EECS 16B Summer 2020 Discussion 4C: PCA

1 Principal Component Analysis

Computing PCA

Here is the full procedure for computing the principal components of a data-set represented
by the matrix A:

1. Compute the covariance matrix:

¢ Center the matrix along the attributes (columns in this case), so that A=
- L7174,

¢ Find the covariance matrix S = %ATA orS = ﬁATA depending on whether
your data is a sample from a population or the full population.

2. Diagonalize the covariance matrix S:

* Diagonalize the covariance matrix: S = PAPT.
* Since S is a symmetric matrix, we know PT = P~1.
* The columns of P are the principal components.

Result: The result of this process is the matrix P consisting of the principal components.
Changing the data into this basis can reveal many useful insights about the data.

2 Understanding PCA

What is this PCA basis, and why is it useful? There are two equivalent ways of understanding
PCA:

1. The principal component vectors p; maximize the variance of data when it is projected
on the line corresponding to p;.

2. The subspace spanned by k PC vectors (i.e. span{p1, ..., pr} ) is the best k-dimensional
approximation to the given data.

Variance Maximization perspective: Given a unit vector il, we can compute the projection
of the data along the line defined by ii by computing Aii. The variance of the projection is
formally given by LT AT Aii. The main idea behind PCA is to find trends in the data by
choosing the @ that maximizes this variance.

e Therefore, j is simply the unit vector that maximizes w" AT Aw .

e [y is the unit vector that maximizes @’ AT A@ while also being orthogonal to ;. Note
that the possible choices of p» are more restricted due to orthogonality constraint. This
constraint ensures that we get an orthonormal basis.

e [y isthe unitvector thatmaximizes " AT A% while also being orthogonal to 51, . . . , Px—1.

Formally, we can write this as:
pr = max @ ATAD
w

subject to @ @ =1, p; =0, pa=0,..., 0 pr1 =0

It turns out that the solutions to this optimization problem are the eigenvectors of ATA,
i.e. the eigenvectors of the covariance matrix!
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Reconstruction Error Minimization perspective: Let’s say we want to compress our high-
dimensional data by approximating each sample point X; as a linear combination of a small
number of vectors 71, ..., U,

That is, X; ~ @171 + -+ + axU¢ . Then X; can be (approximately) described by the
coefficients a1, ..., ax, and we can just store the a’s instead of storing every attribute of X;.
These a’s can be found by solving a least sqaures problem Va = ¥;. The question then is:
which vectors 71, . .., U will allow us to make the best reconstructions? These vectors have
to minimize the total error in reconstructing the data points X;. It can be proven that the first
k vectors of the PCA basis {1, ..., Px} are the best choice of vectors to use.

This makes PCA an excellent choice of basis when compressing data. Intuitively, the first
few vectors in the basis explain most of the variation in the data, and so we can get away
with just storing the first k coefficients.

3 PCA

Suppose we had the following data points (x;, y;) € R? aggregated in the following matrix.

5 -6
7 0
A= 11 -4
5 -6
a) Find the covariance matrix S of A if each column is a type of data and each row is a
measurement.
Answer

First, we need to find the mean of each column.

5+7+11+5_7
4 -

6+0-4-6 _
- -

Next, we subtract the corresponding mean from each value in the matrix to get A.

b=

Uz = —4

5-7 —6+4| [-2 -2
Go|7-7 0+4) o 4
T11-7 —4+4 4 0
5-7 —6+4| |[-2 -2
-2 -2
lars 1[-2 0 4 -2]|0 4
S‘EAA Z[—Q 4 0 —2} 4 0
)
6 2
=20

Note: The distinction between % and mll doesn’t matter when m is super large. For

the purposes of an exam, using either m or m — 1 is fine.

b) Since S is a symmetric matrix, we can eigendecompose it into the form S = PAPT,
where P contains the orthonormal principal components of S and A is a diagonal
matrix with the squared weights of the corresponding principal components. Find the
eigenvalues of S and order them from largest to smallest, A1 > A,.




EECS 16B Summer 2020

Discussion 4C: PCA

<)

d)

Answer
det(A-AD=(6-1)2-4=A%-1214+32=0
(A=8)(A-4)=0
A =38
Ay =4

Find the orthonormal eigenvectors p; of S (all eigenvectors are mutually orthogonal
and have unit length).

Answer

To find eigenvalues, we say:
Spi = Aipi

6 2| |pu|_ g |P1

2 6] [p12 P12

6p11 +2p12 = 8p11
P11 = P12

We know the relationship between p;; and p12, but we need to set their values such

that [|p1 |l = 1.
4
ﬁl ) [f]

V2

We can do the same procedure to get p2, and we get:

What are the principal components of the system? What are the weights of each
principal component?
Answer

The principal components are the eigenvectors of S, p; and pa.

The principal component matrix consists of the two principal components:

1 1
[51 232] = [f _\/i
V2 V2

The weight of each principal components is VA; for each components.

Weight of p; = 01 = V8 = 2V2
Weight of s = gy = V4 =2

Plot the two principal components scaled by their weights on the following graph.
Remember that we subtracted the column means from each column.
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Answer

Since p; = 7 and po = —4, the origin of the principal components is (7, —4).

L
V2
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4 Using the SVD for PCA

In the previous question, we viewed the principal components as the eigenvectors of the
covariance matrix S = 2ATA. In this question, we see how Principal Component Analysis
relates to the Singular Value Decomposition.

a)

b)

<)

d)

Given m data points (x;, y; 7, in R2, what is our data matrix A?

Answer

Remember that we aggregate our data points in rows when performing PCA. This
means that

X1 Y1

A= .

Xm  Ym
If the SVD of M is M = ULV, what are the eigenvectors and eigenvalues of M7 M?

Answer
Since M = UZVT,M™M = (UzVH)TUuzvT = vTuTuzv? = veTevT.

The matrix LT X is diagonal so o7 are the eigenvalues of M TM while the columns of
the V matrix are the eigenvectors.

How can we use the SVD to compute our principal components?

Answer

a) First we normalize our data matrix A as A = ﬁ(f\ — A) where A represents the
mean of our matrix A.

b) Then take the SVD of A to find matrices U, X, V7.

¢) The singular values o; will be the weights of our principal components and the
vectors 7; are the principal components.

Note: We must normalize A by # so that when we compute the SVD, the eigenvalues
of ATA align with the eigenvalues of the covariance matrix S = %(A —-A)T(A-A)

If the given data looked like the following figure, what would you expect 017; and
0904 to be?
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e) Sketch the projection of the demeaned data onto the principal components 7, and 05.

Answer

Projection onto the principal components

Note how the projection is centered around the mean and that the variance of the
projection onto 7, is larger than that onto 7.
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