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LECTURE 18 : - recap of uppc-y--/'n‘MQU(M'Za# 07
— Spectral Theorem

Last +Hime: Qny Square martrix on ke vppor +ricngularized
(proven for real matrices with real elgenvales; Hve Lo~
Comiplex elgeavalvesglse) .

U7;4 U = T Ui Of‘ffnogona/
T: vpper +A'enguler
Note: L) A ond T have e Some eigenvalves :

it (V) evalrelevector £~ T, Hen (2, UV)
IS 7% “« fr A

(VD) = (WV) - UTV = Uap=2(UP)
=1

taus, A(UV)= A(UV) (e 2 is evalve forA alic.

Z) d/‘qgenql 4 erfres oﬂ T ae s e_vq{uq*
(bquUfe UPPG’/“/'ffangdw‘ — Showr [ast -/-ime)

From (1),2) :  once metix A is ypper tangulorized
ifs evalves appesr i the diqgoal erfves of T

A *-—-A
UTAU‘: [o‘\ ]

RN \\* .

é-io;ln..]



) Induchon proof fromy last lectwe con be

tvrned into a recursive alserttom ( Algarithm 1O
n Mate 45) :

GW Aé Z(kfl)x('krl) w/% ,eq[ evqlm/
¢ Pick evalve [evectr pair (/?_,,%) such M”F/U:i

+ cowplete i fo an erthorermal basts . R4k,
{Zi;’iz"'?i"“sz e.g., by Grom Schmidf.
Defire @- EW 9&_ ?kdj Then
OTAG = {ﬂ'
¢ Returqa @ ad Ao 0



Example : (Cn'ﬁCQ/lg domped ) RLC circuit
R

C
=" Hws:
vs & Xi(E)= Vutk)

Xelt) =

nu I( Space P

Con't find fuc lin, ind. evectees .
> Aot diagonalesde.



C.On nevw’faglds (/Pper -fn’qngalan'za A:
U = —2- * = =R
U'A U Lo 2’]) A o
]By- Sove or‘#wogmql U yev il Pnd in HWS.
Sol'a of circe't diff.ege (V=0 for simplicty) .
[ﬁ&'(t): AXE) 5 gl = UTARe)
= UTAU gt&)
Fyute) = 2Yue)t 4 4o)
ﬁ;y?.(t)= AY2£)

dyte= 24e)+ # &pate)

Yile) = & +gz ©)+ L te'w:—ﬂ* eﬂyz@) drt

[

-
= ™ # y0) fatd'r
——

Yile)= %yl + (e pypo | &

yele)= ™ Yo (c)




4{{2«) N’l‘-; A< o
) 9& '] : ‘\t

] e

R g[ée:’u): &t
Sim dlory ézeﬁi wovld PP YP in He Solutlo to:

d- * *J—o
e g3 13
UAU=T = A= UTU whee U- oHhogonel
Q T : vpper tang ke
called “Schur decompasition

Spectral Theorem : et atior:
° Fo~ a diagonalrzabie matrix A we con ford V/ 5.
VAV =
V¢ net negessorly orthegansl

o |f we istead vppertrengulorxe we fand
U such fhat IR ¢

UAU= Au-:[? S
oc--~C
o For symmetnic matries (A=A7) we get both
bfqganqh"qukz with on V:

V'AV= V'AV-




Theorem (Speciml Thavem) ;
Let AeR™? be Symmetric. Thea!

(1) The evales of A cre real .
(f/) A a(iagooo,lf‘qule .

Chf) E vechrs Ol’ /4 oe palwise orv‘hog%/ [ﬁ;e{f’ae

iR we cheese trem 1= hawe lorsth L. then They CorsHide
orthaxarmsl matrix :
V- Lv-- (ZJ orfhagoral /nq~l~r'0<)

P/‘\c@L’
() (et AT) be evalelevede par-.
AV=a7 . ()
A= aijb (show b=0, e, A= a-jb=a=2)
Take covplax anjugas of both Sides of (1) :
(47)-(27)
= AC-A7
= se A-real

multiply ﬂfw Ngln‘ by V
VAP=2070) --(2)



Multiply (1) feom (eft by VT,
S ar-2(V7)-- (3

LHS of (2),(3) ave e Same so P must
also be Some:

2 (70~ 2(7°0)
= Z:l
=2 A real,

Eveckr ¥ alse real:
(A-A1) P =0
v

real
L~
real

(iv ) A’Pp/j Schur deQOM.fQSﬁ(fm ;
U'AU=T

T—.; TT Oﬂd UpPej’ ‘IV‘ioflﬂJld‘ @ T df49qnq/

U Auz[‘ 2”]



