EECS 16B Summer 2020 3A: Multivariate Differential Equations

1 Diagonalization

Consider an n X n matrix A that has » linearly independent eigenvalue/eigenvector pairs
(A1,71),...,(An, Uy) that can be put into a matrices V and A.

a)

b)

| | M
V= 51 Z_))n A= ..
| | A,

Show that AV = VA.

Answer

Since (A, U;) are eigenvalue/vector pairs, we know that

AZ-;l = /\151

Avy = A,0,
However, we can also write out A%, as a linear combination of the columns of V to get

Az7] 2/11'"(_))]+...+0'Z_))n
| /\1 Al

Generalizing this forall i = 1...n, we can say that Av; = V)_)\i where 7\,’ is the i" column
of the matrix A that is a vector of (s except for the i entry which is equal to A,;. We
can aggregate our results to conclude that

Use the fact in part (a) to conclude that A = VAV L.

Answer

From the previous part, we know that AV = VA. In addition, we know the matrix V
is invertible since it is square and all of the eigenvectors of A are linearly independent.
Therefore can right multiply by V! to conclude by saying A = VAV,
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2 Systems of Differential Equations
Consider a system of differential equations (valid for ¢ > 0)
d
“ox(t) = —4x (1) + x3(0) M)

d
xa() = 20, (1) = 3 () @
with initial conditions x1(0) = 3 and x5(0) = 3.

a) Write out the differential equations and initial conditions in matrix/vector form.

Answer

x1(t)
x2(t)

Lxi(t)] _[-4 1
dom|~2 -3

Xl(()) _ 3
XQ(O) Ik

We will define the differential matrix as A, where
-4 1
a=[3 )

b) Find the eigenvalues A1, A, and eigenspaces for the differential equation matrix above.

Answer

Eigenvalues A and eigenvectors v of matrix A are given by

Av = Av.

In order to find the eigenvalues, we take the determinant:

det(A-AI)=0

det([_42_/\ _31_;\]) ~0

(=4=A)(-3-1)-2=0
12474 +A2-2=0
A2+ 71 +10=0
A+5)(A+2)=0

Giving;:

A =-5,-2

The eigenspace associated with A, = =5 is given by:
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-4+5 1 |- _[o
2 -3+5/717 |0
1 1. o
2 2|77 o
. |1
U1 = -1
The eigenspace associated with A, = -2 is given by:

~4+2 1 |~ _Jo
2 -3+2[727 |0
-2 1. _[o
2 -1|”7 o

o 1
Vo = (o [2]

c¢) Use the diagonalization of A = VAV ™! to express the differential equation in terms of
a new variables z1(t), z2(t). Remember to find the new initial conditions z;(0), z2(0).
(These variables represent eigenbasis-aligned coordinates.)

Answer

The original differential equation was
%f(t) _ AR(H)
Substituting in the diagonalization of A, we get
ia?(t) = VAV IX(t)
™
Applying V™! to both sides, we see that
d
-1 v _ A 1=
Vv T X(t) V7HX(t)
The derivative is linear so V! %f(t) = %V’lf(t)
iv—ly?(t) = AVIX(t)
dt
Finally, we define the vector Z(t) = V~1X(t) to say
d. 5
- =A
T Z(t) Z(t)

Uncoupling the matrix, we can express this as two differential equations in terms of
z1(t) and z5(t)

%Zl(t) = Mz (t) = =5z ()

%zz(t) = Aaza(t) = —2z5(t)

d) Solve the differential equation for z;(f) in the eigenbasis.
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f)

Answer

Our initial condition is current in x; so we must represent it using z; :

=1

Then we solve based on the form of the problem and our previous differential equation
experience:

2 _1
Z(0) = V71%(0) = [i f}
3 3

- Kye™t
Z(t) = |:K;€—2f]

Plugging in for the initial condition gives:

- e ot
z(t) = [26%}
Convert your solution back into the original coordinates to find x;(t).

Answer
- - 1 1| [e? et 4 2072
xX(t)=Vz(t) = [_1 2} [2€2t] = [_est +4€2t:|

We can solve this equation using a slightly shorter approach by observing that the
solutions for x;(t) will all be of the form

xi(t) = Z cret

k

where Ay is an eigenvalue of our differential equation relation matrix A.

Since we have observed that the solutions will include e?if terms, once we have found
the eigenvalues for our differential equation matrix, we can guess the forms of the
xi(t) as

x1(t) _ 0(1€A1t + 0(2€A2t
Xz(t) - ﬁle}“t + ﬁge/bt
where a1, @y, B1, B2 are all constants.
Take the derivative to write out
dixl(t) .
Sxa(t)
and connect this to the given differential equation.

Solve for x;(t) from this form of the derivative.
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Answer

x1(t) _ are ™ + qge?
|:X2(t):| - [ﬁ1€_5t + ﬂ2€_2t:|
13
I E

—5Sae7 % — 2072
—5B1e "t — 2Bqe7?

With initial condition

a1+ s

x(0) = By + B

Taking the derivative %f(t) will be

d .
%x(t) =

At t = 0, the derivative will be

d - _ —50(1 - 20(2
0= [—551 - 2[32]
We also have that:
d . 4= _ —4 1 xl(O) . —4.7(1(0) + XQ(O) -~ -9
77 5(0) = AX(0) = [ 2 -3 [xg(o) = 2x,(0) = 3x2(0) | = |3
Equating terms:
a1 +as =3
—50(1 - 2&2 =-9
B1+p2=3
—5ﬁ1 - 2‘32 =-3

This gives:
a1 =1,a9 =2
p1=-1,B2=4

Therefore, we can write out x1(¢) and x5(f) as

[xl(t) 3 [ et +2¢72t ]

xo(t)| T | e + 4o
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