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- wrap up controllability
LECTURE 16 - orthonormal bases and

Gram- Schmidtprocedure

Past two lectures : IL-i-itf-AX.li]+ BUILT (single inputfor
simplicity)

same condition appeared for two tasks :
1) being able to assign evolves of ATBFarbitrarily by
design of F (feedbackdesign);

2) moving state from any ☒to] to any →×+aget("controllability'D

condition was : An
- '
B, An

-2B, . . . ABB linearly independent
where n: stale dimension (Ainxn , Bin✗1) , i.e.,

Cn= [An
-'

B- - - AB B] invertible
.

Example1 : Example 2 :

A-LIL] Bito] A-- E)É
n=2 : AB ,B linearly independent ?

No : Yes :

AB -_ =D AB=?⃝] rndep . of B=
Uncontrollable controllable ←

-

,

✗Ii+☐ = ✗ith]+Xzti] +Uti] ✗Ii+☐ = xiliI+Xzti]

XztitB=2XÉf Xzti+d=2✗zti]+u[ij_É
" "

I

↳ ✗ate]=zlxz[of u doesn'tappear in
1

1. evolve of 2 remains Xieqln but can ohfkese I
regorless of feedback ✗I indirectly through xz -1

2. we can't take xrconpaert anywherewewent



Note from the above that we can control n variables

with fewer than n inputs- you actually do this when you
drove a car : using two inputs (steering and longitudinal forces
generated by gas/brake pedals) you come not onlyto the desired
×,y coordinates but also to the desired orientation e.g.parallel parking.

yn

| f. state vector can be
- ✗ brought to target value.

Orthonormal bases and Gram-Schmidt procedure :

column vectors →q, , . -79k are called orthonormal if

→qiqj = { 0
if i=j (ortho)

1 if i=j normal)
- - (1)

A matrix A.= Eq, - -Tgif with orthonormal columns

satisfies :

a-'a = [9%:/%
- -9% -9T¥ -

-

oiiqif: =\ !
-

qñai - -qiioiu
= 1k¥ by deft (1) .

If Q is square QQ =L means:

④= A- 1 .

⑥ is called orthogonal .)



Example : @= [
asf -5M£) (rotationmatrix)sine case '

,
in in

q? 97 Ñiqz= -coso-siho-l-siho-c.es0-1
=0 1

Gigi = cos#+sine =L I

t
so called becausesme-y-i.at

"

É AI rotates Is

by angle a- in the

-s.no plane without

charging its length

Useful features of matrices with orthonormal
columns :

1) HAI 11--11%11 (preserves length : whatwe
- -

observed in example above is⑥É& IET true for other A with orthonormal

=×→QQ×T
" columns )

II
2) A also preserves dot product :(QI)YQy→)

= oiay
=3

3) Easy visualization d- column space : =ÑY

column space of D=Id?Ñz] ifdi.de were orthonormal

i. spaced.is



and projection onto column space istrial :

i

(disIdi

projection of 8 onto column space of D:
= (Iit)di + (dis)dz→

Recall least-squares :

I = Dp→+I

D= (DTD)"D-'§

What if (by some miracle) D had orthonormalcolumns?

D-'D=I ⇒ p^ = D8 (no matrix inversion !)

compare to picture above . . .

Gran -Schmidt :

Even if columns of D are not orthonormal, we can
construct on orthonormal basis for the column space
that is close to the original columns in the sense that . . .



ith column die is a combination of 97 . - - 9→i i that is,
di can be reconstructed from 97i die fromqi.qz.dzfrom 9%97,97 and so on .

Therefore,
Kxk

Ed, - . . did-- Eqt --9%-4
* - -

:|lxk lxk & &, ' n , I
0 @ -

- ok
-

Ia :

orthonormal upper-triangular
columns

"AR factorization:" next best thing after
having D alreadywith orthonormal columns

Back to Least squares :(is) : I = DI te
Ls picks p→ suchthat
③=D-DJ 1- column spacepcf
i.e.

DTE = ⑤- Dp→) = 0
DT§ =ÑDp - - - (Ls)

Instead of inverting DTD , do Gran-Schmidt CAR
factorization on D:

D=QR
Rewrite CLS) :

(AR)'S = CAR)TaR)p→
QI = Riata Rp→
EI

RHI)=rKrp→)



Solve RÑ=as→

l÷÷÷%÷i=ñ
last row gives : * pie -_ Ccéslk ⇒ pie:(silk

2nd to last row = *pk-i-*pk-i
↳ pre -i solved from here

can solve by back substitution (fast !) without
matrix inversion .

Gram- Schmidt Procedure : Given linearly independent

columns di , . . -die :

steps : qI=÷µdi
Step2 : Ez=d→z - (digital

→⇐÷¥u:*
qi=¥iÉ

Step3 : Iz=dJ-cdTqitqi-lds-qilqzqs-fzi.li?b



÷÷÷E÷÷÷:÷
:

Steph : Ik=→dk - Écdiiqj )→q; - - (2)
j=i

9→k= ¥+7k
Show Iñq→i=① ice (therefore qiieqi -0 ik)

sbbsthleczD.idioii-EE.cdiai.iq?ai
in

Ojai
I ={ i j=i

thismeans all terms in summation

\ dropout other than j=i
-

I ¢d→ñq%→qi→qi)1j=i=(dieqilqiqi
1 IT

=→déqi - dÑqi=0 .



So we have shown q→k→qi =0 when Kai . - - (3)
Same is true when he>i : →qñq→i =→qiq→k where
now i is smaller than k and (3) applies with K, i swapped.

Combining : 9%97--0 When Kei . By the

normalization Ñfk = 11¥,, Be in each step, we also

have 11%11-1 for each k , so Gran- Schmidt

generates on orthonormal basis . h addition, di

depends on 97 only idzorqriqzidk.org?...qTe
as desired .


