EECS 16B Summer 2020 Discussion 5D: Minimum Energy Control

1 Compact SVD

Recall that an m X n matrix A will always have a singular value decomposition.
A=Uxv? 1)

If A is of rank k, we can write out the SVD in compact form as A = U X V]

k
A=Ur V] = Z oiil;i BT @)
i=1

where the subscript c is referring to the first k columns of the matrix. U, is an m X k matrix,
L isak X k matrix and V! is a k X n matrix.

If m > n and A is a tall matrix of rank 7, we can expand the matrices in block form to get
the compact SVD where V =V,

A=UzV’ = [U. U] [ZOC} Vi =U.L V]
While if m < n, and A is a wide matrix of rank m, then U, = U and its compact SVD is
T v! T
A=UZVT =U[Z O] | fr|=UcZcV,
2

Recall that the columns of U, span Col (A) while the columns of V> span Nul (A). Note that
the matrix Z. is a diagonal matrix with the singular values on its diagonal.

2 Minimum Energy Warmup
Consider an undetermined system of equations given by
i = AR

where A € R™" is a wide matrix, thatis m < n. We assume that A has linearly independent
rows.

a) What is the rank of A?
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b) In lecture, we saw that the minimum norm solution for ¥ is given by

Xx=vrtuly=v.r'u'y

where the definition of V. and L, come from the block matrix form of the SVD. That is,

VT
A=UrVT = U [Zc Opxuem)| [VCT} ©)
2

Argue that X is invertible. What are the matrix elements I, and Zc‘i}?

c) Use the SVD of A to show that the expression for the minimum-norm solution from
equation 3|can also be written as

X =AT(AATY 1y

HINT: (ABC)~! = C"'B~'A~! for invertible matrices A, B, C.
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3 Minimum Energy Control

Consider the system

1

F(t+1) = [(1) 1} %t +

(1) u(t).

Our goal is to reach the target state
7(5) = H
starting at X(0) = 0.

a) Find the input sequence u(0), u(1), u(2), u(3), u(4) that achieves this with the least
possible “energy,” as defined by

E = u(0)? + u(1)® + u(2)® + u(3) + u(4)>.

Find the value of E for the sequence you computed.
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b) Show that, if we reach the target state [(1)] at t = 2 and apply a zero input henceforth
u(2) =uB)=u(4) =---=0) then

X(t) = [é] t=2,3,4,5,...

¢) With the result of part (b) in mind, find inputs 1(0), u(1) such that

) = (1)
and apply u(2) = u(3) = u(4) =0so
i) =,

as well. Find the energy E for the resulting input sequence and compare it to the one
in part (a).
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4 Uncontrollability

Consider the following discrete-time system with the given initial state:

2 00 0
Xt+1)=|-3 0 1[X(t)+|0]|u(t)
0 1 0 2
1
x(0)= (0
0
a) Is the system controllable?
2
b) Is it possible to reach X(T) = [-3| for some t = T? For what input sequence u(t) up to
-2

t=T-1?
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c) Find the set of all possible states reachable after two timesteps.

-2
d) Is it possible to reach ¥(T) = | 4 | for some t = T? For what input sequence u(t) up to
6
t=T-1?
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