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LECTURE 17 : - upper triangularcation

Recall : diagonalization of an nxn matrix requires
n linearly independent erectors : Airi = RiÑi it, . . n

A [ vi. . - in] = [tin -
- Inui]=Ñi - - -Ñdµ . . .µ]I -

=: =✓

⇒ v
- 'AV = '

in]
Today : we can uppertriangulate even if we can't

diagonalize . Upper triangular form has some of the

benefitsof diagonal matrices :

1) Evolves are the diagonal entries :
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new is column⇒ rankdrops
zero; therefore au is an evacuee
row space
has dim <n⇒ rankdrops⇒ am is
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i columns;III.
entriescan
be nonzero

⇒ can span

atmostthe

i-1 dimensional space
spanned by first i-1 unitvectors
⇒ these i columns are linearly

dependent
⇒ columns of R2-A are linearly dependent
⇒ not full rank ⇒ teaii is onevalue

2) Solh of vector diff . eq . or differceeg . broken

down into scalar equations :

Ict) = [%
"
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F - - *

:O an
:#A) +BICH

d-dtxrk-l-annxnk-i-CBU.lt))n
✗n (E) = eamct-tdxnlto.it term due to (Biela)n

substitute

dd-txn-iltl-an-T-x-t-an.fi#)+(Bu7tDn-i
-

known fraction oftime :
treat as input to scalar
doff. eq . for xn-i



✗n -it)= can
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combined input terms
from above go here

Xn-24) = an-2in-2Xn-zlt) t ar-z,n-i Xn-Ict)
+ ar-z, n Xnltl
+(BUTE))n-z
-

combined input terms

Example : longitudinal motion d- a car described by :

# pct) = ✓It) p : positron

t→p↳R: the vi. velocity
radius Mddgvct) = Kult ) U: torque

:[1%1=1-01%1,1+1:#⇒o o

- -

Ict) Ac I
E-values of Ac :{0,03
Erector : Act-0 I -_AH] otto

no two lis . ihd . erectors exist

⇒ not diagonalizable
but in upper triangular form

suppose act)=Ñ= constant . Solution of diff. eq . ?
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Next : prove any square matrix canbe brought to
on upper triangular form .

Will prove for real matrices
with real evolves , but a complex version can be proven
along the same lines .

Theorem : For any matrix AC-Rn
"
with real eigenvalues

there exists orthogonalmatrix UC-Rmn such that

U
-'

AU = UTA U

is upper triangular.

Thus, if ¥5k)= AICH + Built) , then I =UTI
satisfies dd-ty.lt = UTA Ict ) + UTBIG) ¥=§-e-

UP
= UTAU Ict)+ UTB ICH
↳ -

uppertriangular

we will prove the theorem by induction .

T Proof by Andvoter : suppose we have a statement
thatdepends on an integer n--1,23, . . . Sn .
To prove it by induction, show i

• SL is true
• for any K>1 , if we assume SK is true
then Sky is true .

Back to the Theorem :take the statement as Sn .
-1

• Show Sr is true : true bet scalars are "upper triangular
"

• Show if Sa is true, Skee is also true
,

I



fire ..
Assume : any real kite matrix with real e.values
⇒ upper triangulated with orthogonalU .

Chow: same is true for 1kt1) ✗Ckel) .

1 . Let A C-Rc
"""""

be a matrix with real evolves

and let Reign be an evalue /erector pair for A .

We will assume 119711=1 (No loss of

generality because wecan normalize the erector

if its length is not 1 and it remains an erector.)
2. Choose an orthonormal basis for Rk-4 that

includes 9T : { 9%92, --9%, } .
How to find them ? Pick any k vectors in Rkt

'

which, when combined with 99 , form a basis

for /Rktl. Then apply Gram-Schmidt with

qi as the first vector.
3 . Then A= [qi - - . gie, ] is an orthogonal
matrix and



Ace = [Aqi Aqi . - Agin]
= [Rig,, Aqi, - . ,Aq→k.DATAa =

-¥§÷µhÑ
Air - -- A-9in,]
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Rietiat 1| : i
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I by orthonormalAy

= [?&§&µ→
call this p→

0 :* - - - *

TÉACkxk)
atAa =→ FA;) - - -a)

Ao is not necessarily upper triangular but it
is Kxk so, by assumption atthetop of last page,
UdAaUo Upper triangular for some orthogonal Ua .



(Nate : we also need to know Ao has real evolves .
That follows because QTAQ has the same evolves as A
and because e.values of a) are those of Ao combined
with Ri . )

Define U= Q [} Go] which is orthogonal :
UT-- fog;] at ⇒ Utu --I 8;-] alia 8.)
I

1 0
= [0 UoTUo]= Ickes>✗Cet 1) .
in

Ikxk

Note UTAU = [to 8µAAff %)
um

⇐ It:]
= f- 1 Ñ

'

][to① UoTAo a Uo) = ÑTUO
0 UdAoUo]
in

upper triangular

IFtriangular

5¥ : assuming that a kxk matrix

can be uppertriangulated, we have shown

the same is true for a (teen)✗ tee1)matrix .


