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LECTURE 13 - stability : o discrete-time
o continuous-time

Definition : We say that a system is(banded-input,
bestale) stable if state ✗ is banded for any
initial condition and banded disturbance pair. Unstable
otherwise : i.e. unstable if ✗ grows inbanded for
Sante mitral condition and banded inputpair.

When is ✗titi] = I✗Ii] +eti] stable ?

• IN >1 : UNSTABLE
any nonzero initialcondition and zero input
enough for unboundedness : ✗El]= he✗Eat

• 1h1 = 1 : UNSTABLE
can find bounded inputs that lead to unbdd.
states

. Example : 1=1, eti]=L for all i :
✗t1] = ✗to] +I

✗ tz] = ✗El]-11= ✗to] -12
I

✗El] = ✗to]+l
Note: there may be other bounded inputs with which
the states remain bounded (e.g., eti] = C-1)

i
in the

example above), but one bounded input thatmakes
the state unbounded is enough for instability per
definition above .

Example above is for 2=1 only , but for any R with
121=1 (including complexRon unit circle), a bounded input
of the form eti]= Ii will drive ✗ unbounded .

• 121<1 : STABLE (to be showntoday )



Claim : If IRKI then for any ✗to] and any
bounded input e, the solutions of

✗titi]= IX.Ei] teti]
remain banded .

Proof : ✗El] = A✗ to]+etat

✗ [23--12×5111%-1]=22✗to]+Reed teed
F-

✗E3] = 1×1-2] teed = 23✗to]-1/22etc]
+ Rieti

I + EEN
l- l

✗El] = ttxlo] +I eke [l- l-K] (1)
k=o

Ideal
and →o

asto
be/ 111<1

Show the summation term is also bandedwhereis banded , that is , there is a number M such
that

let☐IfM for all i.

I -2k¥ teeter-k] / f Ie" likeEe-e-k] I
K=0
#

= INK tete-i-Est

Fm£ -2k¥ MINK



Recall : = M -2k¥ 121k
Idedard1+✗+✗2-1×3-1 - - - ' = ¥ } converges to

if 1×1<1 (geometric series ¥2
monotonically
as l→os

-2k¥ 121k£ ¥,
when IRKL

1-2%-1 steel-i-Est E %-µ , therefore banded.
Both terms on the right hand side of (1) arebanded,
therefore ✗Ill remains boarded .

✗
☐

Eqh endof
vector case :

.

.
.(2) proof

ÑEi+H = A IÉI] + Eti] ☒c-R
"
, e-c-R

"

A- c- Rain
solution (by recursion as in scalar case above ) :

☒El] = AlÑtd+ÉAk→eEl-l-K]
b- k=o

=AII→
When does ite] remain banded ? No immediate
answer be/ A is matrix

.

Split into scalar eqlrs :



I V- 'I where V= Ein - - - in]
- -

- (Eqh 3) FETA
,

I = Vy→ (4) assumed linearly independent
so ✓→ exists cire . , A

is diagonalizabk)
I [it1) = V-' Iti-11]

= V1 (AIL-ij-e.LI]) by (2)

= V- 'd- Iti] + V
-' e-Ii]

= v
- 'A Vy→Ei] -1 V-'Eti] by (4)
-

[
"
'

- because Avi -- tilt

A-Evi - -ÑJ=[IÑ .

.hu?dYkEitlJ--r2kykLiJ+(V-1eL-iI)kT=tvi--vi1Eiln↳ scalar eqlr -

AV=V
in]Iikkl ⇒ yk banded

where is V
- 'AV =p' . -µ]banded

K=1 , . - rn

Therefore if LZKKI for all k, then y→ is bounded,
so I- V8 also banded .

What if A- is not diagonalizable ?



We can still bring it to an upper-triangular
form (will see how nextweek) :

Ii & - -
- *

y→[it1) = µ 12
'

,

'

¥.:#Iti] -1 V-'Eti .V: appropriate
0 -

- - 0h matrix we'll

see nextweek
* : samenumber('stuff")

• yn [itD= Rn ynti] + (v
-Eti])n

t.hn/<1 ⇒ yr banded (by scalar result above)

• yn-iti-id-lr-iyn-iti.tt Ugn [it (v
-Eti])n -1

Idea-also banded
by first
bulletabove

-
treat this sum as a
banded input

1hr-11<1 ⇒ you is banded

• yn -2 [c- +D= tr-zyn-ztil-tymtilttynl.it/V-'eTiDn.zIE
two bullets

1Rn-21<1 ⇒ in-2 banded



I.
Conclusion : Discrete-time system (2) is stable
if each eigenvalue Ik, k=t, . .- n , d- d- satisfies

Itukd
,

i.e., all eigenvalues strictly inside the unit circle
in the complex plane .

Stability of continuous-time sustains

same stability definition that 's attteuoytep
(agrostrctocer.fi?vous-ordisoele-tme,.but
different conditions for stability .

Scalar case first: d-dtxgy-rzxqy-wc.to
disturbance

xltkettxloi-fote.lt-"wtddr
When is eat banded ?

Ñ→→tÉ±
bounded banded unbounded

what about complex v2 ?
Mm

""

Re

2- ReR+j2mR

eRt=eReR+j2mR)t
Rer

Ide
a. . -. - - -- -

boundedwhen
curs banded

Retro : unstable
t

Example : 2=0dd-txctl-wltlxctl-xcol-fwtddeletwct-s.tt
then ✗Ltl __ xceltt ⇒ unbounded



= e(ReNtejGmR)t
⇒ left /=/eke-214 . /éiosnirlt/ am

•
e☒

Recall eH= case + jsino
"

re
and leio-t-ikcoso-IT.no case

=L for any 0.

Therefore Iétdmihlt/=L (view Hmat as b- above) .

⇒ left/ = Ielreiltlleitsmilt/ =1e@eRIt1.I
Banded if Reiko ; unbounded if Red>0.

In

ett for
various

values of
Rin the

complex
plane Carly
real port
ofettshown
when complex)

Re

→→

banded when unbounded
Renee when RER>0

Note the oscillationswhen his caplex . This is
because eat= ekenteibmmt-ekeihtfcosksmrlt-jsihkn.it).



inc-

envelope: oscillatorswhen

decaying 2m-240
.

when Reiko
, Only the real

cerstastwhes part,
Reiko> growing castanet)
whenReiko shown in the

Back -10 stability of plots above

dd-yxltl-Rxlt-wl.tl

• Red>0 : UNSTABLE

nonzero ✗(a) and Wct)=0 enough
for unbounded state :

✗(E)= ✗(a)ett

• Retro : UNSTABLE
✗(E)= eat✗(a)+ fate#→wteldr
-

bounded IF
unboundedby a
suitable choice d- w

t
Example : 12=0 ⇒ ✗It)=XCd+fowoddT

woe)--1 ⇒ ✗(E)⇒(a)+t
unbounded

• Reiko : STABLE

proof similar to discrete-timewith
121<1

✗ctt-et.tl/Co)-ifoteRlt-Hwc-1de
--
bounded condone abandon this
and→0 Whence banded, i.er,

IWCT) /SM for someM .



vector case : similar arguments to discrete-

time (with diagonalizatianaruppertrrangulanzatros)

lead to the conclusion that

IK-KATxltl-w.lt/

is stable if Retro for each eigenvalue

that Ac , k=1, . - - R.

Summary :

continuous-time discrete-time

d-dtxiltl-ACIK-i-W.lt) I.Eiti]=AdÑ[i]+WIi]

I

#¥÷¥¥⇒•
stability Reiko IRKKL

coalition} for each eigenvalue for each eigenvalue
of Ac , k=1, . . . ,n of Ad , k=1, . .- R

i.e. eigenvalues must be in the shaded

regress above .


