EECS 16B Summer 2020 Discussion 3C: The Gram-Schmidt Process

1 Complex Inner Product

For the complex vector space C", we can no longer use our conventional real dot product as a
valid inner product for C". This is because the real dot product is no longer positive-definite
for complex vectors.

For example, let 0 = [;] Then, 9-0 = j2 +j? = -2 < 0.

Therefore, for two vectors ii, v € C", we define the complex inner product to be:

i=1

where = denotes the complex conjugate and ~~ denotes the complex conjugate transpose.
Recall that the complex conjugate of a complex number z = a + jb = rei® is equal to
U1
. U2
z=a-jb= re 19, The conjugate transpose of a vector v=|.]iso" = [51 Vo

7).
Un
Note that this inner product is no longer symmetric but conjugate-symmetric, i.e.,
(i, 5) = @, ).

2  Gram-Schmidt Process

Gram-Schmidt is an algorithm that takes a set of linearly independent vectors {01,...,0,}
and generates an orthonormal set of vectors {ii1, ..., i, } that span the same vector space as
the original set. Concretely, {ii1, ..., i, } satisfy the following:

* V0 <k <n,span({0y,...,0x}) =span({ii1, ..., ix})

e {iiy,...,1,}is an orthonormal set of vectors

Orthonormal Vectors

A set of vectors {01,...,0,} is orthonormal if all the vectors are mutually orthogonal to
each other and all are of unit length. That is:

* Orthogonal: For all pairs of vectors 7;, 7; where i # j, (7;,7;) = 0. For real vectors,
this means 5?@ =0.

e Normalized: For all i, ||7;|| = 1. (This implies that ||7;|| = (7;, 7;) = 1.)

Projection of a Vector

The projection of a vector @ onto another vector v is denoted as proj;(w)

ey (@0,0) L (@,0)
proj;(w) = ——=-0 = v 1
A
If we project onto a vector ¥ that is normalized, ||0 H = 1, then the projection will be
proj; (@) = (w, 0)0 @)
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Gram-Schmidt Algorithm

The Gram-Schmidt algorithm works by first finding the unit vector i, such that span({ii; })
= span({71}). Subsequently, the unit vector ii5 is calculated such that (ii;, ii3) = 0 and
span({ii1, ii2}) = span({v1, U2}). This is continued through n vectors, resulting in the
orthonormal set of vectors {iiy, ..., i, } that span the same vector space as {71, ..., U}

How is this done? Finding i/, is straightforward, since it is the first vector in our new set,
and therefore we must only satisfy |ii1|| = 1 and span({ii1 }) = span({71}). Since span({71 })
is a one dimensional vector space, the unit vector that spans the same vector space would
just be the unit vector in the same direction as 01. We have

®)

Calculating ii, requires that we satisfy:

1. Spanning the same vector space as original set: span({iiy, ii2}) = span({71, U2})
2. Orthogonal to previous vectors: (ii1,12) =0

3. Normalized: ||iiz|| = 1
Using the vector ii; that we calculated above, we notice that
span({ii1, U2}) = span({71, U2}),

satisfying the first condition. However, 111 and U, are not necessarily orthogonal. Recall from
16A /54 that the following subspaces are equivalent for any pair of linearly independent
vectors 71, Ua:

e span(7y, U2) * span(dy, U1 + U2) * span(dy, U2 — aU1)
e span(dy, aUs) e span(vy, U1 — U2)
Therefore, let us pick

172 = ?72 - aﬁll

so that span(ii1, §») will have the same span as {ii1, U2} = span(v, 7).
What should «a be if we would like ii; and g2 = U2 — aii; to be orthogonal to each
other? We can recall from 16A, that subtracting the projection proj; (¢2) will create a vector

orthogonal to i1, where
pl‘Ojﬁ1 (52) = <52, 17l1>ﬁ1

is the projection of U2 onto .

-5

A

9. \'I',.- pPr °j\'q',vl.

3
- >U,

This makes sense because the projection of 75 onto i, provides the component of v, that
is along ii;. Subtracting off this component from 7, will only leave components of v, that
are orthogonal to ;.
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Therefore, if we set
aily = projﬁl(ﬁg),
the resulting
Jo = Uo — Proj;;, (D) = Dy — (U2, i1 )14
will be orthogonal to ii;.

Finally, we normalize §> to complete the process of finding the ii; which satisfies all
three conditions above:

N E
U = 75
17

In the question below, you will work through how this methodology leads to the
Gram-Schmidt algorithm for calculating the orthonormal set {ii1,...,1,} fromn linearly
independent vectors {71, ..., U, }. Note that the Gram-Schmidt process can be done for the
real or complex inner product so we will leave all of our results in general inner product
form.

3 Gram-Schmidt Algorithm

Let’s apply Gram-Schmidt orthonormalization to a set of three linearly independent vectors
{51 ’ 52/ 53 } .

a) Find unit vector ii; such that span({ii; }) = span({71}).

Answer

Since span({7 }) is a one dimensional vector space, the unit vector that span the same
vector space would just be the normalized vector point at the same direction as 7;. We
have

!
(s
—

(4)

Uy =

(1
=

b) Given ii; from the previous step, find ii» such that span({iiy, ii2}) = span({1, U2})
and ii5 is orthogonal to il .

Answer

We know that 72— (the projection of U2 on ii;) would be orthogonal to ii; as seen
earlier. Hence, a vector > orthogonal to ii; where span({ii1, §2}) = span({71, U2}) is

Go = U — (T2, 1i1)il1. ©)

|
)

Normalizing, we have iy =

¢) Now given iy and i, in the previous steps, find i3 such that span({ii, i3, ii3}) =
span({z?l, U2, 53})-

)
)
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d)

Answer

We know that the projection of 73 onto the subspace spanned by ii1, ii5 is

(T3, tia)iiy + (T3, 1)1 (6)
We know that
{3 = U3 — (T3, t)ily — (T3, il1)il ?)
is orthogonal to ii; and ii. Normalizing, we have ii3 = ”gjn .

Let’s extend this algorithm to n linearly independent vectors. That is, given an
input {71, ..., 0,}, write the algorithm to calculate the orthonormal set of vectors
{ii1, ..., 1n}, where span({vy, ..., 0, }) = span({iiy, ..., i, }). Hint: How would you
calculate the i*" vector, §;?

Answer

Inputs

e A set of linearly independent vectors {71, ..., Uy }.

Outputs

e Anorthonormalsetofvectors {iiy, ..., i, }, wherespan({vy, ..., 0, })=span({iiy, ..

Gram Schmidt Procedure

U

1
0
ll:]]

e compute q; : il =

e for(i=2...n):
a) Compute the vector gi, such that span({iiy, ..., §i}) = span({71, ..., 0;}):
gi =0; — Z;i(ﬁz‘, )i

=

i

i

=1

b) Normalize to compute §; : il; = i

i),
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4 The Order of Gram-Schmidt

a) If we are performing the Gram-Schmidt method on a set of vectors, does the order in
which we take the vectors matter? Consider the set of vectors

1 1 1
{511 52/ 53} = 0 ’ 1 ’ 1 (8)
0 0 1

Perform Gram-Schmidt on these vectors first in the order 7, 2, Us.

Answer

If we start with 71 we get the basis

> - - - Z_5/_’ - - ’Z—))/_) - 5‘/_) -
q1 =101, q2=vz—%q1, vg—< iq;>ql—< iq?qz )
llq111 1111 172l

0 1 1 1 1 0 0

y 67 3 = 1 - I 0 - I 1 = 0 (10)
1 0 0 1

Since all of these vectors are normalized, we can say that {41, G2, g3} is an orthonormal

basis

b) Now perform Gram-Schmidt on these vectors in the order 73, s, 1. Do you get the

same result?

Answer

If we write the basis starting with 3.

> - - - <52/Eil>—> - <’Z_;1/Eil>—> <51/L72>—>
g1 =03, 2 =02 — —= 591, V1 — /= q1— 75 q2 (11)
{ [1g.11? 171112 172112
(12)
1 1 9 1 1/3 1 1 1 1 1/3 1/2
gi=|1], g2=|1|-=[1| =] 1/3 ,53:0——1—5 1/3 | =|-1/2
1 ol 31| |-2/3 ol 3| ~2/3 0
(13)
Normalized this is
L [ 173 1/2
Uy = — |1 ,172=\/; 1/3 |, itz = V2 |-1/2 (14)
V3|1 —9/3 0




	Complex Inner Product
	Gram-Schmidt Process
	Gram-Schmidt Algorithm
	The Order of Gram-Schmidt

