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LECTURE 12 : - System identification
- Stability

Last lecture :

Ud[i]
→ DlcÉ% d-dtxdt-Acxc-L-Bcu.ca#-%c1D-d5i]

won %iX
-

id [i+I]= Ad XD Ii] + Bd UdIi]
Is : vector of state variables (Vc,2L in RLC circuits
position, velocity in mechanical systems; concentrations
of reactants in a chemical reaction system; flaws and

pressures in an engine model; etc . )
Ñ : control input (voltageand current sources in a circuit;
forces and torques applied to a mechanical system; etc.)

Today : discrete-time only - drop subscript "d" :
☒Ei-11] = AEÉI] + BUTi]

System Identification :(using Least squares) DI +E =3

11£11 is minimized by D= (DTD)"A-§ if DTD invertible

scalar case : ¢
error, disturbance

✗tie1) = R ✗Ei] + buti] + eti]

✗El] = EXEC] + buteo] + etc]

§ XEZ] = AXED + but tell]
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if DTD invertible, LS solution : p^= (DTD)
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Vector case : IL-i-IJ-AXL-i-BIL-i-e.li] I.c- Rn
Ñ C- IRM
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ÑLT]=AÑtdtBuEo]te?[c) A- C-Rn"

I B.C-Rn×m
*El] = AItl-D-B.cl?tl-i-EEl-D

transpose
Tito]TAT+Ñ[oJB>+ Eto]>= IED

"
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☒[e-ÑAT+Ñte-ÑBT+e[e-if= Ite]T

÷÷H¥¥:☒MY iris' [ABI, ] +(EEN÷::÷÷:$:

eine Éi
in
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ftp.t/--Epi---pnJEi--eiILii...xi]
d t -

columns d- LABEL
☐ Epi . - pi] + LE - - -Er] =☒ → • • ]

where E-⇐÷,] . - a- =p;÷d( ñ=¥¥:] - - * =L
""' ]Intl]

V[D→p, - . . - -Dpi] + lie, - - G) = Et, - - in]

DÑ; + Ei = Ii E- 1, . . . n

If DTD is invertible
,
LS Solin is

p ,̂ = (DTD)
- 'DTI

p^n (DTD)
-' Dtxn

T

(§,]=[p^ , - - pi] = (DTD )
- '
DT [Ñ -

- - in]
in

→×[if
= Ée by defh ofXI . - In at the

Summary : top of thepage

III.f-Corsi'ñ[¥¥¥]
Choose time window to . - :b] , apply input sequence



Tito - - - ÑEli, observe resulting states Ito],Iii] - - Ite] .

Form D= It Tiko]
'

[ ; ; ] and use formula above forATB
.

Stability

Go back to scalar model , remove control input u :

✗[it 1)= RXEI] +eti]

Does the sequence ✗to],✗ED, .- . remain banded ?

Take 2=2 and ignore disturbance e :

✗titi = 2 ✗til

✗[11--2×0], ✗[23--2×1-1]=4×1-0], ✗[31--2×52]=8✗to]

✗El]=2l✗ to]

blows
up unless ✗to]=o . Even with ✗to]= 10-9

1=40 : ✗E4 = 240 . 10-9 = 1000

¥

Take 2=1-2 :
✗[e)= Ie ✗Ed

banded and ✗El]→0 as I→as

For general I, solution of

✗[itD= AXED



is ✗[e)= t✗to] . Banded if EVE1.
1=1 2=-2 o⇒

t.ie He t.it
*t¥ ke "

-41¥.iii. i.
What about complex R ? When does it remain
banded ?

A-InteriorIn

•
"

ieiaq,

•

.io#perd--1r1dei0-ein eio
7

⇒ 114=1He
Therefore , 171<-1 required for boundedness of it .

Ah
, 1=0,1,2,3, - - -
for various choices
ofr in the complex
plane, eachmarked
with a cross . Only
the real part of
the is shown when
I is complex .



IN<1 : it bounded and →o as l→as

121>1 : At unbounded as loos

IN=L : really safe ?

Not safe when we factor in disturbance .

✗[itD= R✗Ii]+ eE%
Take 2=1 : ✗[itD= ✗Ei]teti]

✗El] = ✗Edtet

✗Ed =xt#eD
= ✗to+ etc]teed

✗E3]= ✗[2) t EEZ]
= ✗to] + eto]tell]+etz]

:
✗lie] = ✗to] -1 etc]tell] + . - +else-☐

Even a small, constant will make ✗to grow unbounded

×aq-i€
Definition : We say that a system is(banded-input,
bestale) stable if state ✗ is banded for any
initial condition and any banded disturbance . Unstable
otherwise : i.e. unstable if ✗ grows inbanded for
Sade mitral cordArn andSerge banded input.



1

When is the system

✗Ei -11]=RXEi]te☐]
stable according to define above?

lit >1 : unstable (zero input and nonzero
initial already leadto
unbounded✗ : Elite]→os)

IN-1 : unstable (see example above with 2=1 )

1/21<1 : stable (will shownext time)


