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LECTURE 23 - complete min . norm solution
- low rank approximation
- Principal Component Analysis(PCA)

Last lecture : AI=D , AERM"

I=At y→, where At was defined using SVD of A , is :

• unique solution of AÑ=y when A is square and
invertible Cm=n=r) because At =A-

'
in that case

o LS solution when A- is tall Cm>n ) . If full column
rank also (n=r) , then

At = (ATA )-'AT
,

which recovers LS solution studied before
.

• Min
. norm solution when A is wide (n>m) and

infinitely many solutions exist . If full row rank In=D,
At = AT(AAT)-1.

Thus
,

Inn = AT(AAT)
-'

y→ .

Example : Controllability

Itaget-Alito] = [ A
"
B, . . . , AB, B] [

to]

IF I die-id
solution exists when system l > state dimension
by controllability .



From boxed eqlr above for Min Nam solution :

[¥ ) =ci@eciTYItarset-AeitoD.U
th-☐ MN

For the vehicle control example CLecture 19) :

A = To I] B-- Em FY]
AB= Em [%) , AZB = A.AB=Em [5-2,0]

:

A"B= Em [4-+10]
Ce = Em [4-⇒0 - - E; % ±;]I

*to]=⑧ , *target = [1%0] , 0=0. Is, RM= 5000kgm

[
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Thus , min . norm solution is a linear combination of
the columns of Cet c rows of Ce)

.

Therefore, mm.norm control sequence is a 1mear
combination of two sequences :

a

(e-E)0µ• • • • • (from first column)
* - time

^
(from second column)

1 He • • •

time

Solution shown in Lecture 19 is indeed a weighted
sum of these two .

Law - rank Approximation

Given a high rankmatrix AEIRM
"
with

r= min {min},

find an approximation with rank be min {on in}
.



SVD suggests the following heuristic :

A- = Iii, oiilivit = #oiuivit + Éoiuivi'
F-I F-let
--

= : Ae ,
discard> be/

serves as
Teti , - - - Or

rank-l smaller than

Note approximation or a - -. one

• When lemon {min3
,
Ae has far fewer

entries to stare than A.

Ex : M=n= 1000 , 1--10 ⇒ A has 106 entries
Ui , Vi of dimension 1000 each , so 2000 total

per outer product . f- to terms : 20,ooo <clot.

• In many data sets a few singular values are
dominant and the rest are much smaller. If Ae
capturesdominant ones, A-Ae is small .

• Eckart- Young Theorem (Note 171 states that the
SVD truncationabove is more than a heuristic : Ae
gives the leastpossible deviation from A that is
possiblewith a rank-l matrix . More precisely,

Al above solves : min I/A-B 11 ,=→
Frobenius
norm

BERM✗n

such that rank(B)=L .



Principal ComponentAnalysis (PCA )

suppose A has m=2 rows and many more
columns (n>>2) . If r=1 , what does a
scatter plot of columns of A look like ?

| E.
Ñ' director

¥→
✗ of

a→u
y
firstentryd-Ñ secondentry¥t

A-= QÑÑT at = since)Ñ , 97--01 Vik)Ñ

What if r=z , but on>>52 ?

A-= QUIT+ ozilzvz

column i of A , at = Javelin, -152 !kli)U→z
Tina Vili) and valid are generally

in the same range since

11VI 11=11%11--1 , but since✗

Te, 8, >>oz we expect on, Veli)¥.¥É to be bigger than ozvzci)
for most columns c-⇐ {1,2, . . .sn} .
Therefore, most columnswill
be slanted towards UT

.



Generalizing this example, for amatrix A with l
dominant singular values, we expect the scatter
plot of columns to cluster around the subspace
spanned by :

UT , . . - Tle
ar
, equivalently, the column space of Ue :=[Ñ, . - - ie] .

We can find the closeness of the ith column →ai
to this subspace using the projection :

%§~→ai - ueuiai
co/(ve)

Ultkai
→ weUi is a projection

matrix since Ue has
Thus
, distance of aT to callUe) : orthonormal columns

11 AT - Ueuiai 11
.

Gee last lecture

An aggregate measure of closeness d-all columns
at , . . . at can be obtained from sum of squared
distances : £ Itai- Ueuioii 11?

i=L

Theorem 4 in Note 17 says the subspace spanned
by UT, . . .Ñe minimizes the sum of squared distances
among all l-dimensional subspaces : if we choose
another matrix W with l orthonormal columns :

Iii, Kai - wwtai 1123-2,1, Hai-Ueuioill?
-
closeness to another subspace
spanned by columnsof W



PCI when A- is a collection of data

n samples (e.g. 16B students)

A- =

=

} m features/
measurements

) from
each sample

the vectors it, ,Ñz, . . . . in the SVD leg . Homewok
sores)

are called the "principal components?

Thus, PCA /SVD shows dominant directness

in data sets . The vectors UT,Ñz . .. corresponding
to dominant singular values give a lower dimensional

representation of the data .

Recall : UT ,Ñz , . . . are electors of the mxm

matrix AAT
.

In statistics £, A-At is called the covariance
matrix and the principal components are obtained

from its evectors . It is assumed that the



average of each row is subtracted from

that row so £aij = 0 , i =L, r . . M .

j= 1

This ensures that the cater of the column

vectors is 0
, ire. the data is centered

around the origin .

E_x: 2×94 matrix A containing two midterm

scores d- 94 students
.
Each column is a student

and each ran a midterm .
The average of

each midterm subtracted from corresponding

row to center the data at the origin :

↳ in
direction



Fitting a subspace to represent data points resembles

least squares CLS) , but in LS fit we minimize the

squared sum of vertical distances :

Y±*
whereas the subspace of UT , UI , . . . discussed

above minimizes squared sum of perpendicular

distances :

¥
¥ ¥

Example : Suppose we have data points
n y

¥Ct, ,y,), ltz , yah . - - Ctn ' Yn)

+and want to fit a line ✗

✗

y=It . We can choose d. as the LS solution

to Fa ⇒ dis --⇐+IT 'Éty = t¥¥=→ .

F- I



Alternatively we can form the data matrix

a- = [ ti tz - - tin] = -1¥;]Yi yz - - - yn

whose columns are the data pants and And

UT from SVD which gives a direction that

closely fits data .
In this case Tla is an

erector of AAT= [¥y→;) II I] ILEE IF ],
corresponding to its largest evolve .

€ ÑÑ

Take for example I = (g), I=[§] . Then

¥¥ .
On the other hand

A-AT= [} %) and you can show UT = [0-4719].a.8817
y

ñ
slope =

, t¥t
= 1 . 8685

=/ dis


