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LECTURE 24 - nonlinear systems
- linearization

so far discussed linear systems:

Ict) = A- Ict) -1 BUTT) Istiti]=Ax→ti]+Biti]

Today nonlinear :

dd-txctl-ICXTtliuk-DIL-i-tf-fcxti.it i])
where f→: IR"✗ IRM→ Rn is a vector- valued function

of state ☒c-Rn and input TERM.

Linear systems are a special case : ICE)= A-It BE
-

Exampled :

"¥

mgs.no#FEFIgmedd20-t-I---kedd--+k-1-mgsmo-Ct1
- (1)

Let ÑCtl=[%¥, ] wct-ddf.lt) (angular velocity)



WCE)d÷⇐f¥÷.fi/d::+#--f-:wa-i-:smo-a-IXi--O-aXz--ddO--+--W-
Xzlt)

= [ kmxzct)-Ishii
= FLIK))

Equilibrium (Operating ) Points :

For a continuous-time system with nompvt

Ict) = f) (Ict)) - (2)

the solutions d- the state eginfdx)=o are
called equilibrium points . If It is an equilibrium

i.e. if fÉ*)=o, then ICE)=I* is a solution

of diff . eoin above with XTo1=→×☒ : substitute

×Ttl=×* in (2) : ☒* ± Fact*) .
To
be/ *=cst?T

Pendulum example : ICI)=Ém×z - qs.in#)-- 0



- - - (3)
⇒ {

*⇒

- k-mxz-9-e.sn ✗1=0 - - - - (4)

Substitute (3) in (4) : sink __ 0 ⇒ ✗1=0,71

Two equilibrium points : Hi, ✗e)=(Go) downward
pointing

1×12×21=(1-1,0) upward
pointing

what about discretetime equilibria ?
→

Iti-113 =fd(Iti]) - - (5)

☒* is an equilibrium if : I*=f→dCx→*) .

→

[i]=→×* for all i is a salary d- (5) because

Iti]=→×* ⇒ I[i+☐=fd(xt☐)=fdCx*)=×*
.

Systems with inputs :

(I*iu•) is an "operating point
" of

d-dtxctl-ficxctl.at)) - (6)

if f→d×→%ñ☒)=o .

- -(7)

(I*iu•) is an "operating point
" of

☒titi]=f→d(Iti] ,Ñt☐)
if I*=→fdCÑii)



we apply the constant input it)=→u* then
I(E)=P is a sohtrq of (6) with ☒ (a) =Ñ•.

Example 2 :

M -d¥ = -put)2+1RUct

✗= v is the (single state, f-Kill = -1mi+Emu .
(✗*, u*) is an operating point if (from Eoin 7) :

f-(✗*, a ☒1=0 ⇒ ii. = PR ✗
• ?

If we want speed ✗* wemust apply torque Uk

to overcome drag pRx* ?

Linearization : linear approximation d-nonlinear
model around on operating point

Easy when ✗ER :

1) no input : ✗(E) = fact)) , fcx*1--0
-
(g)

Taylor approximation : f-1×1 = f-(F)+ fY×☒) (x-✗☒)
f-1×1%#¥¥(
*air



Define dxct1=xk)-✗
*
.
Then : 0

d-dtdxk-t-ddf-lxltl-H-d-dfxctl-d-d-Y-fcxk-Dy.es,
← f-

'
1×48×41

Linearized model :

8×14=1-4×4 dxct)

II
2) with input UER : d☒xctl= face)/Ual)
Suppose Cx*,u*) operating point : fCx%u•)=O

f-Cxiu)=f(x%u☒)+¥×Cx☒,u*)(

x-xi-1-aff-CH.it/Cu-u*)-----:.-----:dubc1operatrngpt
.

ddtdxct )= ddtxct_¥×*°= RdxE) + bduct
Example 2 :fcxid-e-P-mx2-l-muoff-cxiuk-ZP-xoff-ucx.ie)=£mM

2--81×1×401=-2*9 b=¥aCx%u*)=§m



dyddx.lt/--RdxK-)-ibduk-1ceheedxCt1--XCt1-X*,ouK-)--uK-)-u*
,

U*=BRX☒? Assume we apply du=o

Cult -_u*) : dxct) = I dxlt)

⇒ dxct)=é2td×c¢
A- -2%-19<0 so dxct) →0, i.e., ✗(f)→✗

*
.

If I not negative enough (slow convergence le%)
we can apply feedback :

duct)= kdxct)

closed-loop system : dadfdxctk (Rtbk ) dxlt
we can choose k to make Rtbk as negative

as we wish : 8×4-1=82+641-2×61

Ifaster
UCE)=U*+ duct)

= PR✗☒
2
+ Kd✗E)

Ult) = pR×*2 + k (✗(E)a)
cruise

control



Next assume IER? UER .

ICI,a) c- 1122 , so we can write Favelas
-

filmed] where fi , fz are scalar valued functions.21×11×214

As before, -

DX,

film,×zµ)=fiÉ*Éu*)+ of-icxi.xisu-gcxi-xi.TO
Xi

+ dft-lxiixi.ci) Cxz-XE) (9)
2×2 7×2
+¥ucx¥x%u*)Cu-u*)

To

similarly , - dxi

fzcxnxz.ie ) = fTÉÉÉ•) +0--14×19×5,u*)(xi-xiÑ
0×1

+8T¥:*:a*)c×÷¥? 1101

-1%4×19×9,04 Cu-u*)
To

combining (91-110) in matrix/vector form :

*Cxiixzil [8¥, cxiixi.ci/8fi-xzCxisxi,u*)dx,f-""kill]" 8¥.CH#,uxyg-fza,,y*,a*,/[ +(8%1×1%50)an:*:# du
FEU T.IT ¥ an



Then d+[%¥¥,]=¥[¥¥f¥1¥°=f7×%→iitD
and substitution d- Cll) gives linearized model :

87585¥,f- A[§¥¥,/ + Bolts ,
where A , B are as defined inCll) .

Easily generalizable to ✗C-Rn , UEIRM.

f→(×→,→u) = [f'"" - -Xmas . .vn):
fnlxn . -Xn, Ui, . . Um

]
Linearized model at agnes operating point
*YUH is :

%-)= A&t) + BEVA)

where
,
dict)=×Tt)-I*, dict)=ñlt)-u*,

a , µ¥(
✗¥ -Xi, Ui. .-Uni) • . . §¥nCx¥. . -✗I, um . .uni)

: :

8*1×1:*: a:-.unit . . . 8¥:(a:*: a:-.UH ,
j

that is, Ali,;) = dfi-lxii.in: Ui:-. . Unt) , and
oxj



B. =

1×19 -Xi, Ui. . -Uni) • • • ¥-1K: .xn*,ui, .int)Ui Um
:

: .

¥1T,(×¥, .xn*,ui. . -Uni) • • • dfl-YXM.xi.ch?..um'
①Um

B. (i,j)= dfi-cxisr.xi.lk?..um*) .
ouj


