image into a single matrix so that we can
run PCA. For this problem, we will provide you with the first 1,000 principal components,
but you can explore how well the images are compressed with fewer components.

Please remember to download the following dataset available here. Then refer to the
IPython notebook eigenfaces.ipynb to answer the following questions.

Note: Solutions to this problem will be released on Wednesday, but you are still
required to submit your own original work for this problem.

a) We provide you with a randomly selected subset of 1,000 faces from the training set,
the first 1,000 principal components, all 13,232 singular values, and the average of all
of the faces. What do we need the average of the faces for?

Solution

We need to zero-center the data by subtracting out the average before running PCA.
During the reconstruction, we need to add the average back in.

b) We provide you with a set of faces from the training set and compress them using the
first 100 principal components. You can adjust the number of principal components
used to do the compression between 1 and 1,000. What changes do you see in the
compressed images when you used a small number of components and what changes
do you see when you use a large number?

Solution

When fewer principal components are used, the images do not differ much from the
average face and do not contain many distinguishinig features. This is to be expected,
since very small numbers of components will not account for much of the variation
found in faces. When more principal components are used, the images more closely
resemble the originals.

¢) You can visualize each principal component to see what each dimension “adds” to
the high-dimensional image. What visual differences do you see in the first few
components compared to the last few components?

Solution

The first few principal components are blury images capturing low frequency data.
This low frequency data captures some of the broad variation across faces like lighting.
The last few components contain high frequency data where small details vary from
face to face.

d) By using PCA on the face images, we obtain orthogonal vectors that point in directions
of high variance in the original images. We can use these vectors to transform the
data into a lower dimensional space and plot the data points. In the notebook, we
provide you with code to plot a subset of 1,000 images using the first two principal
comonents. Try plotting other components of the data, and see how the shape of the
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http://vis-www.cs.umass.edu/lfw/
https://github.com/ee16b/eigenfaces-data/archive/0fd01ccb0660d2b98669718aa2d36f49d4019934.zip
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points change. What difference do you see in the plot when you use the first two
principal components compared with the last two principal components? What do
you think is the cause of this difference?

Solution

The variance of the points in the plot is larger for the first two components compared
to the last two components. We can also confirm that the variance is larger for the first
few components because the singular values are large while the singular values for
the last few components are small. This happens because PCA orders the principal
components by the singular values, which can be used to measure the variability in
the data for each component.

We can use the principal components to generate new faces randomly. We accomplish
this by picking a random point in the low-dimensional space and then multiplying it
by the matrix of principal components. In the notebook, we provide you with code to
generate faces using the first 1,000 principal components. You can adjust the number
of components used. How does this affect the resulting images?

Solution

When fewer components are used, the faces appear more similar and when a very
small number of principal components are used, they are almost indistinguishable.
When we use more principal components, the synthesized faces appear more distinct.
This happens because we are adding more degrees of freedom to our “face” vector
when we add more principal components. This allows us to generate faces with more
variety because we have more parameters that control how the face looks.
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3 Brain-machine interface

The iPython notebook pca_brain_machine_interface.ipynb will guide you through the
process of analyzing brain machine interface data using principle component analysis (PCA).
This will help you to prepare for the project, where you will need to use PCA as part of a
classifier that will allow you to use voice or music inputs to control your car.

Please complete the notebook by following the instructions given.
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4 Inverted Pendulum on a Rolling Cart (Mechanical)

Consider the inverted pendulum depicted below, which is placed on a rolling cart and whose
equations of motion are given by:

1 u .
j=—— | — + 0%fsin0 — ¢gsinOcos O
Y % +sin? 6 (m g )
1 . M +
= (—ECOSQ—QQKCOSQSHIQ+ mgsm@).
f(m + sin? 0) m
where we use X to denote the time derivative of x; thatis, = %, 0 = %, = ‘”TZ and
Ay d20
0=5%.
u
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The problems below will prepare us for a future homework problem where we will
design a control algorithm to stabilize the upright position.

a) Write the state model using the variables x(t) = 0(t), x2(t) = O(t), and x3(t) = y(t).
We do not include y(t) as a state variable because we are interested in stabilizing at
the point 6 = 0, 0=0, y = 0, and we are not concerned about the final value of the
position y(t).

Solution

We have
X1 = X9 éf1(x1,lexs/u)
Xy = m) (—;n—’ cos(x1) — x31 cos(xq) sin(x1) + M}:mg sin(xl)) = fo(xy, x2, X3, U)
X3 = m) (% + x21sin(xq) — gsin(xl)cos(xl)) = fa(x1, x2,x3,1)

b) Show that x; = 0, xo = 0, x3 = 0 is an equilibrium point with u = 0.
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Solution
We check that x; = X5 = &3 = 0 with at the given point:

J'C1=X2=O

1 0
’ I (—M + sinQ(O)) ( m o

m Q sin(O))

|- |o-0+0)=

()

(;) (2 +02% - g sin(0) COS(O))

M 4 sin?(0)

X3

¢) Linearize this model at the equilibrium x; = 0, xo = 0, x3 = 0, and u = 0, and indicate
the resulting A and B matrices.

Solution

We can keep in mind that x; = x2 = x3 = 0 to make the derivative much easier. Since
we aren’t asked to linearize about a particular input, we can linearize about u* = 0.
This is fine because f; and f3 are affine (linear plus a constant term) with respect to u.

Note that
afl(oooo) "f1(0000)_1 afl(oooo)
af2(0000) M+mg 2%(0,0,0,0)= 0 "fz(0000)
afS(o 0,0,0) = afS(o 0,0,0) = "f3(0 0,0,0) =
and,
200,0,0,00=0 22(0,0,0,0)= -7  22(0,0,0,0) =
Since x* = 0 and u* = 0, we can use the same state variables x and 1, 1nstead of x and
1. Then,
X1 1 0 0
d 1
X3 % 0 0 ﬁ
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5 Linearizing for understanding amplification

Linearization isn't just something that is important for control, robotics, machine learning,
and optimization — it is one of the standard tools for circuits

The circuit below is a voltage amplifier, where the element inside the box is a bipolar
junction transistor (BJT).

V.

i

The bipolar transistor in the circuit can be modeled quite accurately as a voltage-controlled
current source with

Vi
Ie(Vin) = Ise V1 )
where Vrp is the thermal voltage. We can assume Vry = 26 mV at temperatures of 300K
(close to room temperature). Is is a constant we will try to eliminate.
This BJT can changes small variations in the input voltage Vi, into large variations in the
output voltage Vout. We're going to investigate this amplification using linearization.

Let’s consider the 2N3904 transistor where the above expression for Ic(Vin) holds as
long as 0.2V < Vot < 40V, and 0.1mA < Ic < 10mA.

a) Write a symbolic expression for V,,; as a function of Ic.

Solution

Vout = Vpp — Rlc since we have a voltage drop of IcR across the resistor and the top
voltage is Vpp.

b) Now let’s linearize I¢ in the neighborhood of an input voltage V;; and a specific It
that satisfy Eq. (I):

Ic(Vin) = IC(V;n) +0lc » IE + gm(vin - V;n) = IE + 8m 0Vin 2

where 6V}, = Vi), — v is the change in input voltage and 0Ic = Ic - It is the change
in collector current.

What is g, here as a function of I and VTH

LA cheap transistor that people often use in personal projects. You can get them for 3 cents each if you buy in
bulk.

2If you take EE105, you will learn that this g, is called the transconductance, and is the single most important
parameter in most analog circuit designs.
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Solution

We start out by writing out the linearization form that we are looking for.

Ic(Vip) = Iz + 0Ic = Ic(V},) + &m OVin

Here, we can isolate the 6Ic term by subtracting I\ = Ic(V},) from both sides.

Olc = gm 6Viy

Now, the meaning of the g, is the slope of the Ic curve at V; .

gm =dlc/dVinlv: @)
Vin

= —Jce VTH |y 4
Vo Ise i Iv;, (4)

I*

c
= 5
Vin ©)

where in the last line, we recognize that the expression in the exponential with the Ig
before it is just I¢ itself. This is why the Is constant didn’t need to be told to you.

We can use these equations to linearize I at certain chosen values of V;;,, such as
values V =0.65V and V! =0.65V given in parts (d) and (e) below. We plot these
linearizations here to help visualize our results.

Linearization of Ic
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Figure 1: Linearization of I,

¢) We now have a linear relationship, 6Ic = g 6Vin, between displacements in cur-
rent and voltage from a known solution (I, V), called a “bias point” in circuits
terminology.

Going back to your equation from part (a), plug in your linearized equation for Ic.
Define the appropriate V;, , so that it makes sense to view Vs = V5 . + 6V, when

we have Vj, = Ve +0Vin, and find the approximate linear relationship between 6V,
and 6V,

3The ratio %‘(}’i’;’ is called the small-signal voltage gain of this amplifier around this bias point.
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Solution

Expanding out and remembering the equation for V,,; from above:

Vour = V;ut +6Vour = Vpp — R(FC + 8&m 5Vin)

Therefore, we define V; ,

= Vpp — RI. and then
OVour = =R gm Vi
with g, as above. Namely

IR Vpp — V¥
< SVin = _UDD ™ Vout SVin
Vra

OVour = — Vin

You don’t have to simplify it to this point, but this form is useful because it shows
you that the gap between the operating point V,,;* to the supply rail Vpp matters to
understand the small-signal gain. We want as much current as possible to make the
gain big, but there is a limit to how big the current can get.

We can use these equations to linearize V,,; at certain chosen values of V;;,, such as
values V; =0.65V and V; = 0.65V given in parts (d) and (e) below. We plot these
linearizations here to help visualize our results. The slope of these lines are the small

i i WVour _ _E
signal voltage gain Gy = —7-—.
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Figure 2: Linearization of V,;
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6 Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student! We
also want to understand what resources you find helpful and how much time homework is
taking, so we can change things in the future if possible.

a) What sources (if any) did you use as you worked through the homework?

b) If you worked with someone on this homework, who did you work with? List
names and student ID’s. (In case of homework party, you can also just describe the

group.)

¢) How did you work on this homework? (For example, I first worked by myself for 2 hours,
but got stuck on problem 3, so I went to office hours. Then I went to homework party for a few
hours, where I finished the homework.)

d) Do you have any feedback on this homework assignment?
e) Roughly how many total hours did you work on this homework?

f) How much have you been interacting with your study group? Feel free to describe
your interactions.
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