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LECTURE 21 : more SVD

Finding a SVD for A c- IRM
" (with rank -_r) from e.values/

erectors of :
←-

ATA C-Rn
✗^

AATERM✗M

claims 1-3 (last lecture) : → some claims can be

Evolvesof ATA are real adapted : real, nonnegative
and nonnegative . r of evolves, r of which are
them are strictly positive; strictly positive, renaming
the remaining n-r are zero. m-rare zero .

Steps : Find orthogonal step1 : Find orthogonal
matrix V diagonalizing matrix U C-Rm×m diagonalizing
ATA : AAT :

VTATAV=[
"
'

tho
nr

UTAATU =
"
"
a. m-r

1217127 - - -7Rr>0 Ri3227 - IN> 0

step2 : For each E-b. -r step2 : For each i=1 -n-r

pick ith column Ñi of ✓ (which pick ith column Ñi of UCwhich
is evectofo ATA foevalue is erector d-AAT for evolveRi) .
ri) . Let Let
5i=VRT , Ñi=1iAÑ . Ji -- VRT

, Ñ=1iÑÑi .
Which procedure to use ? Choose ATA or AAT based
on which one looks simpler for finding evolves/electors.
Ifmen , AAT Cmxm) is smaller than ATA Gin) and
may be preferable .

Example2 (from Lecture20) : A-- [-43+3] A-[44-3]
Lecture20 : ATA = [45-725] . Today : AAT-_[% fg]



Easier be/ diagonal : choose 0=2 : Ñ=Uz=[f]
21--32 , 22=18 ⇒ 5z=✓Ñ=3E

¥=rñ=arz Ñ=FzñÑ=¥[}]=¥É]
ñ=¥☒ñ=¢ÉL%]=¥I]
Last time : some oioz.ie?,vI same as today

ñ=¥ .ua?--LI,] :
signs of each opposite to those

Example 3 (from Lecturezo) :
abovebut same aterpredicting

A-- [1-9] AAT-_?⃝ I] 0=2 works for step L

t Ñ=ñz=?⃝
Ri=Rz=L
*

oi=rz=1 Ñ=AÑ= Ñ=ATÑ⇐[%
Since A-A-¥-1 , any other orthonormal U%Ñz will work .
The

go.to#uIiEi--fg;n8ifuz--1--smo-case]
Ñ=Ñzz[9) above area specialcase:&:O

ñ--AÑ=[÷%] Ñ=Aui=%:] . conclusion :



Repeated evolves of ATA orAA
' 04-12=1 in this

example ) oneanother source d- noruniqueness oh SVD .

Full SVD : so far two forms studied :

1) A-- Ésiuivit laterproduct term)
i=L

2) A-- Fei . .ir]§ . .gr/fEEf compact
form)

-
un in

Ur Er VF
mxr

rxr rxn
Full SVD is another equivalent form :

3) Complete UT ..ir to an orthonormal basis
for IRM with Ñr+, - -Ñm i completely --Ñrto
orthonormal basis forRn with VI, - - VI.Then :

enemies

tui-ieriim.int Hi
-0cm-r)✗r 0cm-A✗a-r}Vn?r= : µ

I

n÷÷÷(orthogonal)
= : I

= : VTT
(orthogonal)

Note. :

1) If A- is wide and full row rank (n>m=r) then :



E- [Er Orxa-ri] .
If A is tall and full column rank Cm>n=r), then

Er
E- [on- •

If A is square and full rank (m=n=r ) :

I = Er
.

2) Ñr+, - .in are erectors of ATA corresponding to
① evolves or, equivalently , an orthonormal basis
for

Nutt(ATA ) = Null (A)
↳ shown in proofof claim 3 in Lec. 20

Since span { Frei , . . ?vn}= ColCun-r) ,
Col (Un-r)= Null(A) .

Ñrt, - - Ñm are erectors for 0 evolves of AAT
therefore on orthonormal basis for

Null (AAT) = Null (At) .
Thus

,
Col (Um-r)= Null(AT) .

r

AI = Éoiuivitx = 2- ricinE) Tei
in Ir i= ' TIL

Therefore AI in the span of Ñ . -Tlr for any I :

Col (Vr)= Col(A).

Similarly , Col (Vr) = Col CAT)
.



Example 1 ( Lecture20) : A= [§ §]

÷E(¥✗¥ ti ed
ri ng FF

put in full SVD form :

ui= ¥-11] ñ=¥
U=Ñud= ¥15?] v-iii-vit-tr.fi ;]
A = ULIEOJVTa o

UT spans Cd (A) , in spans catCAT)

Plz spans Null(AT) , V7 spars Nill (A) .

Geometric Interpretation of SVD

A-= U I VT , V and V orthogonal matrices
Note :

1)Multiplying a vectorI by an orthogonal matrix A
does not change its length :

11QI 11=11×71

because 11QI 112= (QINQI)= IT =II = 11×71?



' QI

Examples : A= [→£ →Mof rotates by 8 : ¥> I
sine case >

A = ?⃝ 9,] reflects relative to horizontal axis :
→
*

In either case Qi is a re-orientation of
Ñ

.
No change in magnitude : 11AM-_ 11£11 . ¥sag

2) Multiplying a vector by Er= '
-

or] stretches the
first entry by oi, second entry by Oz, and so on .

Combining the observations above we can interpret
multiplication of a vector Is by A= UIVT as the
composition of three operations :

it vtx which reorients I without changing its length;
ii) ICHI) , which stretches the vector V7 along each
axis with corresponding singular value;
iii) UCEVE)

,
which again reorients the resulting vector.

A = U I VT
Ciii) Cii) (it

52 Iz

g
g,

Vtvz

l t .
Illustrationof
multiplication { uzvtv, ZVÑ=%=[%) win =vi-YI.IM/--fffAI--UEVTI
when I is v7, = AÑ,
firstaol.at V.

Note : 11AIIl E 5111×71 because U and VT donot change
15th and multiplication by I can amplify length by at
most 51 . This is not a conservative band : itholds with

equality when I= in as Shaun above, or when Ñ=dÑ foranyAER.


