
EECS 16B Summer 2020 3A: Multivariate Differential Equations

1 Diagonalization

Consider an n × n matrix A that has n linearly independent eigenvalue/eigenvector pairs
(λ1 , ®v1), . . . , (λn , ®vn) that can be put into a matrices V and Λ.

V �


| |
®v1 . . . ®vn
| |

 Λ �


λ1

. . .
λn


a) Show that AV � VΛ.

b) Use the fact in part (a) to conclude that A � VΛV−1.
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2 Systems of Differential Equations

Consider a system of differential equations (valid for t ≥ 0)

d
dt

x1(t) � −4x1(t) + x2(t) (1)

d
dt

x2(t) � 2x1(t) − 3x2(t) (2)

with initial conditions x1(0) � 3 and x2(0) � 3.

a) Write out the differential equations and initial conditions in matrix/vector form.

b) Find the eigenvalues λ1 , λ2 and eigenspaces for the differential equation matrix above.
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c) Use the diagonalization of A � VΛV−1 to express the differential equation in terms of
a new variables z1(t), z2(t). Remember to find the new initial conditions z1(0), z2(0).
(These variables represent eigenbasis-aligned coordinates.)

d) Solve the differential equation for zi(t) in the eigenbasis.
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e) Convert your solution back into the original coordinates to find xi(t).

f) We can solve this equation using a slightly shorter approach by observing that the
solutions for xi(t)will all be of the form

xi(t) �
∑

k

ck eλk t

where λk is an eigenvalue of our differential equation relation matrix A.

Since we have observed that the solutions will include eλi t terms, once we have found
the eigenvalues for our differential equation matrix, we can guess the forms of the
xi(t) as [

x1(t)
x2(t)

]
�

[
α1eλ1t + α2eλ2t

β1eλ1t + β2eλ2t

]
where α1 , α2 , β1 , β2 are all constants.
Take the derivative to write out [

d
dt x1(t)
d
dt x2(t)

]
.

and connect this to the given differential equation.
Solve for xi(t) from this form of the derivative.
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