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LECTURE 25 Linearization continued

Given nonlinear system ¥xTt)=fTxTt1ÑltD, where

✗A)ER? ult)ERM, f→(×→,→u)
' (×" - --Xmas . - Um)

i
fncxn.xn.ca, . .am,

} -1%789--0.
Linearized model at operating point☒

*,u*) is :

¥871T)= AOIA) + BOTH)
where

> xCt)=×Tt)-×*, ÑCt)=Ñlt)-Ñ;

a , §(×i%xnTui
. -
unit • • .

8fyncxk.xi.ch?..uniY,: :

(×,*, .xn*, di, -Unf)8¥:(✗¥ . -Xi, Ui, -Uni) • • •

@✗n

8¥ (✗¥ . -Xi, Ui, -Uni)
B. = [8¥,

1×1%-11^7Ui
. .
-unit . . .

um

: :

dfICXY.xnYui7.uni4e.e@fICxY.xn", di, ..am# •

-

DU, ⑦Um +

( i.g) entry ofA Ali)j)=%i_g. (✗¥ . ..×*n,ui, _ cent)
andB given by : { Bci>5) = 8¥; (✗¥, . ..×*n,u% -Unf) .



Exampled : Xictl G)

0m
KAI :=dd-A)

↓m9 ᵈÉ¥¥,)=[ "*-k-mxz.lt/-9-esin(xik-D)-fi(Xi,xz)--Xz
ficxik-bxdc-Dfzcxil.tl/XzCtDfzCxiXz)---KmXz-9-esrhXl
Downward pointing equilibrium : Cx,,xz)=Co> a)
Upward " " (Xi,Xz7=(Tho)

j×→f%⇒=[¥f✗"H 8¥'"=[ 0 1

1 .

8%-4×1,1121 "

H-9-ecosxi-k-mA-Tx-fT.IM
Adown -_ [fog !±m]= 1×7%-01
A- up = [ 0 I¥] -1×77%1

Stability criteria (continuous-time) for AER2×2 :
A-[%, :?) -22-A- [a-a" -ar

-921 12-922]
det(II-A)= -911102-92)-912921=12_(911+922)/2+411922 -912921)

-

Recall trace of A :trCA)=au+ai2 - trca) Ttf



I,=trCA1-✓tÑA ,z=trCA)+É4ÑA
Ci) det (A)≤ 0 ⇒ unstable

because ✓trCAP-4detCA)-≥✓trlA=HrCA)/
therefore Rz≥ trCAAH≥o
Cii) tr (A)≥o ⇒ unstable

• If treat-4det(A) <0 then ✓trCA)2_4detCA)- imaginary
and Recall = Rear) = that≥c .

◦ If trCA)2-Udet(A)≥0 then ✓trCAF-4det→ ≥O and
R2≥ trzt)≥0 .

Ciri) def (A) >0 and trcako ⇒ stable

• If treat-4det(A) <0 then ✓trCA)2_4detCA)- imaginary
and Recall = Rear)=tn£Aˢ<0 .

• If trCA)2-4det(A)≥O, then trCAP-4detCA-EL-o.HNA) 1)
where the upper band follows from delta)>0 .

Thus,

Ri = HALLIE ≤ tr# <0 , Rz=trCA¥F trCA¥tl≤0 .

Combining G)-Liii) : stable rf and only if DetCA)>0
and TRCAKO .

0 1
Adown =[¥ Tgif Aup=[ em]
tr(Adam)= -1m <0 ✓ tr(Aup)==Km<0

.

✓

det (Adown)= >0 ✓ det (Adam) = -2<0 ✗

stable unstable



Look at e.values of A-up for more insight :

detCRI-Ap) = det% Item]) = -24 Ent-Ee
Raz= _ʰmI✓⇐z!2+49I-

rz=-ʰm+✓mP+4ʰ >o since ✓Em7+4->(ʰmÑ=ʰm
Note : he becomes more positive (therefore instability
more severe)where issmaller . Try balancing a
shorter stick in your hand !

Linearization in DiscreteTime :

Iti-11] = §Citi],Teti]) (1)

** = ICE;ñ*)

FC2.ie) ≈ f→(ñ*,u*) + AH-F) +B lie-UH (2)
¥ -It die

where A and B are obtained as in page1 .

Linearization : replace f→ in (1) with approximation in (2) :

☒Ei-4] = I
*
+ Aditi] + BuEi]

* Ii-11]-I* = Aditi] + Botti]
-

= DIEi-D



Example2 : Population growth del

✗Ii-11] = r✗Ei]
in

population ofa species in
generator I

Assume r>I ⇒ exponential, unbounded growth .
Unrealistic because resources run outwhen ✗ gets large .
A mere relastrc model where Cst . r is replaced with
×- dependentgrowth rate rll-¥ ) :

✗titi] = r(1-×)✗ti] nonlinear

-

f- (✗Ei])

f-(x) = r(1-¥)✗ = rx- In ✗2 , f- '(x)= r_ Ex (3)

Equilibrium (discrete the) : ✗= fcx)
✗= r(1-¥ )✗

✗ (1-rtrnx)=c

Two roots : ✗=0 (extinct) ✗= N-r.fr-1) > 0
since

Linearized model : r>I

i) around ✗*=O : 8×17-4]= f- '(a) did
-

=r from (3)

r>1 ⇒ unstable



c-it around x•=N_rCr-1) :

f '(N_rG-i))=r-Iµ@¥Cr-D) =r-2r -12
= 2-r

8×[1^+1]=12-r)d✗ti]
-

C- C-1,1) for stability
i.e. r C- (1,3) is a

"Cobweb diagrams" : graphical method to visualize
how solutions of scalar discrete-time equations evolve
(beyond scope fathers course but kinda fun ) :

^
y=× intersectionsof

•
, y=fCx) and y=x
i¥¥¥)✗ are equilibrium

✗[13--11×1-0]) --- -

y
,

points bclfcxkx
at those points•Én☐✗to]

↑
initial
condition

^

q

Y=×

i

Xtl] -- -
y
-

y
,

IoiE
0×[0×-11] Elr- 1)

Used y=✗ axis to bring value ✗El] from vertical to
horizontalaxis



✗[23--11×1-1]) - '

,:÷:0×[03×17]

^

•
,

i
,

*

;i÷;÷0×[9×1731152] Elr- 1)

^

•
,

✗[33=1-1×523)

ti : ioo.i.it#w0XEojxTDXtDN-rCr-
1)

Continuing in thismanner, you can see that the solution from
✗to] evolves as Shaun below, indicating convergenceto

^ X*=¥Cr-1) .
y=×

= - - - - -_*→t→•.

OXEOJXTDXTZI Elr- 1)



Examples abovedidn't have inputs. Ex.3 below has Vin as input .

→

"
+ n _

Example 3 :

1↑iTⁿF¥i µ 'dtunnel diode vrI * Rcircuit c=É¥d¥ )kno
KCL : |#

<

(3) ir= 'LL = Ic+ id

↑Nid
=gcvd )

KVL :

(4) Vin = Vr + Virtue
> Vd

(5) Vd = Vc tunnel diode voltage-current characteristic

(3) ↓
C dd¥ = iclt) = Elt)- idA)= ii.It)-gcvdct))

Ñ=[%Éf int-gcvcct)
Ldd¥=hlt) ¥ Vinet)- Vrlt) - volt)

res"Ér
= Urn It)-Rirlt)-Vclt)

(3)
= Vin It) - R ILLE)-Vdt)

Kariables in orange above are neither state nor input
variables . We use the substitutions indicated above each

equation to make sure the right hand side depends only
on Ñ=[ and a- Vir, so we get a model d- the form

¥+81T)=f→(Ict),ult) .
Can't write in

volt) = & Lilt)- { 9.(Vdt)) matrix/vector

ELA) = 1-Vrnlt) -R[ [<(t)- 1- rect,
farm becauseof

nonlinearity go .


