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LECTURE 23

Lost lecture:  ARX=1Y , ASR™”

X=A1Y, whee AT was defined vsing SUD of 4, v ;

o Unigue solutio of /42:2,’[ whon A is Squore ond
iave~Hble (M=n=r) because AT = A7 in that cae

o LS Solution whon A is +all (im>n), If Pull column
ronk alse (n=r), thon
At = (ATA)"A';
which recovers LS soluton shdied before.
o Min. norm solution whon A B wicle (A>m) ond
infinitely many solvHow exist. If full row renk (m=r),
At = AT(AAT).
Xun = ATCA)"'Y .
Exomple ; Controllability
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Thus,

Solution exlsts when systew £ > state dimerrion
by Coa'/r-o//abi/rfy-



Frovi boxed egla above for Min Nowy Suiutor :
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Thus, min. norm Solution is a lineo— combingtver of

te COIUM('LYJ Ce© ( rews of Ct)'

Therefore, mh.no'm Cotnd sequence is g lhesr
Combiaton of fwo Sequerce s

( L frost chww))
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Salvtion shown in lechre 19 is indeed o weighted
Sum of +heee fuwo.

Law -l Approxivatio
Given a high ronk matrix ACRE™ with

ez mhimaf,

—Pmo( an apprex mqthen with roak l<< mia Sm, S,



SVD suggests the following heuristic :

( r~
/4 = Z,‘:{ G‘l’diﬁr = Z; l G[&z Vit + 2—,{ oi divi’
= =< (

Note :
o When £<< MM§M,43) Ae has ](’ar- ﬁewej'
erfries +o Store thon A,

¢ In many dota sets a few Shguler valves are
dominant ond He rest are much saraller. IE At
captvres dominant ones, A-At is small.

o Eckart-Young Theoem (Note {7) States that He
SVD trvncetion above is more fiaon o heuristc : Ay
ghves fe least possible deviaios from A that IS

possible with @ reak-L matrix. Mere precrsely,

A( dbove solweS:  min l[A—B”F
BeR™"
Such that roak(R)={.



Principal Componert Analysis (PCA)

Su pase A has m=2 rews ard many more
colinmins (n>>2), IR r=| , whet dees g
Scatb plot of colemns o] A ok like ?
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for nost colunnys €542, ...,A8.
TL&"Q‘F’W) nmast columns will
be slonted +owerds I,




Generalizing this exemple, fo- @ matrix A with £
dominent singule— voluves., we expect He scaffer
plot of columns to cluster arewd e subspace

SPOWﬂeOl by —
Jl} - Ue —
or, e,qw'vq{@/ﬂ’/g/ -Hhe Colemn SpPa of UU: Ea: LQ].

We con Fad the cleseness of e i#r column @
to this svbspace Usg the pProection:

Qi = o
—> Q-0 ai
/ /_j
co/(Ug)

UeUc" is a projecton

— matriX Shce UL has
Thes, distonce of . to Col(Ue): orthonarmal Columy
Il @ - Uizl (see last lechwre)

An Qg9reg ate Mmealure a} closeness O#a// Columns
@, ...0n Con be obtomed frov Sum of Squeveol
distences: R .
Z //QZ"ULUL a;

i=(
Theorem 4 In Note {7 says the subspoae S’PQM@{
by ... Uy Minimizes the Sum of Squored distorces
omong all £-dimensioral SubSpaas @ if we choare
ancther matrix W with L orftonernal columas -

=5 @ -wwal 12> 2 16U



PCA: When A s a collecHon of datm

N Somple
~ == —

A = }m featres/
Measurevents
fleem
each Somple

the Veckes W, Uy, - - - i the SYUD
ove. Called He “princlpsl comporeits”
Thus, PCAISVD Shows demnant divecttes
M daty 3e8s. The vecters Ui, Wy ... corespoding
to dominent Siaguler valwes give a louer olimemionl
represent-ation of the data.
Recol: U, U, ..ore evectes of H mxm
matrix AA"
In statistics t AAT is called the covoriang
mortrix ond the principal comporents are obiahel
from its cuedtors, It s aSSuved that Hie



average of each row is subtracted {row
'HﬂQ‘f'f‘W/ So ﬁan’j-—-ol L':l,,-,.m,
g

This easures that the Ceater of Hhe columa

Vectors is O, /e the data is Coqtered
arourd the origm.

Ex: 2x% matrix A COﬂfa/%/Vg-/uo midierm
Scores of 94 Stvdents . Each column Is o shelost
nd each row 6 midberm. The auenge of
each midterm sublracied Hon Corresponding
row To center He dofe ot the orgis
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Fiting a Ssubspace. +o represent dota points resembles
Least S’qt/wei (LS), butin LS Lt we minimize He
Squowea[ Sum of yvertical distences :
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whereos He Subspace of @.&%,... discussed

obove minimizeS Squm\eo( Sum o;c Perp%allcc//af‘
d f.s*/'once‘r:

é\;“

Exomple:  Suppose we have data points
9
(bllyl)z (624/2)) A (f/,,y,,) ]\ x

X X<

ond wont- 4o it o Ihe. x| t

Y=olt. We con chocte ot as the LS solution

. #' (™)' _ Ttg
to M«M% = 04e=(Z7E)'ETY = ?’%



Alternatvely we con form He olate matrx
A- [e. £ ‘ tn] [};J
Jr Yo -=- 4 Y
Whose columas ore +he data poivts ond fid
W frem SVD which gives a direchio Haat
closely s data. 1n s care U is o
ewecto~ of AAT= [g:][z 3] EE ET H]

Z 4

cqme.sponabv-g to its lergest evale .

Toke fe example < [ﬁ], 3’: [7’] Then
{ 4

As = ézg:z % . On the otter hed
tTE
T_ 0.4719
AAT < LS 6] omlgaucanshow o = [0 i I
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