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- Recap ofweekbefore springBreak
- Minimum norm (energy) solutions

LECTURE 19 - Singular Value Decomposition CSVD)

• Uppertriangularzatian : Given Ac-Rn
"
(with real evolves)

we can find orthogonal U c-Rn" such that
U
-'
AU = UTAU is upper triangular .

- Eva Ives ofA- are the diagonal entriesofthis uppertriangular
matrix :

UTA U = = : T
.

-
Induction proof → recursive procedure to findU
- d-dtxctt-AXC-4-B-ucty-zdd-ylt-UTAUy-4-UTB.ua

7-
Example : critically damped RLC Chet . T= FE)

ett
,
test terms appear in the sd'n

o when A is diagonalizable, we can find ✓ suchthat

war =

but V is not necessarily orthogonal. If we uppertriangulate
we get orthogonal U such that

u-ia-u-u-AU-L.EE?iif
Symmetric matrices get the best of both worlds .

SpectralTheorem : If AC- Rn" is symmetric (AIA) then
(E) Evolves of A are real;
Iii) A is diagonalRabbi
Ciii) Erectors of A- are pairwiseorthogonal; therefore, ifwe
choose them to have length=L, then V= [in - - in] is



an orthogonal matrix :

V
-'
AV= HAV

in] .
Proof of Cii) : upper triangulate : UTA 0=-1

Look at T' :
TT= (UTAU)T= UTATCUTIT =U_AUÑ=T

F-Er
bclAsymmetric

Tuppertriangular and symmetric
⇒ T is diagonal : T=[% i.g.)

Proof of Cii) :
utau iii.

UUTAU--UE
'
-

-a.)-

=3

Atul .

.ie?if--tiei--uiff2.nf--LRiuI---.trunIAIi--RiUii--1c...n
i.e. columnsof orthogonalmatrix U obtained from
upper triangularatra are on orthonormalbasis for Rn

once we learn Singular Value Decomposition CSVD)

wewill be able to :



1) Perform "Principal ComponentAnalysis " (PCA),
which is an application of SVD in statistics to
find most informative directions in a dataset
ce
.g. movie recommendations) .

2) Find "minimum norm Cerergy) " solutions for
cut =I
↳men ↳

gang

- - (1)

where C is a widematrix, thus, has a notntnvial
nullspace . If a solution Teo to (1) exists, then there
are INFINITELY MANY OTHERS i

w→otÑ , Tre null space of C
is anothersolution

.

One way to select a solution is
to pick the one that has the least norm Hut11:

mm Hui11
w→

S.t. cÑ=z
. single

why might we want to minimize the norm ? input
t

consider a controllable system : Iti+D= AXED+Buti]

and suppose we want to reach ☒toget attime step l

from Ito] . Then Uto], - - . utln☐ must be selected

such that (Lecture 15) : _ÉR

tiÉµ÷=×+→e+ -Alito .



By controllability , column space of ce is IR
"

l>R
,
so a solution exists . If l>r, Ce is a wide

matrix and we have infinitely many solutions .

Minimum norm solution is a good choice because
- →

"central energy :
"

I/Ñ/I = ✓ leaf2-iutif-i.yute.BZ notenergy in thestrict

physicalsense but a convenient
measure of control effort

Example : longitudinal motor control of a car (Lec.tt) :

pct) = v41drsoetze-pjfi-iigd-d-ktt-r-muk-W.tt/-/uda,,)--[
1 °)§dti10 I vdt
I

+ [¥M|UdEi]
Controllable ? i.e. are B and Em
AB linearly independent ? 75

B= Em [F) AB = §m[÷f linearly
independent

suppose I to]=[IdI¥jf=?⃝ , I+age+=[Ptgset]

[Ptarget] = [¥-1B, . . - ABBY!!!



In theory, can find solution with 1=2

Fagetf- TAB, B] FLIED
[%d¥}|=[AB ,B)

"

[Piaget]
Substitute A, B from above, take m verse, multiply :

[1%1,1--41*-411]
Assume RM= 5000 kgm (e.g. Racism,

M= 1600-1700kg)
D= 0.1sec

. , ptarget = 1000m .

ÑdEd]= 5.108¢,] leg1£ (Nm) .ludti
↳
five orders of magnitude
larger than the torque yourcar
can deliver

More reasonable : 1=1200 (lo= 120s
.

--2min)

get)=[A
""

B
,
. . .AB.BY?tdCqzooIcling!

Mm . norm solution goes reasonable torquemagnitudes.



We haven't learned how to fmdmm.normse.tn get
CSVD will enable us) but here is what the Solin looks like:

torque
(Nim) times)

velocity .

⑦
"

positron
cm )

H

SVD :
-

Question : What is the rank d- matrix ÑÉ3ñ=o , v40
(column times now, or "outerproduct ")

Answer : 1, because column space spanned byte :

IT' = @ [vi.E- -I = Evil, vzÑ , - - I
/

SVD separates a rank -r matrix #ERM
"
into

a sum of r rank-1matrices, each writer as an
outerproduct . Specifically, we can find :

d) orthonormal vectors UT, . . .cl?rERm

2) a a v7, . . .ir ER
"

3) real , positive numbers on . -Sr such that

A- = QUIFF + . - . + strung
.

Carter-
product
form ofSVD)



oh, . . .Or are called "singular values" of A and,
by convention they areput m decreasing order :

51>-622 . . . >Gr >0
.

Alternative form of SVD (compact fern) :

A- iii. -it ⇒
-

=: Ur
- -

min mxr ✗Er = :V7
rxn

has orthonormal
columns V: nxr, orthonormal

columns


