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LECTURE {5

Definiin : We say that a $ystem v (bowaded -trpt,

bowa@.ﬂqfe) Stable i Stafe x is bewdled fo~ g

inittal coditicn and bouded dishv-bance pair. Unstabke
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St+ability Criteria :
Contnucys -+ime Df Scre fef_ffme .
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Stabilization by Feadback :

"LL_‘;’I X Cre= ARCIJ: U D) /—:\73.] - o
> XCi4]) = (AfBF)XId

FXCJ E<

We carz assign the igenvalues of AcL arbitrarly
with choice of F if we con bfrng (A,B) to ...




Coniroller Cancnical Fomve (for scalo~ w) :
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Claim: An invetHble nxa matrix T bringing
TAT ard TR +o the form above exists i

[4"8 A™B -- A8 B]

i3 Nonsingulor, i.e. The Columns A"B, .. ABB ae
//hea/‘{g Molepemlen#,

Proof: Let g7 dencle the top row of
CA~8 #B A8 8]

qr [A™8 A" .. 48 BJ:YO
]
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TAT™ has this femr j
Note: The codition of the Clainm s a cotfiate
fo- bemg able to assisn evalees of A+BF by cholce o

F. We dorlt nced to brirg te Systaw 4o the canonical
form 4o design F.

Example [: A= [; ZIJ LJ n=2

Are B ond 18 Inearly indepordot 7 8- w



A+ BF= [; z‘]i‘f]”‘ A [f[‘ prz]=,4c,_

O 0
LK f’l]
Note : evaluey of A ore §14,25.

Evalves of Acc:  det (A1-Ac)= det([ A ™
~f /1—2—!

= 28=(3efa) + ey~

Let!'s 39y we wert C losad - (ccp evalves of ?_a,o}'

7744“‘ meons Cheracteristic Polgnofvuq/ = 2,2
Match ceeffreients
3tfo=0 , 2¢f-fi=0

fr==t, f,-=3



Exomple 2 (Ex.3 n [ast lechre):
A1 1] g-[1
Lo 2 0
AB- w lineerly deperdent-on B

defy A+ F;_J
A-PBp: O 2.

2 isan e};ge—,\rq (e /“ndEf@lJJ?ﬂ'f' 010 ﬁmﬁz
Con't Overcome lastabiliy

Controllability:
Recall Solytton of discrete-#me system:
XCi+t]= AXCiJ+ BuLi) (assome single

l‘npu‘f)

i-=0:  xCs7 = AXLCc)+ Butel
{ xXCa) = AXT4I-Butl
= A%Xrc]+ ABulc] +Rultd

X(3J= A XCz)tBurCz)
= A3 R[] « A2B ulc) « AR ulid+Batz)

X Eﬂ = Al,k'[:ah A“BuC+ - ABultd+Bur]
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Xo] - Atxtd) = [ ][ ud

u’we}
ul-0d
Can we thl inp vence. plal,- - uct-l] +Haat

brivgs state X {’«M Xe] to aterget Wd%

Ves, i Xiorget— A XI lies in The. Gilumr space of.
Ca%. .., 8,87,

“Costrollability": abiltty o reach anytorget Stk X+

feom my X[0].

Defia: A systom is called cortmcllible i, gMen ong

terget state Xiepet ond ital codition 12,

we am fvd a He { ond Ipt Seence UBd,.. ult]

suchHat XLU= Xterget .

How do we. chede that?  1f Cy has . lheerly

Mdepedert columns for Sme €. ) Hen colomn spae

s B2, n: state dwesion. Ths mess we




con malke Cy ﬁ:fjﬂ] mﬁw‘nj we wort m 27
by Ccheosig this vecton 3. n perticder, ne

can asSign Cy [:ufoJJ _ ;mef AR, They
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XCd= Mxpe]« C, f‘\‘}‘?"{ = ASKT0) + Xieet- AT
(

Exornf(c i B:[?J AB = [g
Ci=B dm=4
Co= (48 81-] ‘,’j din = 2-n

Exomple 2.: A;[;l} ﬂ g:[g) J / Corfrollabole

Cl = B dl"/"l-l
Cz=[AB B]= [C{) cg dmL,
Cs= [A%R 48 B]:[4 ( {

0 o o
o=
dim car't ihorease fnther
Stuek gt d<Ln-2. l/UnCM'/v»”cbé
Whot we ocbserve about dimension ge'/ﬁng Shude Iy g
Consequesce of the following result ..



Lemma: 1 AB is [heerly dependert o

Lt {AHB/,- ) AB/B}
ther A7B is also lhesly dependert-an

148, .. A8,8F .
Pro4: ALB = Xy, A‘"’B « .- +olAB+ alB
fo~ some oy, .. o, ot by linesr depedene.

Ther, /|  AYB=A AB
Al AR - - ot BeauB)

= Ol Alg 1 CQ,QA(’{E < - ol ABrat ABB

Note:  Cpu<[AB A“B-— 48 8]

Lemmeg impliesS
i dim spe (Ceer) = dim Span (Ce)
Hen dim span (Cuz) = dim Span (Crz) = =l ,
Once the dimensior stops growing it stops for good.



( becoue Cy=8, l . \_(
\ Shgle column T 1 >

S Let oL denote the dimension at which we get shock.
If d=n: CopTRCLLARLE
1f d<n: UNCOMNTROLLABLE (will never reach ).

We could write a code that incremonts € by cre
Qs [oqg dim Spon ( Ce) keqm‘ growing ord feminater
once growth stops (it has o Stop becavse divension
conlt exeel n). Then we conr apply the test above
whth +he dimension d reached +o checle cortrollability...

OR we con be smorter: dimension grows by one at
each step @ long as it grows (we ore addig a single
column whenr we increment £ by L) . If we are able +o
reach n, we wil reach it at l=n. Otherwise, growthn

will have stopped before 12, so dim sprCCa) will be
d<n., Thus, all we_hawe +o do is check ip oﬂmS’paﬂCCa) zZN.
Controllable it So, uncorirellable if adt. One-shot +est!
dim span(Ce) derM spon(Cy)
n )
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COfr/Y‘o”QbilHy coxditiorn: olim Spon(cn)-_-ﬂ.
i-e) Ca=LA™8 --- AB B] has n lineorly indep. columps.



