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LECTUVLRE {3

Definiin : We say that a System is (bowsded-Inpot
W@S‘WQ) Stable # State x is bow oled )08‘0/7;

inikal codiicn and bouded distw-basce pair. Unstabie
othenuise

When is xCitt]= AxCil+eli] stable ?

[A1>4 : YNSTABLE

0y nonzero inthal codition ond zero input
enough for unboundedness :  XxT]= Ax(e]
[Xl=4: UNSTABLE
con fiad bovnded inputs Hhot leod o unbdd.
states. A=4, eCil=4 foralli :
XC1]= XToJtd
XC2]=XC1J+4= XCe]t2

XCl]= xCo)td

Exomple above is for A=( only, but Lo any A with
1|=4 (u‘nclucll‘fy cw'algxﬁ. o mit cffcle), a bouqabs//‘ﬂpdl'
of the form €ELi]=2° will drive. X vnbounded.

o |AULL 2 STABLE (fo be shuwntedoy )



Clain; If [RI< H4, for ony xEdorel g
bowcled Mmput €, fhe Solutions of

XCie{]- AXCi)+eCd
remain pounded .

Pr‘ao{z: XC4] = A xColxelal
X C2J= AXE4] tety] = A2xCc)+ 2ep)«ly]
= ~ = %gXCOJ Alelc]
XB3] = Axczl+eld : ;Lgu ]

: <elg
I L-1

xCe]= /’L‘XEDJ*-ZZ atelt-1-¢] ()
=0

Show the Summation ferm s alse bounded when
e 1§ bourded ) Hheat is, there is a nemser M such

tHat
[eC]l S M ferall .
|z atelta-d] € ZHkertri)

S S mialk



Mz 2l

()

[
>IANT TS =

| =5 atert-i¢g| € w, Heerefoe bomded.
Both tervs an the riglt hcno( side of (1) are bowdled,
+Herefoe XCU PE’Mo,MS’ becydedl. [:1

L exd o
Vector Case: 382) ”“75
xcwu A XL + 8L XeR’ ek”

Ac R
Selvtion (by recursion as in .S’ce [ar case abowe):

X Ct]= A¢R0ad+ Z AES Cl~f-te]

When does XCL remamn barnded ? No imaedrete
ondwer be/ A s matrix,

S’Plh" Mto SCala~ e9'as :



g:= VIR  whoe V=LCV---V]
.- (e93)
X=vy] (4
g Loril= V' XOied]
= v (ARCI+BLD) by (o)
= VUXRLI+ VIED]
= VAVYDI+ VSl bya)

Yelr#1]=Ae Yeli)+ ( V“éDI])g
3 scalar~ egln

[Ac) <1 = Ye bounded
when C ip
basdedd

k:‘—l,.--ﬂ

Thefoe i 12d<d forall k, Hon  I5 bovnded,
Sa X=Vif alse bearded.-

What i A is not diagenalizable ?



We con still bang i 4o ar vpper—tionguier
Porm (will See how next ueele) -

(L4 - --4] -

> % Lydr vUel.
! p
L0 - - - ol

YCied] =

[ yn Ciel]= 2n yn[ZJ+ (V"éfﬂ)ﬂ,
[Anl <4 = Yn banvdked (by scabr result abor)
 Yo-iLittdz 2t Yas L)+ Yo Lif+ (VELD)a

e~ \.’7___/
bouwded also bowked

by b
bulet above

lln~|l<.l. = Yr & baumded
o Yn-2 Lit(]= An-2ynoLi)+ H Y LQ)t K Yali +(V"é'£iJ){

I/Zn—z/<-4 > l_»/n-z bqrneled



Conclusin:  Discrete-time 3ySiem (2) & Stable
ik each elgeavale A, ka1.. -n, of A s9tisfes

[Aul<4,

i.e., all eigervalves stviclly iaside the unlt cirele
rn He. prl&’(plme .

Stability of corttavouvs~Hme Susters
Same Stablity defmition that's at fo vey +ep

(agnastic to corhncous— o~ ohm{e-ﬂvne), bt
different condrtins for stabilihy,

e dm‘urbqncz
Scalar case first: %X&) = AXEIt W[f)

t
xtt)= e*tx(o)+ L “ imdr



@e,?.)t‘: eJCZMZ}b
o (P (P [

8
. 4 €
Recall % = Cop6+ 48inB %L%
’. ’ ‘

: E e
8= [ o+ (5:n0)2 cosB

=1 for ay G.
Therefore |e? =4 (view Imd)t as & abowe).
= ] < [d7eM] | ImTE| | o@D
e

=4
Bounded # Re X <0 ; wnbowroled iff 2e2>0.

. | e® fo-
x x X X /\{q/u?%af
| in1he
f | complex
X X X X pque(ooly
~ ] real pert
| of e ghourr
X x— T % Hjae wlrmGWPb()

beunded when 1 bonded
Re AL <O when e A >C

Note +he oscillations when & iS complex. Thiss
beaue et @eAtgilmt éﬁ’*@m(fmz)t)qs»%amzh)



Back to Stability of

-~

eavele:  oscillatow wie,
InA#0.

when 222<0, Onlythe reg|

Coplertwhen  pert,

Re 2-0, growhy  casllimt)

wieny ReA>C  Showr? n the
pPlofr above

g; XUE) = A X(L) +WE)

o RQ/Z>O UNSTABLE

Nonze~o Xlo) ond wiE)=0 crough
for mbounded state:

x(e)= xto)c*t
o P A=0: UNSTABLE

t

xt€)= e?x) + [, yumidr

o Re KO : STABLE

pz-wF Smiler +o discrede Fwe with

L
xtt)- e Xo)+ [ S ) dr

JRI< {



vector Case: Similar au-gc/mc-’/rf.r‘)Lo discete-

Hme (with diagenalizaticn or ypper +trionguleratios)
lead fo the Conclusion +hat
dRE)=AR )0/
is Stable if Pe Ag<O [or cach elgenvale
Aol Ac, b=t n.

SUMMory /
Conrfirvous—time. discrete —Hme.
o%?[t): ARy eile)  XOl=AdXCge Wty
A In /r In
E
— Po — ; — Po.
E
Stabiltty Re A<O [2el< 4
ceroltion ‘ﬂu‘ eachel gen vglwe -gy- eacl, e gaf;\}qlge
of Ac) ked, .., n of Adl, k=4,..



