EECS 16B Summer 2020 Discussion 6D: Review

1 Airplane Discretization

In this question we will explore briefly a simplified linear model of an airplane control
model. First let’s define the variables we will be working with, in reference with figure

(i) @ = Angle of Attack (angle the plane makes with the direction of wind)
(if) O = Pitch Angle (angle of the plane with respect to the horizontal)

(iif) u = Elevator angle (used to control the aircraft’s pitch)

-

Figure 1: Simplified Airplane model

Now, consider the following (simplified) continuous time system:
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a) For the system of differential equations given, write the matrix differential equation
as

d -
—x =Ax+ B
dt
Answer
o
We can define our state vectoras ¥ = | 6 | to get the equations
do
ar

—X1 =5Xx1 — X3+ 10

dt

d

Exz = X3

d

EX:; = —X1 + X3+ 20
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This gives us the following state-matrices

5 0 -1 1
A=|0 0 1 B=1|0 3)
-1 0 1 Co

. |a
Alternatively since the state 0 is never used, we can pick X = [d6:| with the following
dr

state-matrices.
_ 5 -1 _ |
=53] e

b) Now, assume for some specific component values we get the following differential
equation:

%E(t)z [_02 _13] 7(t)+ || u). 5)

Unfortunately, we are unable to measure our state vector continuously. Suppose
that we sample the system with some sampling interval T. Let us discretize the
above system. Assume that we use piecewise constant voltage inputs u(¢) = u[k] for
t € [kT,(k +1)T).

Calculate a discrete-time system for Equation (B)’s continuous-time vector system in
the form: .
X[k +1] = AgX[k] + ba[k].

Answer

One way to discretize this system is to change coordinates to the eigenbasis, and
discretize the individual scalar equations. Having done so, we can change coordinates
back to the standard basis.

Since A is diagonalizable, we can write A = VAV~ substitute into our differential
equation, to get:

d. I
i VAV™IX + bu(t)
d N TN =
EVﬂx = AVIX + V7 bu(t)
Az Az+ Vbu(t)
dt”
Writing, Z = V!X, we can diagonlize the system. We can also compute the following
matrices
(1 -1 -2 o e [-2
S R R &
This gives us two differential equations

L2(t) = ~221(0) ~ 2u()

Laat) = ~2a(0) - 2u(t)
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Recall that the following scalar differential equation can be discretized as the following

e -

%x(t) = Ax(t) + bu(t) = x[k+1]=ex[k]+0b ulk]

Hence, we can discretize the system in this diagonal space, giving us
zilk + 1] = ez [k] + (72T = 1)u[k]
zolk + 1] = e Tzo[k] + 2(e™T — 1)u[k]

This gives us the equation

2k +1] = [6_02 ! e%} 2[k] +

Changing coordinates back to X we see that
o1 fe? o |[-1 -1
Aa = [—2 1 ] [ 0 e-T] [—2 —1]
ool -t e2l -1
172 12T -2
Multiplying out the matrices, we get:

|

9¢-T — p=2T =T _ p=2T
2e72T _9e=T  9p=2T _ p-T

> e 2T _ 90T 41
bd = 2€—T _ 26_2T
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2 Inverted Pendulum on a Rolling Cart

Recall the inverted pendulum depicted below from Homework 6 problem 1, which is placed
on a rolling cart and whose equations of motion are given by:

1 u .
j=—— | — + 0%fsin0 — ¢gsinOcos O
4 M4 sin?0 (m § )
1 . M +
:M—(—ECOSG—GQZCOSQSmQ+ mgsm@).
f(m + sin? 0) m
where we use X to denote the time derivative of x; thatis, = %, 6 = %, = ‘”TZ and
. _ d29
0=5%.
u
—P> M
O QO
Y

a) Recall the result of our linearized model from Homework 6, problem 1c:

d X1 0 1 0f [x1 0
axgz”{;ﬂmg 0 Of|x2|+|—737|u
X3 —2¢ 0 0f|xs o
S— ——
A B
Show that the linearized model is controllable.
Answer
Observe that
1
i
AB=| 0
0
and
0
2 M+
A’B = |-{ M’;lg
m
™Mz &
Then,
0 - 0
™
1 M
m
M 0 e 8
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b)

<)

Since we are trying to test rank, we can remove scalar terms from the vectors. We then
get,

0 1 0
rank C = rank |~1 0 -1
! 0 (MT—m ) !
We want to show that,
m
M+m

This must be the case because this is only true when M = 0, which is not possible since
an object at this macro scale must have mass.

Suppose M =1, m =0.1,] = 1, and g = 10, and design a state feedback controller,
u(t) = —ki10(t) — k20(t) — k3 y(t),

such that the eigenvalues of A — BK (the “closed-loop eigenvalues") are A; = A, =

Ag=-1.

Answer

Plugging in values, the system is

d X1 0 X1 0
I xo =111 0 Of|xo|+|-1|u
Flesl [-1 0 of|xs| |1
Setting u = —KX, we get
PR 0 1 0 0 X1
%] = 110 0| —|-1][ki ko ks]||x
X3 -1 0 0 1 X3
or
q 1% 0 1 0 | [x1
d_ Xo| = 11+k] kg k3 X9
t X3 —k1—1 —kg —k3 X3

The characteristic polynomial is
pua-piy(A) = A% + A%(ks — ko) + A(—=k1 — 11) — 10k3 = 0
Our target polynomial is
Pua-py(A) =A% +312 +31 +1
Comparing coefficients, we get
ki =-14,ky = -3.1,ks = -0.1
Suppose we set ko = k3 = 0 and vary only ky; that is, the controller uses only O(t)

for feedback. Does there exist a k; value such that all closed-loop eigenvalues have
negative real parts?

Answer
The characteristic polynomial is

p(A—BK)(/\) =A%+ Al=ky —11)=0

No matter what k; is, there will always be an eigenvalue at 0.
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3 Minimum Norm Control

Suppose we had a linear discrete-time system with the following dynamics

X[t] +

(1’ u(t) 6)

Xt+1]= [_02 _13

Given the initial state X[0] = 0, we would like to reach a target state X; = [g} .

a)

b)

Show that we can reach the state X; in a finite number of time-steps

Answer

If the system is controllable, then we can reach Xt in a finite number of time-steps. The
controllability matrix can be computed accordingly.

0 1
Since the controllability matrix is of full-rank, we can reach any state X € R? in at most

two time-steps.

What sequence of control inputs can we give to reach the state X; in two time-steps?

Answer

We can write out X[2] in terms of the previous states to say
¥[2] = AX[1] + bu[1] = A2%[0] + Abu[0] + bu[1]
_[z sz el o fulld
a [b Ab] [u[O]} =C [u[O]

Therefore we can solve for #[0] and u[1] by taking the inverse of C
ul1]| _ 1oy _ |15
il == 3]

While we can theoretically reach X; in two time-steps, we notice that it is too expensive
to move our system this quickly. Set up an optimization problem of the form below to
reach X; in five time-steps with minimum energy.

min ||ZT)||2 subject to HW = (7)

WeRS

Answer

Let’s start by writing out X[5] in terms of the previous states

¥[5] = ASX[0] + A*bu[0] + A3bu[1] + A%bu[2] + Abu[3] + bu[4]

[
=|A% A3b A2b Ab b||u]
[
[




EECS 16B Summer 2020 Discussion 6D: Review

d)

e)

Since H = [A@ A3h A2b Ab b|is a wide matrix of full-rank, we see that the
system of equations Hw = ¥ has infinite solutions. Our goal is to reach ¥; with
minimum energy or in otherwords, we would like to minimize ||ZT)||2 =wi+...+w?

-

over all solutions of Hw = .

This is equivalent to an optimization problem of the form

min ||LTJ||2 subject to Hw = i
wWeRS

What is the solution to the optimization problem from the previous part? Give the
optimal solution @*.
Answer

We saw from HW and lecture that the optimal solution to the problem can be computed
through the pseudo-inverse

0" =H'Y =HI(HH) 'y
We can plug this into numpy to get the following optimal solution

o*=[4 -36 28 -13 -175]

Try solving the minimum norm problem for 2 steps all the way up to 10 steps and
compare the norms of each solution.
Answer

Notice how the norm drops as we increase the number of time-steps. This is because
we are relaxing the constraints of the problem and giving the system more freedom to
reach our target in the allotted time.

Minimum Norm Solutions

»
E-
E_
»
Eq- »
) I
,D_
T T T T T T T T T
2 3 4 5 B 7 B 9 10

Time Steps




	Airplane Discretization
	Inverted Pendulum on a Rolling Cart
	Minimum Norm Control

