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LECTURE 22 : Applications of SVD :
- pseudo inverse
- least squares
- min energy solution

Recall : Given AEIRM
"
with rank-_r

, SVD
decomposes it as :

A- = UEVT (full SVD)
where UERM'M and VER"'M are orthogonal matrices
and Er Orxcn-r)

E- [0cm-rwocm-rxa.rs]' E-[
'

'

'

or
] '

or>or> . . . > or>0 are called the singular values.
mxr mxcm-r) nxr nxcn-r)

'

If we partition U and Vas [Ur Urn-r] , [Vr Vr-r] then
UIVT= Ur-2rvr? (compact farm)

Um-r , Un-r get canceled but contain useful information
about A :

Cdlvn-r) = Null (A)
Col ( Um-r) = Null (AT) .

Also
, Col lur) = Col (A)

Col lur) = cel CAT) .

Suppose m=n=r (i.e.A invertible), so

A-- UF -

on]v?
What is A- ' in terms of U, -2, V ? A-

'
= VE

'
UT

because A-'A- = VE
'

U-IE-zvt-V-z-IV-VVT-I.EE



Thus, SVD makes inversion easy .

In addition, a
"pseudo inverse " can be derived from

SVD when an inverse doesn'texist
.

Deft : Gives A ERM" with rank r and SVD

A=u[Er 0° 0cm-4×6 VT

the (Moore-Penrose) pseudo inverse is

A-1=4--2-1 0

µO OG-run-D

or, equivalently,

At= Vr -2T'UF (compact form)

=iñ . - in

= Iii
, ÉiJiu÷ (outer-product

form)•
Example : A--I] At = £Ñ.it?--fs(Fgti23)--rs-f-rstDYIF
II. Tis = # ¥1

Note : Ci) At c-R
"'m

when AE/Rm×n

(ii) applicable to any A -1-0 , notnecessarilysquare
nor full rank



Ciii) if m=n=r (A invertible) then

At= VE'V'= A- '
E as shows above

.

Civ) A-At = UEtE;¥ Ur'

= Ur-2%-1UM = UrUF

(v) AtA = Vr-2"UrTUrIrVrT = Vrvrt
IT

Recall : If A-- liq, - - q→k] has orthonormal columns

④a =[ññÉÉ¥!
.

.

f- 1mn
whether @ is square or not, but QQ

'-

=L only when
a is square .

Example : Q=µ 9) QQ
= 9)

00
aa:[% :o)

What is on interpretation ofQQwhen Q is not square?

QQ% =

iqi-q.TL?gI;fi--cai-x7qi-i--.-iaIx79ie-::F:



onto Col(A)by
= Prosector *⇒

orthonormality

Col(a)
d- 9%93 . -

oiixs
Therefore , when Q= toy . - →qk] has orthonormal columns

QQI projects I onto Colla).
Civ) ⇒ A-At is a projection onto Collor) = Col CA)
(v)⇒ AtAu a

4 a Collier)=cd(AT)
-

Leastsquares with SVD : as shown in the last lecture

want to minimize HAI-I 11 when m>n (tallmatrix) .
Recall theminimizer ILS is such that

AI↳ = projector of y→ onto Col (A) .

= AAtys from above±!-
Col (A)

Want Axis = AAtys . XIs =A+y→ does the job !

How does this compare to LS salutes from before :

Tks = (ATA)
-'A'y→

when A has full column rank (r=n) ?

Answer : It's the same because At__(ATA)
-'
AT - - - (1)

when A has full column rank.



Example above : A=[{] ATA= 5 At = ¥AT= f-LT 2]
sameas whatwe

found above -

Let's show (ATA)
-'
A'= At by substituting SVD :

A-= UrIrVT → Vr=V (square)
because r=n

CATA)
- '
A-1=4-22*7 .VIII)

"

VZRUF

A

¥
["--or] V5'VEUF

[¥ . .
= V -252 V'VEV7 = VETUF
II

= At by deft .
Therefore (1) is proven .

Likewise, when A- is wide and full nav rank
Cr=m) :

At= AT(AAT)
- l

- - (2)
Can be shown similarly to derivation d- CI),
by substituting

A = U Ivi
Where Ur = U because r=m

.



Minimal Narn Solution : Now man curde)so
,

if AI=D has a sd
'
n
,
ithas infinitely many others.

Want the one with least 11×71
.

Substitute compact SVD for A in AI=j :

Ur IrvrtI =y→
Multiply from left by Urt :

ÑÉviñ=Uiy
⇒ VrT×→= E-'UFy→ - - (3)

Any 5 satisfying (3) solves AÑ=J . Minimize

11×71--11will =µ÷ÑH=HÑ¥Ñ¥×edt
since ✓ orthogonal by(3)

✓FI is fixed by (3) . No constraint on Vntrx .
Set

it to zero to minimize the norm :

Vn-FI= 0
.

- - (4)

(3) ensures AI=Ñ i (4) minimizes 11×71 . Together :

vii.[ vn.gg/--fE-'Urtyy0



v.I =
'

% .
i.e.)

Multiply from left by V :

WTI= ✓ Fruity
in

0

=3 because V is square and orthogonal

⇒ I= Ivr un-r] 'UFJ]T o

⇒ Inn = Vr-25'UFJ = At y→ by deft d-At
↳ "MinimumN_arm

"

Thus, X→mn= At j .

Note that (4) means :[T.E.nl?JI--O ⇒ I-1 vii. . ?vn
1

Since Tru - -In span Null(A) , we can see that the

minimum norm solution keeps I orthogonal to the
MN

null space of A .

This shows the "wisdom" of the

minimum norm solution : any ☒ of the farm

×→=ÑmN+8
, I c- Null(A) satisfies AÑ=A✗mn+A§y=y



"

but I adds unnecessarily to the normof Is .
Inn another solution , with bigger norm

Null(A)

When A is wide and full now rank , At=ATAAT)
-1

by (2) . Thus : Inn = At(AAT)" y→ .


