EECS 16B Summer 2020 4B: SVD

1 Geometric interpretation of the SVD

In this exercise, we explore the geometric interpretation of symmetric matrices and how this
connects to the SVD. We consider how a real 2 x 2 matrix acts on the unit circle, transforming
it into an ellipse. It turns out that the principal semiaxes of the resulting ellipse are related
to the singular values of the matrix, as well as the vectors in the SVD.

a) Consider the real 2 X 2 matrix

Now consider the unit circle in R?,

s:{(c.osg) |0£6<27‘[}.
sin 6

Plot AS on the R? plane.
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b) Calculate the SVD of A. Write this as a matrix factorization, i.e. A = UXV".

c) Consider the columns of the matrices U, V obtained in the previous part, and treat
them as vectors in R%. Let U = (17 u2), V = (9 02). Let 01, 02 be the singular values
of A, where 01 > 05.

Draw in your plot of AS the vectors 011} and 0212, drawn from the origin. What
do these vectors correspond to geometrically?




EECS 16B Summer 2020 4B: SVD

d) Repeat what you did above for the matrix A = (_22 1)
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e) Consider the case where A is a real n X n symmetric matrix. What do you observe
geometrically in this case?
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2 SVD and Induced 2-Norm

a) Show that if U is a unitary matrix then for any ¥

Iuzl = [1x1.

b) Find the maximum

max ||AX||
{Z:)1%l=1}

in terms of the singular values of A.
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¢) Find the X that maximizes the expression above.




	Geometric interpretation of the SVD
	SVD and Induced 2-Norm

