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LECTURE 15
- complete feedback stabilization
- controllability

Definition : We say that a system is (banded-input,
bestale) stable if state ✗ is banded for any
initial condition and banded disturbance pair. Unstable
otherwise

, i.e., if✗ grows unbounded fersafe initialcondition,
disturbance

.

stability criteria :

continuous-time Discrete-time
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for each eigenvalue of Ac for each eigenvalue of Ad

stabilization by Feedback :

Ñ_%| Itits]= ARE]+ BEED
¥É# ⇒ Iti-4]=CAtBFÑtiI -

=:ACL

we can assign the eigenvalues of Aa arbitrarily
with choice of F if we can bring CA,B) to . . .



Controller canonical Farm ( for scalar
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Claim : An invertible nxn matrix T bringing
TAT-1 and TB to the farm above exists if

[An-'B AndB - - - AB B]
is nonsingular, i.e. the columns An

- '
B, - - , AB,B are

linearly independent .

Proof : Let 9T denote the top row of
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If rows of -1
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I ate-1=0 . But

GTA" A . - - - - A giant then (2) implies

E. to7- ⇒ ñ=o

TAT
-1
has this form]

Contradiction: The condition d- the claim is a certificate

for being able to assign evokes d- A-+BF by choice of

F. we don't need to bring the system to the canonical

farm to design F.

E×ample A- [LL) B= n=2

Are Bond AB linearly independent ? AB=]
YES .



A+ BF= [! 1) +fifth = ftp.z?pif--AcL
FÉF

Note : evalues of A ore {1/2} .

E-values of Ace : def CRI-Aa) = def l -l

-fi A-zfz])
= v22-(3c- fz )R + 2c- fz-fi

Let's say we want closed- loop evolves at {o,o} .

That means characteristic polynomial = 12

Match coefficients :

3-1 f-2=0 , Ztfz- fi = 0

f-a = -1, fz=-3

Note : upper triangular matrix

a- = iii. I
0 - - o tr

has evolves In - - Rn (diagonal entries) . Why ?

Look at Rf-A = [I. i. of singular bd last row=
In-it-A = Lo . - ① *

a - - - o in,-a)} linearly dependent rows⇒ Smsher



i

think about ten-21-A and other Ri 's
.

Example 2 ( Ex-3 in last lecture) :

A-[:{] B=
AB=?⃝] linearly dependent.cn B
A-+BF= [¥ 1¥]
2 is an eigenvalue independent of fritz
can't overcome instability

Controllability :

Recall solution of discrete-time system :

Iti -117 = A Iti]-1 Bati] (assume single
input)

E-0 : III] = Atto]+ But

c-=L : IED =ÑÉÉD
= A2→×[c)+ AB Utc] +Butt]

ID) = AÑEz]tBUE2]Ñ
,

= A> ☒to] +AZButd-ABULIJ-BUIDIL-if-ALXEA-AMBUL.at- - - ABatl-D-BUte.IT



y-u.ITIte] -Alito] = [At'B, A"B, . . . ,AB,B un]

uteid
we-☐
|

Can we find input sequence uEd, - - - ate-13 that
brings stale I from ☒to] to a target ☒target .attime

e ?
Yes, if Itarget-Al Ito] lies in the column space of

Ce :=[At
-'

B. . . . , AB,B] .

"controllability
"
: ability to reach any target state I+aget

from any☒to] .

Def A system is called controllable of, given any

target state Itarget and initial condition Ito],

we can find a time l and input sequence Utd, . . ut-D

such that IEl]= Itarget .

How do we check that ? If Ce has n linearly
Mdependent columns for some e , then column space

is R", h : stale dimension . This means are



can make ce [¥¥☐] anything wewant in R"
by choosing this vector9 .

In particular, we

can assign Cl µ?] = Itarget -Aditi . Then,
Ite] = Alito] + Inset-Allied

Example 1 : B=?⃝ AB= [If
Ci =B dim =L

Cz = [AB B] =[{ 9) dome2-n
✓controllable

Example2 : A- If B=[
Ci = B dim=L

cz= IAB B)=?⃝ If dim=L
↳= [AZB AB B] =[! ! !]

dom=L
dim can't increase further
stuckat 1< n=2 .

✓uncontrollable

what we observe about dimension getting stuck is a
consequence of the following result . ..



Emma : If AlB is linearly dependenton
{ At'B, . . . ABIB}

then At"B is also linearly dependenton

{ At'B, . . . ABIB} .

Proof : AlB = de, Al
-'B + . - +diAB -1 doB_

fer sone dem , r - di, do by linear dependence .

Then
,

Al"B = A. ALB
= A (de-1At

'
Bt - - - diABtooB)?⃝yy,, ay,µ,, , . . qgg.a.gg

= & At
'

Be * At-2B¢ . -
. +*B

"
de-ido

☐
Nate : Ceu =[AlB A"B - -- AB B)
Te

Lemma implies :

if dim span (cen) = dim span Cce) =D

then dim span (Cer) = dim span (Cees) = - =D
.

Once the dimension stops growing it stops for good.
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no change after(by
Lenna) because

•

'

dimension didn't
I increase in the

dim span(a)=# •
1 previous stepbecause cr=B,

F. >l
\ single column

☒
Let d denote the dimension at which we get stuck .
If D=n : CONTROLLABLE

If d<n : UNCONTROLLABLE (will never reach n) .

We could write a code that increments e by one
as long dim span Cce) keeps growing and terminates
once growth stops (it has to stop because dimension
can't exceed n) . Then we can apply the test above
with the dimension d reached to check controllability . . .

OR we can be smarter : dimension grows by one at
each step as long as it grows cue are adding a'single
column whena increment l by 1) . If we are ableto
reach n, we will reach it at ten . Otherwise, growth
will have stopped before n, so dim spanCcr) will be
den

. Thus, allwehave to do is check if dimspanCcr)=D.
Controllable if so, uncontrollable if not. One-shot test!

Adim span(cc)

n -- - - - - -
-

" ↳ dim span(g)=, o,µ .ch??sPanCce
)

" f- .

• • •

.

.

• • • •

controllable i ↳ dim span(Cn)
<n

IFI # e.
uncontrollable

controllability condition : dim span(G)=nie.icn-LAMB-n-ABBJhasnlmearlyindep.co/urff


