
EECS 16B Summer 2020 HW 4

This homework is due on Tuesday, July 21, 2020, at 11:59PM.
Self-grades are due on Tuesday, July 28, 2020, at 11:59PM.

1 SVD

Note: Solutions to this problemwill be released onWednesday, but you are still required
to submit your own original work for this problem.

Find the singular value decomposition of the following matrix (leave all work in exact
form, not decimal):

A �


1 0 −

√
3√

3 0 1
0 3 0


a) Find the eigenvalues of A∗A and order them from largest to smallest, λ1 ≥ λ2 ≥ λ3.

b) Find orthonormal eigenvectors ®vi of A∗A (all eigenvectors are mutually orthogonal
and have unit length).

c) Find the singular values σi �
√
λi . Find the ®ui vectors from:

A®vi � σi ®ui

d) Write out A as a weighted sum of rank 1 matrices:

A � σ1 ®u1 ®v∗1 + σ2 ®u2 ®v∗2 + σ3 ®u3 ®v∗3
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2 Eigenfaces

In this problem, we will be be exploring the use of PCA to compress and visualize pictures of
human faces. We use the images from the data set Labeled Faces in the Wild. Specifically, we
use a set of 13,232 images aligned using deep funneling to ensure that the faces are centered
in each photo. Each image is a 100 × 100 image with the face aligned in the center. To turn
the image into a vector, we stack each column of pixels in the image on top of each other,
and we normalize each pixel value to be between 0 and 1. Thus, a single image of a face is
represented by a 10,000 dimensional vector. A vector this size is a bit challenging to work
with directly. We combine the vectors from each image into a single matrix so that we can
run PCA. For this problem, we will provide you with the first 1,000 principal components,
but you can explore how well the images are compressed with fewer components.

Please remember to download the following dataset available here. Then refer to the
IPython notebook eigenfaces.ipynb to answer the following questions.

Note: Solutions to this problem will be released on Wednesday, but you are still
required to submit your own original work for this problem.

a) We provide you with a randomly selected subset of 1,000 faces from the training set,
the first 1,000 principal components, all 13,232 singular values, and the average of all
of the faces. What do we need the average of the faces for?

b) We provide you with a set of faces from the training set and compress them using the
first 100 principal components. You can adjust the number of principal components
used to do the compression between 1 and 1,000. What changes do you see in the
compressed images when you used a small number of components and what changes
do you see when you use a large number?

c) You can visualize each principal component to see what each dimension “adds” to
the high-dimensional image. What visual differences do you see in the first few
components compared to the last few components?

d) By using PCA on the face images, we obtain orthogonal vectors that point in directions
of high variance in the original images. We can use these vectors to transform the
data into a lower dimensional space and plot the data points. In the notebook, we
provide you with code to plot a subset of 1,000 images using the first two principal
comonents. Try plotting other components of the data, and see how the shape of the
points change. What difference do you see in the plot when you use the first two
principal components compared with the last two principal components? What do
you think is the cause of this difference?

e) We can use the principal components to generate new faces randomly. We accomplish
this by picking a random point in the low-dimensional space and then multiplying it
by the matrix of principal components. In the notebook, we provide you with code to
generate faces using the first 1,000 principal components. You can adjust the number
of components used. How does this affect the resulting images?
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3 Brain-machine interface

The iPython notebook pca_brain_machine_interface.ipynb will guide you through the
process of analyzing brain machine interface data using principle component analysis (PCA).
This will help you to prepare for the project, where you will need to use PCA as part of a
classifier that will allow you to use voice or music inputs to control your car.

Please complete the notebook by following the instructions given.
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4 Inverted Pendulum on a Rolling Cart (Mechanical)

Consider the inverted pendulum depicted below, which is placed on a rolling cart andwhose
equations of motion are given by:

Üy �
1

M
m + sin2 θ

(
u
m

+ Ûθ2` sin θ − g sin θ cos θ

)
Üθ �

1

`(Mm + sin2 θ)

(
− u

m
cos θ − Ûθ2` cos θ sin θ +

M + m
m

g sin θ

)
.

where we use Ûx to denote the time derivative of x; that is, Ûy �
dy
dt , Ûθ �

dθ
dt , Üy �

d2 y
dt2 and

Üθ �
d2θ
dt2 .

The problems below will prepare us for a future homework problem where we will
design a control algorithm to stabilize the upright position.

a) Write the state model using the variables x1(t) � θ(t), x2(t) � Ûθ(t), and x3(t) � Ûy(t).
We do not include y(t) as a state variable because we are interested in stabilizing at
the point θ � 0, Ûθ � 0, Ûy � 0, and we are not concerned about the final value of the
position y(t).

b) Show that x1 � 0, x2 � 0, x3 � 0 is an equilibrium point with u � 0.

c) Linearize this model at the equilibrium x1 � 0, x2 � 0, x3 � 0, and u � 0, and indicate
the resulting A and B matrices.
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5 Linearizing for understanding amplification

Linearization isn’t just something that is important for control, robotics, machine learning,
and optimization — it is one of the standard tools for circuits

The circuit below is a voltage amplifier, where the element inside the box is a bipolar
junction transistor (BJT).

The bipolar transistor in the circuit can bemodeledquite accurately as a voltage-controlled
current source with

IC(Vin) � ISe

Vin
VTH (1)

where VTH is the thermal voltage. We can assume VTH � 26 mV at temperatures of 300K
(close to room temperature). IS is a constant we will try to eliminate.

This BJT can changes small variations in the input voltage Vin into large variations in the
output voltage Vout. We’re going to investigate this amplification using linearization.

Let’s consider the 2N3904 transistor,1 where the above expression for IC(Vin) holds as
long as 0.2V < Vout < 40V, and 0.1mA < IC < 10mA.

a) Write a symbolic expression for Vout as a function of IC .

b) Now let’s linearize IC in the neighborhood of an input voltage V∗in and a specific I∗C
that satisfy Eq. (1):

IC(Vin) � IC(V∗in) + δIC ≈ I∗C + gm(Vin − V∗in) � I∗C + gm δVin (2)

where δVin � Vin − V∗in is the change in input voltage and δIC � IC − I∗C is the change
in collector current.
What is gm here as a function of I∗C and VTH?2

c) We now have a linear relationship, δIC � gm δVin , between displacements in cur-
rent and voltage from a known solution (I∗C ,V

∗
in), called a “bias point” in circuits

terminology.
Going back to your equation from part (a), plug in your linearized equation for IC .
Define the appropriate V∗out so that it makes sense to view Vout � V∗out + δVout when
we have Vin � V∗in + δVin , and find the approximate linear relationship between δVout
and δVin .3

1A cheap transistor that people often use in personal projects. You can get them for 3 cents each if you buy in
bulk.

2If you take EE105, you will learn that this gm is called the transconductance, and is the single most important
parameter in most analog circuit designs.

3The ratio δVout
δVin

is called the small-signal voltage gain of this amplifier around this bias point.
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6 Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student! We
also want to understand what resources you find helpful and how much time homework is
taking, so we can change things in the future if possible.

a) What sources (if any) did you use as you worked through the homework?

b) If you worked with someone on this homework, who did you work with? List
names and student ID’s. (In case of homework party, you can also just describe the
group.)

c) How did you work on this homework? (For example, I first worked by myself for 2 hours,
but got stuck on problem 3, so I went to office hours. Then I went to homework party for a few
hours, where I finished the homework.)

d) Do you have any feedback on this homework assignment?

e) Roughly how many total hours did you work on this homework?

f) Howmuch have you been interacting with your study group? Feel free to describe
your interactions.
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