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LECTURE 21 :

more SVD

Findinga SVD for AER™ (with rnk=r) from evaligs/

evec f:
‘f‘dj“O/

ATA E 2 NnNxn
Claims 1-3 (last lecture):
Ewvalvesot AA are real
and nonn2gahive. af
Hem ae shrictly pasitive;
He remaining n-r are zer,
Find O"/‘hogona/
matrix V diageralizig

AA:
TAT - “a,
o)

A12A> -2 >0

For each i=;-.r
Pt‘cthap&«mnV.}JV(a/hﬂ
5 eveclrfor AA fer evale
). Lef
&=, W= -LAI}';,

/4,4‘1‘6 IZMXM

Sonme claims con be
adapted: real ) nornegatne
evaley, I~ of which ove
Shictly pesfhve , remaling
Mm-r~ oy Zero,

Matrix Ue/Z""‘M Iagmqlz@

AAT:
UTAATU = F l{

222> - 2~>0

For @ach oc=d..-rr
pick ith column &: of U (which
iS eveckr of AAT for evale 2.)

Let —
G’i:fl—i‘, Vi= -LAT—’i.

Which precedvre 4o use ? Choose A™A or AA'T basedl

o which o1 [edes Simplo for frding evslveslevectoy.
1 m<n , AAT (mxm) s .S'Mq/(er then AA (nxn) oo

Moy ke pre foaSke.-

Exomple 2 (fron Lachre20) :

f A[ﬁf

lechvedo: ATA>[Z 25] Toclay A= g]



Easie be/ diaganal : choate V=1 : u, ]az M
;l“'?‘z 22218 = S2= 722‘3(-

f;'((afzm-':aﬁ. Vz« —LA7L(2_ .._[31 [J

AR
=&(7ATE"4QBZ] U 3z

VZ‘ é[:lJ/ Uz= 0,

Signs of each opparlt to thae

above bt save euter predict
Example 2 (fron Llechre 20): TATAS

A:[ol f} AAT:&? =1 works fer Sfep L

\“r ~3 —_ - ~
Si=62=4 v,:m,:[g VZ:A@ﬁ

Shce AA=] , oy other arthorarwal Wy, @, will ok,

o TZI .[-2[: CQS'G] L?z: ".?MGJ
18] ces 6

{’J, Uz [4 abave, e o specislcase:G-0
AT_’ COA’GJ _’ = /47L(z [ SM&J Conclusion :

-G



Repeated ovalves of AA o AAT (A=A2=4 M +hip
gomple) are onofhe- source of- noumiguenes b S,

Full SVD: So far +uc forms shodied:
L) A= Z QUG (ovteprelct form)

2) A= [d--ur FG][V’J (corped
r ferm

Full SVD is another equabvaorm
3) Cam lete U .-dr ﬁmorfkmwo/bqs'ﬁ‘
F:I‘ mm Wﬂq‘i Zﬂ uM; Conmp lefe 17,{"-'(//"‘9
orFhonomal basys fo R witls Vo, - Vi . Then:

Ur zr
[0 2o [T o7
e VA
=! U - — | |
(ortoegoral)
= 2 L

=/
(ortnoguml)
Noe :

1) 1 AR wide od fyll row ronk (n>m=F), then:



Z: EZf‘ OPx(ﬁ—r‘)J‘
£ A i tall ond Pl coley,q reak (m>n=r), then
2r
=- [
O(m—r)xrl ‘
£ A s Sguere ond ﬂ/” roak szn:p):
23 Z—.

2) Uri --Vo ore evechrs o A4 arrespeording
? evdlves or, equivantly, qn ortheromal basts

Nul (A7A) = Nl (4)

Sfﬂce SPM {V;tuwun}z CDI [Vn—r))
col (Vn-r)= Null(4).
EM --Um ore evectos L O evalues of AAT

therefoe on e~thorormal basiy Lo
Ml (AAT) = Nl (A7).

Thus
! Col (Um-r) = NuII(AT).
r
-~ L — "".T"’ - —
AX= Z & ViX = 2 siwx) W
PR —— [‘1/ e
Sl Scalor

Therefoe AX in the Span of Ui ~-Ur formyR
Col (Ur) = Col(A).
Similerly, [ col (VF) = Col (A7)



Exomple 4 (Lechrezo) @ A= [;‘ ;f]

U spns Col(A) , Uy Spans col (A7)
Uz spons MUll(A7) ; V. Spars Ml (A).
Ceovetric ntapretation of SVD

A: UZ VT) U and V Ofﬁﬂogma/ matices
Note :

I)Mu/ﬁ,o/g/hg a veckr R by an orthogenal matrix @
cloes net chonge S leagth:
16X 1= IIX1

because 1GR 1% = (@R)(GX): XQQx = XK = Il
=1




Exomples: @-= ;me 'SMGJ rotates by G /ADF

M8 cowsB -
G- B ?J reflects relat\e 4o horzatal axis
In either case @BX is q re-Oriesteition of }{'x

X. No change in magnitvde : IGQG=I.

2) Mokiplyvg a vecto by Zr=["g,] stetche the
Prest evtny by 1, second ety by Sz, and So on.

Combl‘nhg the obseryatins aboe we coan /‘n'/eqo/ef
mu/-HPIfCQ’HC'/? oﬁ a l/eC‘l"d‘)_(. bj A= UZ VT as the
Compasition of three operations :

() V'R, which reorierts X witheut chongivg ifs leaghh ;
i) 2( V";(’); which stretces He vecter VX q/ang each
axis with Csaﬁre.?Pmdl‘/g sihguler valwe,

éit) U(ZVr)?), which again recriedds fle resviting vector,

& b
g:.\) m / Ve
@ VA \
Vi
IIIUS‘fY‘a‘HtﬂO)L - = 6 S [T —e {
Hplica o VAPl va- va-{fY' ,
when X & 74, = AV4

v oV
ot lote: | IARI < 611%H | becave U ad VT do not-change

length ond muttiplicatior by Z cen amplify longhn by ot
most 61. This is not a conservative baund : i+ holds with
equality when R= Vi as shown above, or wher X= otV ferang ote®,

&




