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LECTURE 18 : - recap of uppertriangularzatras
- Spectral Theorem

Last time : any square matrix can be upper triangularzed
(proven for real matrices with real eigenvalues ; true for
complex eigenvaluesalso) .

UTAU = T U : orthogonal
T : upper triangular

°" " " A "d + ↳* +↳ the """ "

if CRÑ) evolve/erector for T , then 02, UT)
is ie n for A

A- (UF) = (UTUT)(UF) = UTF = Uri =RlUF)
I I
multiply from left by Us rightbyM : A-= UTUT

thus
,
A (UF) = NUT) ire . R is evolve forA also .

2) diagonal of entries d- Tore its evolves
(because uppertriangular - shown last time)

From (1), (2) : once matrixA is upper triangulated
its e.values appear in the diagonal entries d-T :

UTA U = µ -
- -

q

÷÷:L .



4) Induction proof from last lecture can be
turned into a recursive algorithm (Algorithm 10
in Note 15) :

Define a function :

Given A C- R
""""")

with real e.values,

• pick evolve/erector pair Chi , qi) such that 119%1=1

• complete q? to an orthonormal basis for Rhett :
{→qi,qz, . - →qk+,}, e.g., by Gran Schmidt .

Define @= tqiqz - IkeD. Then
QTAA =

Ii *% Aot
• Return Q and Ao

.

Gner nxn matrixA that we want to upper -

triangulate :

(Q , Aa) = function- above (A)
U=Q
while size (Aa) >I

CQ, Ack function- above Coto)

U=U*[88]
endi



Example : (critically damped ) RLC circuit

Ñ-mR_mn_
↳?⃝

+K-
HW5 :

Xilt)= Volt)
Xzltl -_ Volt)

%z=¥¥✓¥T÷ ⇐ A-[¥-1,1
Suppose RIz=§g ⇒ Ri = -22=-21, (HW5

assumed
-

Ritts)↳ ¥1

a¥¥÷:)
Erectors : Rent - A - [¥→§§[É]

= [I -1-⇐ ¥1
null space ?

F- [¥fdd±o
Can't fmdtuolm.ind. electors

.

⇒ not diagonalRabie.



Can nevertheless upper triangulate A :

UTA U = [I Fr] , a-¥
for some orthogonal U you will find in HW9.

Sol 'n of circuit drff .eglr ( Vs=0 for simplicity) :

Ict) =Ait) qtdylt) = U'AI#
UIct)

= UTAUJlt)
d-dtyictl-ryiltlttyz.lt) Fogg
dd-ty.IT) = Iyzct)

yz(E) = e
#
yzlo)

> day, (E)= Ryilt) + * eRtyz(a)
Fats input

y , (E) = etty, (a)+ fate"'t-"* éttyzco) dry

É÷÷td.
-

Yi (E) = ett gild + te
't
*yzco) E

yzlt )= ett yzcc)

> now ! signature of
repeated eigenvalue



"

I I
•

¥ d☒(tert)=e¥rté+

Similarly t2É+ would pop up in the solution to :

¥+54k IF/ja,
TUTAU= -1 ⇒ A= UTUT Where U: orthogonal

T : upper triangle↳ called "Schur decomposition "-1
Spectral Theorem : Motivator :

• For a diagonalRabie matrixA we can find V s.tn

v
-'
Av --

V : notnecessarily orthogonal

o If we instead uppertransverse we find orthogonal
U such that

u
-'

AU -- VAU --1¥ %)
• For symmetric matrices (A-AT) we get both a

Diagonalizabk with an orthogonal V :

V
- '

AV= VTAV = [
No - - a

I. ¥1 .



Theorem (Spectral Theorem ) :
Let A- c-R"" be symmetric . Then :

Ci) The evolves of A are real .
Cii) A diagonalizable .
Ciii) Erectors of A are pairwise orthogonal(therefore,
if we chase them to have length1 then they construe
orthonormal matrix :

✓= [ in - - - in ] orthogonal matrix
.
)

:

Ci) Let 42,8 ) be evolve/erector pair .

AT = RT - - . (1)

I = at jb ( show b=o , i.e., Ñ= a-jb = a =2)

Take complex conjugates d- both sides d- (1) :

CAIT-1271
= A-E- = IF
IA becauseAreal

AF =II
Transpose : Ñ④=F =A by symmetry
multiply from right by F :

ItAT = I 8) - - (2)



Multiply (1) from left by I?

I>Air=R(ITF) - - (3)

LHS of (2) , (3) are the same so RHS must
also be some :

I (EEE)=RCEÑ)
in

⇒ II tñ - - in]

-Y=ñu+ - - ivnvn
⇒ R is real

.
=/V1Re - - t.vn/ 2

=/0 bet is
E-vector I also real : erector

(A -2218--0
Teal
⇒

Cii) Apply Schur decomposition :

VA U=T

TT= U'AT)
= UTA U = -1°

F-Tt and upper triangular ⇒ T diagonal

UTAU '
'

in]


