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LECTURE 28 - wrap up (part2)
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Control : what

<
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Filters < ←to do ?

Module 2 Module3

PROCESSING :

analog circuits, computers , algorithms

i→asing
I☒←a⇔n

Discretization :

Uᵈs DIC-%4d-dtxdt-Acxcct-B.eu?lt&-%c1D-Ei]

arm%19.MX?l-Li+IT--AdXdLiJ+BdUdti
]

I : vector of state variables (Vc,2L in RLC circuits
position, velocity in mechanical systems; concentrations
of reactants in a chemical reaction system; flows and

pressures in an engine model; etc . )
Ñ : control input (voltageand current sources in a circuit;
forces and torques applied to a mechanical system; etc.)



ddtxcct)= Rick) +buclt)
Solh at t=(it110 from initial condition Xccio)= : Xdti]↳ Uc(E) = UdIi] from E-is to (it110

EEE= xdtit er¥ budti]
XDIit☐ Cwhen-2=14

Ac= V ' v
'

⇒ Ad=v[⇔: t.li'éno

Stability : when do banded inputs gone bandedstates?

Evahe test : Reti(Aa) <0 in continuous-time

/ RICAd) 1<1 in discrete-the

Question : does discretization preserve stability ?

Yes . If Ri is onevalue of Ac, then e✗i°

is the corresponding erabe of Ad .

@
Rio
= efreili-jbntilo-ekerioejkn-2.to

I
let:O / = lekeeiklleiczmt.io / #×IF
Reti<0 ⇒ e(ReRik <1 because en

Are#
<1 ↑



Stabilization : XiiiD= A Iti]+Buti] +ÑLE

Uti] = Fili]

I [it 1)= (AtBF) Iti] + ÑL☐
Ia

can we assign e.valuesof ACL arbitrarily with
choice of F ?

Yes if EA÷BiB] is invertible .

Same condition for controllability : ability to move
from any ☒ to] to any ☒target .

ites-- Alito] + tA÷¥B[⇔iii.e-☐/
☒re]-Alito] -- ce [;;-

Ñtaget C-Rn

If Col Cce) is Rn then armpit sequence exists
to match LHS to RHS .
We showed :

If Ce doesn't have Rindep . columns when l=n,
it won it with l>n. Thus, controllability test:

ColCcr) =RR i.e.cn invertible .



Module3 (Inference) started with Syten ID
using¥ →s=D→p+→e

LS solution pis
matches DÑ↳to.=c☐
, projection ofJ .

Projection easy when subspace has orthonormal
basis 97792, - - .

Projection of J : <$9T>§ + Csiqzqze . _ _
= oio.qis-iaii.ge>

Fig
in

9%8
= QQ*I @= [qi.az . _ _ ]
~

projectionmatrix

Orthonormal bases enabled upper triangularatra:
←

- critical when not diagonalizable
- even if diagonaltable, useful
because car uppertriangulate
with an orthogonal matrix U :

U
-'AU = UTAU =T



Symmetric matrices can be diagonalized with

orthogonal V :

V-IAV = VTAV= A

spectral -1hm . tell us that symmetric matrices

admit orthonormal erectors
, thus ✓= [in - -In]

orthogonal matrix.

SVD :
"✗ ray

" of a matrix : AER
"'

A- = [Ur Um -r][% ][vr Vn-if
T T

ColCun-r) = Null (A) Er
→if

Cal (Ur) = Col (A) Padded with
zeros to become
mxn

Pseudo inverse :

a-+ = v 8) we0
→ E-

'
= paddedwith

or zerosto

Unities LS and Min Nam solutions of beamehim

A-I =P
A-+= (A'A)

"
AT when A tall and full column rank:

Atty is LS solution .



A-
+
= ATCAA -4-1 when A wide and fullnew rate :

Atif is Min Norm Sokotra .
What if A is tall but hast ohmns ?

Can't apply usual Least sq . formula , but

A+y→
is still a LS solution .

I
Dependent columns Mean nontrivial nullspace .
LS solution not unique because if I minimizes HAI -811, so
does *+T for any TENv11 (A) : A#+8)=AI .

In fact Aᵗy→ is the LS solution with min. norm.

Example : A = [a→Ñ] (two identical columns .)

AÑ=y means :

[Ña→][¥]= a-✗it8×2=81×1+1121--8
↓

now a single column

(✗it✗2)↳=@IT'B
= SITE



>
min . norm

among all
LS Solutions*

,
×,+×z=%?¥ñ±:÷t¥¥÷÷÷'

all are LS Solutions

At} recovers this min .norm LS so/ 'r :

A-_§ a) = I [I 1]

=P11811 . 1%19 FELT 1]

F. E. Fi
At = ¥

, ñuT=¥⇔, 'ñÑ]ÉñÑ
= 21%2

☒ F- ¥⇒%⇔→=[÷÷÷:) :::-.to figure
a→yˢ



SVD enables low rank approximation d- data sets (PCA) .

Suppose m=2 rows (features) and n≥2 columns (samples)

fin
soakerplot of
columns (data pants

columns condense around it, direction when 51⇒ 52
.

In general, if first l singular values dormant

then columns d- A condense onand Col (Ue)
where we= IÑ, - - Pee] .

CallUe) is the best

fit to data among all l -dimensional subspaces

in the sense that it minimizes sum of squares of

distances of columns to subspace :

Tai : ith column d- A

#Ñai - Ueuiaitl= distanceofÉd(u
,,

% to
callUe)



When the data is centered around the origin

(we achieve this by subtracting from each column

the average of all columns : at → Ii- InZika;)
then UT is the direction THE

of largest variation in the data : most informative

components at the data .

Example (why de -meaning matters) :
^

Suppose data look like this : €÷¥÷→
Of all 1-dimensional subspaces (lines passing through

the origin) , the horizontal axis minimizes sum of

squares of distances to data points , which is why

UT is horizontal in the figure .
But the greatest

variation in data is in the vertical direction .



Demean so data centered at origin :

Now the line through the origin that best trts

the data is the vertical axis
,

>

which matches the direction of

largest variation.


