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LECTURE 26 - finish tunnel diode circuit example
- complex inner products
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Operating Points : tunnel diode :

µ

filxiixz,u)=0 ⇒ ✗2-91×11=0 ⇒ ✗2=941) (1)

fzcx ,,✗z,u)=O ⇒ U-RX2-4=0 ⇒ Xz=Uz¥ (2)

Combine (1)EG) : gcxi)=UR (3)

Find ×Yu* Satisfying (3) . Substitute Xi☒ in (1) to
obtain Xz* .

Graphical interpretation : superimpose graphs G)se) :
Xz
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k*¥÷÷'>× '



i11c,e.qshj 
Vin 

(J,e,, U:) 
,...oirses -I� 
��l,'he. 

Circvrf f/fferpN!..fq-l;-07 of eli�llb�M pc.Ml:s 

Jx tt.> c F Cx11:>,11.1t:>) 
f..( X1e, u,�)=O � tl:x.t:t)=O u,/,,&, x{o):.�lF u.lf;.}�<L' 

I/) ../tau ct rcvff

Ji x t-1;) -c. .d.. jl/c{f) 1 = [t ic{t,) 1
di- di-U,.tt)J ....L VLteJ '-

ttL 1'  

ic.=0 o,,,cl V'- = O 
' r , r 

open wive. 

k:CL1 

�'" Ctl:. 'LL.. -=-- &d 
'1" t KVL.! 

6,-) 

Vi VJ V,n- IAti-Lt= O {s}-
-

v;,, VJ-= Ve. (6) -

{ti-)=> f:: = lcl= 9{vd) {o) g{�) � ret::over:s {,t)
)(-z. ;c, 

C4)�c;;) -;) vr..,-lL il. -Vc-::.o ➔ re.ccvedCZ) 
i..-.- "-" � 

U Xz. Xt 



L

[%÷,¥ᵈ {g)¥. :*

i:⇒=i:|
a-=

"

¥1 • =
Stability ? tr(A)= -9•) _

detcak %R+±c
If 94×1*1>0 , then trcAko , detCA )>0

so stable from the criteria in the last lecture .

Complex Inner Products

Recall from Lecture 17 :

Theorem (Schur Decomposition) : For any A-C-Rn
"

with real eigenvalues we can find an orthogonal

( matrix U S.t. UTAU is upper triangular .

s assumed becauseproof used inner productswith erectors -
will removethis superfluous assumption with complex inner products



Recall inner product and norm in Rn :

<Big>rn = Ii?, ✗iyi

= y→Ñ = ×→y→

11×11*4 = -2¥, ×? = II = <Ii>Rn
Properties that must be satisfied by a norm in
any vector space CV, F)

↓ ↳
"field

"wherescalarsmultiplying vectors

space in which
come from, e.g.IR, ¢

vectors love, e.g. Rn,or

is 11%+811 ≤ 11×71*+11811* for any Fj c- V1

ii) 11dB It* = Idl 11×71* for any FEN, DEF

iii) 11×-11*30 KIEN and 11×71×1--0⇔ 17=0
.

(convince yourself all 3 hold in Rn with 11×71-_ NEXT.)
what is a norm that works for en ?

We can't use 11×71=Exit
.

I= [L;] C- ¢2 ✗12-1×22=1-1 Czj)2--1-4=-3<0

stead , HÑHcn=É1x
> 1112+12512--1+4=>11%41,7--5



Inner product : <I,y→¢n = xiyi

Note :

• <Fix>an = Iii, Xiii = Ii? /✗if = 11×71*2

• II. xiii = [Yi -" %] ¥g¥ "conjugate
-

transpose
"

<I ,y→>¢n=j*×→
• <g.ñ>¢n=⇔yn
so <☒Fan and % not necessarily the same

(unlike Rn where is≥,zn=<y→,I>en)

(Use <Fix>¢n= Ii yixi and 5×79≥,n= Exryi
to show <g.ñ>¢n=⇔yn)
• I,y→E¢ⁿ Orthogonal if <ñy→≥n=0 .

Orthonormal if 11×71 =L, 118M¢n-1 also .

Example : F- Jj =p;] <%¥-87
= 1-3%1=1%11%1--0 .

11×712=412+1512--2--115112



• If a c- 1cm
" has orthonormal columns then

a-a =3

because µ,
*
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Deflr : A square matrix A C-
'
with orthonormal

columns is called a
"

unitary"matrix (generalizing notion
oforthogonal matrixto complexmatrices) .

@*①=3 ⇒ 0--0
'

when

@ is

square
Therefore =A-

' fer unitary matrices .
(similar to AT=a- ' fer orthogonalmatrices)

Schur Decomposition generalized :

For any A-C-
"
we can find a unitarymatrix

U such that U
*
A U is upper triangular .

If A-C-Rn" but its eigenvaluesare complex, powers
version not applicable; thegeneralized version above is.



Gram -Schmidt Orthonormalizatror generalized
to :

Task : given linearly independent &, . .Gee
find orthonormal 97, _ nqie C- ¢

" such that % is
a linear combination of §, to % .

[ai _ . . at ] -1-97 - - →9u][tg☆☆
- -
*

]:O é¥_☆
a--R : upper
with orthonormal triangular
columns

step1 : 97 - ¥apÉ
Step2 : Zz = Iz- <a%9Ñ¢nÑ

93=1 z→z
112-711

step3 : ⇒ = Is - <a→sÑ>q, -<a%%n%

§ - ¥2s1k¥
:


