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LECTURE 14
- stabilization by feedback
- controllercanonical form

summary of stability conditions :

continuous-time discrete-time
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Stabilization by Feedback :

☒Ii-11]=AÑEi] +Biti] + ÑLi]
t
control disturbance
input input

what if A has arevalue with 111 >1 ?
Can we achievestability by designing it ?

Try the feedback : Teti] = FRED
C- IRM c-Rn↳

mxn

If m=L (single input ) , Fe Rt'd Gavvecto) :

f-= [ fi fz - - . fn]

UEI] = FILI] = fr XIII+ fzxeti] -1 . .-←fnxn

Ñ_⇒ Itits]=A☒t☐+BÑEÉÉf¥iiEk-
Substitute Teti]= FIE] in Itai=Attila BUTT]:

tutti]
Itit1) =(At B.F) Iti]+Ñt☐
-

ACL
- - - -

"closed-
loopcan we design F such that evolves system "

of Aa = AtBF are inside the u:#it circle ?



Let's try some examples :

Examples :(scalar) ✗Eiti]=②XEi] +Uti]
↳>1 : unstable without

feedback
Uti] = fxti]

closed-loop :
✗Ei-43=(2+7) ✗ED

For stability, 12+1-1<1 i. e.
, 2- f- C- (-1/1)
*

f- C- (-31-1)

Example2 : Iti-113=[03/2]×777 +[g)Uti]
I I

AcL= A- + BF = [§ f)+ [g)tfifz]
Evolves of A :

i:-#det(EtA)
0 1

=det}¥z]) =Éf
, z

= RG-2) -3 det(R2- (AtBF))
= 12-22-3

= (-2-3162+1) ;¥O→ =det?f, ¥-2-
Unstable = R2-(2+1-212-13 -1ft) - - (1)



Suppose wewant ACL to have evolves

at Ri, Iz . ⇒ characteristic polynomial d- Are

should be (I-Ii)(2-22)=122 -Elita)ItRitz
- - (2)

Choose fi , fz such that coefficients of Gland (2) match:

-3 -f-y = Ritz 2T f-2=74+22

f-I = -Riaz -3 f-2=21+22-2

Does this always work ? Not for any A, B :

Example 3 : Itit 1) = ?⃝ 2) Iti]+[ Uti
I B-

Evolves of A : 1,2 unstable (evolves -_ diagonalentries

AtBF= ?⃝ 2)+[f) tf, fz]
becauseA is upper-

triangular)

= [tfi Itfig0 2

e.values : Itfn , 2 (again, because upper-

¢ triangular)

can't be changed by F.
System remains unstable no matter
how F is selected

.

We will see what makes Example 2 work and
Example 3 fail .. .



Controller Canonical Form (single input, m--1)
A special structure of A andB in which we
can arbitrarily assign evalues of

ACL =A+BF

with the choice of F :

-0
A= [
°

"t o - - - o

o
'
o 1 a - - o

-

. ifII.
. . on,

B=/
Laitaz =

-

ai

Example2 had this farm : n=2, 91=3,92--2

Nice properties of this form :

1) Characteristic polynomial d- A is transparent :

detELI-A)= R"-anR
"'
- an-it-2 . .

.
- air-a,

Example2 : 12-2/2-3

For n=3 : 23- asR2- azR-ai is the
characteristic polynomial of

A-- [%, ?%) .

(check .)



2) A+BF has the same structure as A :

-0 1 c- -

'

' 1)+ [
it - - - A]

Lai
- - - on

i÷:-. : :]
= ? same structure as A, but

Aik → aktfk , k=L, - rn .

From Properties 1 and 2 ,

det( R1-Aa )= In- Can+fn)Ñ" - . . -Caufield -Cartel .

Suppose we want Ace -_A-+BF to have evolves
II. . . -In .

Then , the characteristicpolynomial of
ACL should be :

62-11162-121 . . -CR-tr)

= In- Eh + . - in 1/2^-1 - - - +1-17721 . .tn

actfi = - C-1)72, - In = C-1)
""
the -In ⇒ fr=fÑÉ . .tn

:
i

-ai

Anefn = Rit - - - +Rn ⇒ fn= the- --tr-an



Can we bring A , B to canonical form by a

change of variables ?

y→=TX→ , T : nxn, invertible.
(to be determined) I
☒= T-'y→ .

y→ti-11]= TIEitD= TCA Iti] +Buti])
= TA Iti]+TBUIIJ

→y tieD= TAT-' Iti] +TB util
- in

newA newB

We want newA,B in canonical form :

TAT-1=1-0 to
- .

-
..] -1B¥;)* * - - .*

2 usethese linescan we find such T ?#u to separate

Claim : Yes , if [An
- '

B / . . . /ABIB ] columns.

Gixmatxl is invertible
.

(will show nexttime?

Example3 : A-- LIE] B=[ [ABIB]=[Li
,

to]
not invertible



When [An
-'BI - - IAB /B) is invertible, feedback

design is easy on y→ coordinates :

Iti+D=[
&
'

JET - g)Uti]A - - A

¥ TE
Uti] = Fy Itis

Can assign evolves of Ayt By Fy by choice of

Fy , because (Ay , By) in canonical form .

In the original coordinates :

Uti]= Fy Iti] = Fy TILT]

YE
☒ti-11B€At BF) Iti]

TAE

Note: Evalues d- Ace AtBF are the same as

those d- Ay + ByFy (which we designedby choice

of Fy ) . To see this, suppose A)v7 evolve, erector

pair for AtBF, i.e. (At BF) Ñ = RE .

- - - (3)



Multiply (3) from left by T :
sneer is scalar

f
1- (At B. F) Ñ = TRI = RTT

thus, ⇐A + TBF)I = RTF -
- - (4)

Substitute TA = Ay-1 , TB= By , F=FyT in (4) :
A

since TAT
-'
=Ay as observed above

(Agt + By FgT) F = RTF

(Ay + By Fy) TÑ =RTF .

This means R is an evalue of Ay +By Fy as well

and Ty :=TJ is the corresponding erector .

To summarize, A-+BF and Ay + ByFy have the

same evolves . Therefore
,
we can design Fy in

the canonical y→ coordinates to assign e.values of

Ay + By Fg and those are also evolves of AceA-+BF

in original I coordinates.

Next time : proof of claim and understanding
the condition therein

.


