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LECTURE 20 : SVD

Given AEIRM"with ranker,
"outerproduct " form of SVD :

A-= Giulia' + . . - +Grieve = ?¥
,

sriuivit (1)
where :

• ilium,Ñr are orthonormal in RM
• V7, . . . > Fr u d in IRN
• or>⇒or are positive , real numbers .

Equivalently,
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orthonormal Vr : nxrgotthonrmaccdumnscolumns

vleokatcjsk) element:
r

Alj,k) = -2Urljii) Ji Vici,k) from matrix
-⇐ '
-

=µr(k,,,
multiplication

Mili
since ith column '=(Ñi)k
ofUr is Tei

r
this matches

=EoiCñHñk { %??d%,in Mll); therefore

are equivalent



Example1 : A= [I §] r=L
= [;] tie]

= 5.fr#4Hf(fI1 D)
unm -

01 UT Ji

If we change the signs of Te, and Ñ simultaneously,
length and aterproduct are the same⇒ anotherSVD

⇒ SVD not unique !
How dowe find a SVD in general ? Will give a
procedure to find SVD d- AERM" from the e.values/
erectus of ATA C- R"!

Some facts about ATA :
claim ATA has real evolves/erectus Ctiivi) , i=L. . -n.

Proof from Spectral -1hm because ATA is symmetric :
(ATA)T= AT&T)T= ATA.

Claim2:_ Evalues of ATA are nonnegative .

Proof : ATA Ñi = Kivi
Multiply both sides from left by Ñi?

=" "÷¥i
⇒*

"÷¥¥>•TAFTCAJD



claim3.ie If rank (A)=r , then revalues of ATA
are strictly positive .

Proof : First note that null spaces of A and AZA
are the same : NCA)= NCATA) because

Ci) NCA ) C- NCA>A)
AT-0 ⇒ ATAT -0

=o
Iii) NCATA) C- N(A)
ATAF-0 ⇒ itATAir = CAITCAT)=HAFÑ=o

multiply jjfrom left
by IT 11AT11=0

*
From Ci) and Cii) : N(A)=NCATA)

. AT-0

Rank(A)=r ⇒ dim NCA) = n-r = dim NCATA)
A- C-RMM p

16A
Rank
'

/Nullity
Then

ATA is nxn , has n-r dam . nullspace .

Elements of CATA) are erectus of ATA (for
eigenvalue-0, repeated n-r times) .
Claim2 said R, 20 evolves . n-r of them are --0 .
⇒ remaining revalues of ATA are strictlypositive.

SVD Procedure fo A ERM
"
, ranker (using ATA) :

step1) Find orthogonalmatrix V dragonalrohg ATA :
(exists by spectral -1hm)

-

µ
,
,

-

1-
-

µ Ri, n - -Rr
are e.valuesV'(ATA ) V= ↳ = .IR#..jyn-retAA



and make sure to put evolves in decreasing order:
Ri> 222 - - . >trio

.

Step2) For c-=L, . - r, pick ith columnTri of V
(which is erector d-ATA for evakeihi) and let

=fT , Ñi=¥AÑ .
↳singular value of A- are square roots of
eigenvaluesd-ATA

Example 2 : A=[Ig§] r=2
A-'A- [1-351-94]=1%2.]
RI -ATA = ft-25 -7-7 -2-25] → det = 42-2512-7-2=0

1-25=-1-7

hi
,2=25-1-7

hi=32 111-A'A-- [-77-77] vi.=¥I]
-22=18 222-ATA =I]Ñ=-É¥j
step2 :

oi=Fi=Fsi=4E Ñ1=¥AÑ=¥z¥⑨
=
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ftp.ti-D-r.FI#JustrficatronoftheProcedwe:Dovi
.ie?,5iresuHmgfronprocedureSatrsfythefellauMg?

• ÉoiuivT=A
[=L

• Tle . . .ir orthonormal

• v9
, . .
.ir " → tmebysteptof

procedure
• 51 , . . .fr real and positive → tvebyslepz:

oi=F2i

ÑiÑ=⇐AÑ)¥.AE/--t-vFAAvjoisrj--/2jFjOi--j
= :÷÷÷÷÷t÷i

ñiÑ={oi=j1i=j . <"÷÷¥.



First bullet: §=
,

sriuivi'
=p A

bf Step2
Note : ÑiÑi= ⇐ Avi) Fit = I;AÑÑT
Therefore,

ÉoiÑivF= É A Jiri = A ÉÑÑ' -
- (3)

5=1 c-=/ F- 1

Recall V orthogonal VV= VV
>
= I
in

iii.⇒

-

E? Vivi-=L
⇒ A Vivi'__A - -(4)

Note
, for i>r,Ti erector of ATA corresponding

to a zero evolve :
multiP¥¥fy

AÑi=o ⇒ Airi vi→=O
E-rtl,. . .n E-r-11, .. . > R

n n

⇒ I AÑvT=0 ⇒AE.r.it?vi--O--C5)i--r-
I

subtract (5) from (4) : A EÉViÑ±A -
-(6)

and substitute (6) in 13) : Ii_IJiÑiÑT=A
.




