EECS 16B Summer 2020 Discussion 4D: Review

1 Differentiator Circuit

Consider the following circuit

¥—0 Vout

1. What is the transfer function H(jw)?

Answer
P . . L rs . . _ 1 _ 1
This is a non-inverting amplifier with impedances Z; = Ry + e and Zo = Ry || 7oCs

Zs

—L

Vo -

Zy —o0 Vout
Therefore, the transfer function will be H(jw) = — i—f
ZQ ]CURQ Cl

Hio)==-7"=-a% jwR>C2)(1 + jwR:Cy)

2 Parallel RLC
Consider the circuit shown below.

1. Right after the switches change state (i.e., at t = 0), what is the value of i ?

Answer

di : AVous _ _ s i -\ — Vin
Vi=LGE=0,ic=C=2 =0 = Vou = Vin, ip = ig, 50 ir(07) = .
Right after switches change state, the inductor current cannot change instantaneously

(since this could require infinite voltage across it), so i (0*) = VT
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L . So

L
Q S1 i
Vin C) :: C Vout
R

Yic

iQ
O
Att <0, S; is on (short-circuited), and S, is off (open-circuited).

Att >0, S; is off (open-circuited), and S; is on (short-circuited).

L .
38
o—o0
+
Vin C) R :: C let
. Vi
IR ¢ _
O
t<0,t<0
L
Y YL .

Vi C) :: C ‘/0 ut
R

Yic

iR
O
Att <0, S; is on (short-circuited), and S is off (open-circuited).

Att >0, S, is off (open-circuited), and S; is on (short-circuited).

2. Choosing the state variables as X(t) = [Vlf’Lu(t t()t )], derive the A matrix that captures the

behavior of this circuit for t > 0 with the matrix differential equation % = AX(t) + 5,

where b is a vector of constants.
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Answer
dlL
L—
V= dt
di
Vin - Vout Ld_fL
diL Vout Vin
—_— = - 4 —
dt L L
e dVout
Ic =1 = C ar
dVout — ll
it C*

3. Assuming that V,,,4(0) = 0V, derive an expression for V,(t) for t > 0.

Answer

We perform a change of variables, so that Vout(t) = Vout — Vin. The A matrix will not

change, but the b vector goes to zero.

det(A — AI) = 0
1
2 —
A+ 5=0
1
A=4j—
IVie

At this point, there are two possible solutions.
Method 1:

N t t
out(t) = kq cos ko sin | ——
fot (m) : (Wc)

Vious(t) = k1 cos (\/i_C) + ko sin \/T_C + Vin
Vout(0) = 0 = ky cos(0) + kg sin(0) + Vi,
ki=-Vi
in(0) = A = Do)
R dt
Vin ko
ﬁ =— \/_ sin(0) + Vic cos(0)
. E

Vout:Vin(].—COS( ! )+ L/Csin( ! ))
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Method 2:
Vout(t) = klejﬁt + k2€_j\/%t
Vout(t) = klej\ﬁt + k2€_j‘/%t +V;
Vour(0) =0 = kleo + kzeo + Vin
kl + k2 = _Vin
. _ Vin _ dvout
i(0) = 7 = C—=(0)
Vin . k1 . k2
RC ™ /yie ~'vie
VL/C
ky —k2 = =g Vin
k= vy (b YISy L NLC
1= zn2]2R12— m2]2R
1 AL/C i 1 AL/C _iv
Vourt) = Vi | ~(5 + =550V = (5 = e ch+1)

. . .y/L/C . A=t . . .
At this point, let 1 + j Y2~ = a + bj, e/ Vic =cos(\%t) +]Sm(ﬁt) =c+dj =
1 1

55 i) 3t =)ol e

Vout(t) = Vin B T
=Viu(1—(a+bj)c+dj)—(a—0bj)c—dj))

=Vin(1 —ac+bd—(ad + bc)j —ac +bd + (ad + bc)j)
= Vin(1 — 2ac + 2bd)

e 25

-3 2R

)

1
= V(1 - 25 cos

Sin

Ly
2R VLC
Vi_Ct)+ ?{/C sin( ! t))

= Vin(1 — cos
m ( '—LC
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3 Diagonalizability and Invertibility

1. Given an example of a matrix A, or prove that no such example can exist.

¢ Can be diagonalized and is invertible.
¢ Cannot be diagonalized but is invertible.
¢ Can be diagonalized but is non-invertible.

¢ Cannot be diagonalized and is non-invertible.

Answer

2 0
=[5 3

® -
2 1

A=1o
® -
0 0
A=10 of

® -
0 1

A=1o

4 Eigenvalue Decomposition and Singular Value Decomposition

We define Eigenvalue Decomposition as follows:

If a matrix A € R"™*" has n linearly independent eigenvectors p1, . .., P, with eigenvalues
Ai, ..., Ay, then we can write:

A =PAP™!
Where columns of P consist of py,...,Pn, and A is a diagonal matrix with diagonal

entries Aj,..., A,.

Consider a matrix A € S", thatis, A = AT € R®™*"_ This is a symmetric matrix and has
orthorgonal eigenvectors. Therefore its eigenvalue decomposition can be written as,

A = PAPT

1. First, assume A; > 0, Vi. Find the SVD of A.

Answer
Observe that, ] ]
ATA = PA%PT
This means that,
ci=Ajand V =P

We have,
Av; = Aju; = 00
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Plugging into our SVD condition Av; = o;u;:
0;0; = 0ijU;
This means that,
Uu=vs="~r

Therefore, in this case, the eigenvalue decomposition is the same as the singular value
decompositions.

2. Let one particular eigenvalue A; be negative, with the associated eigenvector being p;.
Succinctly,
Apj = Ajpjwith A; <0
We are still assuming that,
A =PAPT
a) What is the singular value ¢; associated to A;?

b) What is the relationship between the left singular vector u;, the right singular
vector v; and the eigenvector p;?

Answer
a)
aj = |4l
b) Either,
uj=pjand vj; = —p;
or,

uj=-—pjand v; =p;

This is because the diagonal entries of . MUST be non-negative.
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