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LECTURE 24

So far discussed lineor systoms;
d%)‘c‘zm AR@+BURE)  RLoe]- ARCL]+BEL]
Today nonlineer:
d3w= FRou)  Rnq= f(3ug,ag)
where £: R°xR" =R is a vecter-valul fuactor
of state REB and ot Te R”

Lincor .VgS‘/’eYU‘ are o S'PCCiq[ Code ?&13)= /45<'-t 33

Exomple 4 :
(
XM

m ¢ djfz@ = —k (01_9(9 —pgsBl) — (1)

_[e®) - dg
Lot Rie)= w(é)J wie)= 484) Capgoiar veloctt)




dz&) _ g w (6) w(E)
ot ‘2{% fdfi?—@ /—5 UNE) — 29—311'7 )

\ — —
Xl-e 7 )(Z‘g,%'w xz(t)
= |— ,‘Lf; Xet)- f—s»\né(:({:))

= f(3%)

Equilibrivm ( Qpe*cﬂ*‘fg ) Poraty

For q covfuous~Hme sysiem with 7o put

43te)= . Gue) —(2)
the Soluons of e static g | o(R)=0 lae
called equlbrivm poirts , (P X* is an equilibriva
ie. f B(R*)0, then X(E)=* is a soluto
of diff.eq'n above with Xlel=X* : subsHhte
X=X @) 43% = Pe(3).
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Peaduwm exomple . Z(}Z)—_ [ e J 0
- /

k _ )
=X %SIHK



N { % =0 ~~- (3
—kxs— 9 shx = -
Lxe—2shx=0 %/

Substitge () inG): Shxi=0 = x=0,7
Two equililbrivin poirts: (X, xe)=(0,0)
(X1, %)= (M,0)
What about discrete fime eguilibria ?
XL+ = I%{(R'EU) -~(5)
X* 5 an eguilibrivm if . | X*%= LC’?‘“) .
XLE]=X* forall & (s ¢ Solefioy of (5) because
RLiJ-X* = XCi+0= i Grg)< P )X
Systome with inputs:
(%% T*) Is an “operating pomt” of
i&'(&hﬁﬁ[a/'d(&)) — (&)
it | Je(Rw)=0. ~(7)

(R*T*) is an “operating pemt’ of
L, Roid- fa (3, d0)
if X8 aY




1t we apply the Constort input UlE)=T* +hey
R(E)=* is a Solhoy of (6) withh X(o)=X".

Example 2 Ve
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M %/69 =—p l/l:‘:)z-t--ai uc)

X=U s e (single) sisie, flxw = ”A_§XZ+R_‘$L(,

(x*, u*) s an operebng potat it (frm £ F) :
Pixiat)=0 = u*= BRx"S

U we wart speed X* we must apply forgue u®

+o overcore drag pRX*S

Lincarizghion ! |imear app recmation of norimear
madel ercund o opraing peint

Easy when xeR :
L) no mput:  Gxte)s flx) , fix)=0
Taylorapp roximation :  £lx) = fé_(‘_)f f () x-x)

R




Define ISXxE)= xt)-x* Then:
d’ = d’ - = d‘ Y- e = [K[é)
Sxe)= - (xe) X = fxte) X = poc)

o ‘(X" ) Sx(e)
Lineorized model’ Ak
J% Sxt) = PUx) Ixe)

2) with mpot ueR. : df%xa;): Pixte),u@)
Suy:)pose (X‘, LL‘) Oper‘a‘ﬁ/g Poq“n-/-: #(Xa/ L(n): (@)
f[x/u) ~ ﬁ(x", u*) + g)_é(x“, «®) (x-x*)+ g_fbcw) (u-u)

= o xte)- = A3 &
d%(d"xée)‘ on((—.) ;J;)g'- AJxE) +bduk)

! ( u) = -..E = ...L

Exavple 2: Flx BxteLu
é’f(xzu)= —é@)( Q#-[X,q): L
oX M ou RM

:&p & x:—z = b:&_ﬁ LuE) = 4
A 9K(x,u) —A-fx aa&cu =



%5)(&&/ = A8xt) +bSulc)

whee IXE)= XE)-X", SUE) = wk) -u™,

W= /BRX”‘?, Assume we apply Su=0

(u€)=u*) : jf&x@:) - 2 Sxte)

= SX) = & 3x(o)

1= -Zx<o o Sxa) = 0. ie., xt)— X"

(Ife /Zc::'a{; ;eéq}z;( ﬁfgf (Slow corvergece fe X°)
Sut) = k Sx(t)
Closed-leep sysiem:  fIx)=( A¢bk ) S
Wwe co choase & fe make 2Lk as nagatre
as we wich @ Sxtt] < 6 Sxto)
50 pfaster

UlE)= U +SulE)

= !32X“2+ ke & x&)
wlE) = !3!2)("‘Z ¢ k (x>



Next assume XeP% ucR.

?()?/“)6/22/ So We con write -7()?/&)0.\’

[ £ [Xu)@,u)] where 4, are scalor valued functions.
-/z Xike)

As before,

‘IBI(XUXZ/U) A fl[)(l/)élu)i'i(x‘ )Q)L() (XI-XI‘)
ﬂ(xw&;“‘) (x.2%)
+_£ (515 07) (u=u)

Similw'/g,
)cz (xude,U) = ]l)Z(XI“J X;‘;u") +3—% (x& x5 u) (xi-X)
L2 ik i w) (%)
ox

+-8£7: (x5 X507) (u-u)
U
Combtning (8)-10) in matrix/vecterform:

_f.(x,,z@,w é—QE-()( iy, Qﬁ(x. X, J K . gg(xc&’iu‘) Su
£ (k)| ,@%(X),f w9 ﬁz()g Xl ]|8%e| | 2hixiskiyr)



Then, d [ox®|< d[xd] d[x] _ Fre
o 4 5&&)] o w] ‘#t/)@ ’i] = J(Rwuo)

and substution of (11) gives Iearized model :

ﬁ[&x([e)J__. A 5)0&)]+ B dut),
SXelt) )

whee A,B are as defsed ia(11).
Easily generalizable to xe R, ucr”.

e | X, . om)
rb( WUu) = )

)aﬂ()(u -Xn, Wy, Um)

Lincorized model at a glor operating polnt
X5u) s, —
: ﬁ Sx(t)= ASXk) + B Sukt)

where , Sxt)=XL)-X=, Svf)= &)

-Qﬁ L VR B é’ﬂ(x.‘,.)o,",u,‘-.um‘—
) ax'(x,xn,.u,.u) AL )

%“(x.‘,.)@", Al Un) o g?f—[':(x»‘, X d )
I

that is,  Alhj) = %(n‘,f,m",w‘/--'uﬁ , and
J
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r % (Xl‘, -.Xn“, a”, --UMx) °ee

%”(x.‘, X dlUm) e
I

gllf-‘ (x5 X, - uw)
M

Q£ ) -—;0) bl: == UM
8 (X / 7 / )
J

B (i)j)‘: _aﬂ [K)‘/ e X/pk, L(f, - L(m‘) .
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