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LECTURE 22:  /Jpplicatens of SVD :

~pseuwdoinverse
— least Squares

— Min ehergy Solw/-lon

Reaall: Given ACR™ with reak=r, SVD
decomposes it as

A= Uz VT (ull SvD)
where  UER™™ ond VER™ tre orthogonal matrices

md Z" O/‘X -r )
Z = [ o J} 2r= [S > J -
0 m-r)xr 00"—]‘)‘0)—!‘ ). Sr

1> 62> --. 2 6~ >0 are called e singuler values.
MXr~  mx(m-r)
a Ur r_\Yn

DZV'= UrZr V/‘T (aompact form)
Um-r J \lo-r gel' co.oce[eq( but costain useful infermetion

abost A:
Col (Via-r) = Null (A)

Cof (Um=r) = Null(A7).
AIS‘O, Col (Ur) = col(A)
Col (Ur) = co) (AT).

Wxr  nxi-r)

iy

/4: U[Sl \\Gn] VT
What S A ta terms of U,Z,V 2 A= vZ'U"
becawe AA=VZ'U . YZV™=- VZZV=-WT=1,
=TI =1



Thus, SVD malkes invesior easy.

la addition, a “psevde Muerre" con be derved frov
SVD whea on inverse oeesa '+ exist.

Defin: Gies AER™ il ront I ond SUD

A= () =0 JVT
O Opwry(n-r)
+He (Moore -Pearese) p&w&ﬂhwncnf

Af: V [ ’:‘ 0 UT
0 0(0-1')/(0»-!')

or,eqvmq@nﬂy)
/4+: VI‘ r:' UI‘T ( COM’pa,c{ ﬁe)hm)

:[T/:"'W‘Jé-'\\ a‘r
‘b“?- ~7

=X Z~: é."._\;t' J'.T Cowéf‘—lo/\@luc/“

Exomple : A= Z‘J At = &%V;'Un = .LE4 g)
_vs‘(é[zl 1

o Sy—
Ay V - [5’ ]
Note: () ATe R™™ wion AER™
(i1) applicable to any A#Q . nmL /leceﬁd'[é_v?wf



Pecoll: |ff @=05,--Qe] has arthonermal caluny

Q0 =(1@T‘5 gg,:%\ J:_ . s
whether @ Is Square or nat, but @G}Tzl only whes
o 70 _ 5 @ s Sguare.
0
: Q@T;[é Y 3]
C O
Whet s an inferpeetaiior of QRS whes @ is aot .?c,‘w/e?

QQ"X = Lg q:][ 717]; = (R AGpe

o~



E afty = proectn of X

& Col (@)
I G / ;?H*merml
= colta) 1%

Thereloe , wher7 Q= E?/ . - ?ZJ haS orthoncrme| dlumay
QQT)_(’ P/‘o)“ecw‘s X orfo @] (@)n

-A,

w3

LGQSfSQUQfBS wlﬂl SVD : \as shcw—n' ) +he last lechre

Wont 4o mhimize // /453—? /( when m>n (+6(] matax).
Recall the m:nimizer XS s Such that

P
/ /A% 4 (4

+

)_(’1_3:,4 y

How does this compae +o LS So[ukor freors befve -
Xs = ( A"A)"ATJ
whenr A hay foll lvsmrn roak (rF=n) ?

Answer: s fre Sane becasse AT=(ATA)AT
whonr A hay foll Colvamrn ronk,




Let's Shaw (ATAY A= AT by substhimg SVD

A= UrZI‘VT —s Vr=V (.S‘?uqre)
becaue rz=s

RA) A= (VZ-U'—T'U,-Z-VT)" VZrUrt
AT A

= (V Zrz VT)-I VZ- Ur:T
S f_—’-z‘ g
(VA) R V\{__'

4 VT
~ VZARAYWVZUT = VEA T

- = /41. by de/"/t,
Therefloe (L) I8 proven.

Likewise, when A s wide ond Pl mow renk

(r=m) ' _ .
At= AT(AAT)
Con be Shawn Similorly +o dervatros of (4),
bg SUb.S“/'fﬁrH‘n_g
A= U ZrVeT
whee Ur=U becsuse ~=m.



Minimal Norm Solvbon: Meow m<n C(uwide)ss,
i /4)7:9’ has q Sd 'rz,) i has t‘/z/’fhﬂc{g many ofiery,
Wont He ocre with least x|,
Substitite compact SUD for A in AX-G :
Ur 2~V X =g

Mottiply for [ebt by Ur":

UP D2, VK = Ur@

= V- XR=Z"UrYg --B)
Aoy 55 sattsbymg (3) solvey Ax=4, Minimrze

x|

Lied
by(3)

VX s fixed by (3). No corgtraint on Va-rX. Set
it to 2ero 1o minimia2 Hhe nerm :

Var X= 0., (%)
(3) eures A’Rﬁ_y’ J (4-) miacmizes (Xl Tﬁgdw

[ VI"T;() J - [Z"-' U’Ty
Vhr X 0



@)
Muh‘»‘p(y Pron left by V/:

WTR= V/ [Z’"U"ﬂJ

o

- -~y
U 1
i.e., VT)? = [ ryJ.

= X= [Vr- Vn—r] [Zi‘" Ur7gJ

(o]
> Xun = VF2FUFY = A7 by detud

Th(.«d’) }MU?- /47‘ y’

Vrs

Note that (4) means: [ ]x-O = XL, Va

Va'
Sinae Ve -~ Vo Span NUll(A), we con see +hat +he
minimum noem Solution keeps )"gma-#hog ongl 4o He
null space of A. This shows +he ‘wisdom” of the
mhimem norm selufion :  any X of #e form

X~ Xuw + satisfes AX=AXw+A<<]



but S adds vanecesseAly fo Hhe norm of X.
Y"“ T—/;f'janoﬁe- N‘JHVD with bvg‘w NomM

I
/ 5 fen

When A4 5 wide ond full row ronke, At=A(AA7)"
by (2), Thw : X = AT[AA")"Q’,




