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EECS 16B Designing Information Systems and Devices II UC Berkeley Spring 2022

Homework 7
|

This homework is due on Friday, March 11, 2022, at 11:59PM. Self-grades
and HW re-submissions are due on the following Friday, March 18, 2022,
at 11:59PM.

1. Reading Lecture Notes

Staying up to date with lectures is an important part of the learning process in this course. Here are
links to the notes that you need to read for this week: Note 11, and Note 12.

(@)

(b)

(0)

How would you use feedback control to choose the closed-loop eigenvalues of a closed-loop
discrete-time system?

Solution: We let ii[i] = FX[i] so X[i + 1] = AX[i] + Bii[i| = AX[i] + BFX[i] = (A + BF)X][i]. Then,
we calculate the determinant of AT — (A + BF) to get the characteristic polynomial as a symbolic
function of the entries of F. Meanwhile, we calculate the target characteristic polynomial by
taking our desired eigenvalues and computing [];(A — A;) as a polynomial. By matching the
coefficients of /\k, we get a system of equations where the unknowns are the entries of F. Solving
that system of equations gives us the entries of the F matrix that makes our closed-loop dynamics
A = A+ BF have the desired eigenvalues {A;}.

The same thing can be done with continuous-time systems as well. Now, ii(t) = FX(t) so that
4% = AX + Bil = AX + BFX = (A + BF)X.

In both cases, the closed-loop dynamics becomes A, = A + BF and its eigenvalues can be
changed by setting F.

What is the matrix test for controllability of a general linear discrete-time system X[i + 1] =
AR[i] + buli] with a scalar input ul[i]?

Solution: We construct the controllability matrix C = [E Ab A% ... A”*E]. If rank(C) =
n, meaning it is full rank, then the system is controllable.

Just as a reminder, this means that given any initial state, we can construct a sequence of inputs
that lead us to any goal state in 1 timesteps. Why? Because

uln —1]
1 uln — 2]
X[n] = A"%[0) + Y A" 17 Fbulk] = A"X[0] + C :
=0 ull]
1[0]

If rank(C) = n, this matrix is invertible and the previous equation can always be solved for the
vector of u[i] given an initial condition and a desired state ¥[n].

If b above were an eigenvector of A, why would this imply that the system is not controllable
if the dimension of ¥ is larger than 1?

Solution: Because the matrix
cz[ﬁ Ab A% ... A*HE] (1)
:[E D A% AHB} 2)

since Ab = Abif b is an eigenvector of A. Since all the columns of C are multiples of each other,
the rank is just 1 which is less than n > 1. So the system is not controllable. We can only control

the system in the direction of b.


https://www.eecs16b.org/notes/sp22/note11.pdf
https://www.eecs16b.org/notes/sp22/note12.pdf
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2. Stability Criterion

Consider the complex plane below, which is broken into non-overlapping regions A through H. The
circle drawn on the figure is the unit circle [A| = 1.

Im{A}

AN

A

» Re{A}

R

Figure 1: Complex plane divided into regions.

Consider the continuous-time system %x(t) = Ax(t) + v(t)
and the discrete-time system y[i + 1] = Ay[i] + w]i]. Here v(t) and w[i] are both disturbances to their
respective systems.

In which regions can the eigenvalue A be for the system to be stable? Fill out the table below to
indicate stable regions. Assume that the eigenvalue A does not fall directly on the boundary between
two regions.

A|B|C| D | E|F|G|H

Continuous Time System x(t) [ O[O [ O[O [O OO 0O
Discrete Time System y/i] OlO]]O]TO1OO01010

Solution: For the continuous time system to be stable, we need the real part of A to be less than zero.
Hence, C, D, G, H satisfy this condition.

On the other hand, for the discrete time system to be stable, we need the norm of A to be less than
one. Hence, A, B, C, D satisfy this condition.
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3. Bounded-Input Bounded-Output (BIBO) Stability

BIBO stability is a system property where bounded inputs lead to bounded outputs. It’s important
because we want to certify that, provided our system inputs are bounded, the outputs will not “blow
up”. In this problem, we gain a better understanding of BIBO stability by considering some simple
continuous and discrete systems, and showing whether they are BIBO stable or not.

Recall that for the following simple scalar differential equation, we have the corresponding solution:

t

%x(t) =ax(t) +bu(t)  x(t) =e™x(0) + / = Dpu(t)dr. €)
0

And for the following discrete system, we have the corresponding solution:

' i-1

x[i+1) =ax[i] +buli]  x[i] = a'x[0] + Y a*buli — 1 —k] (4)
k=0

(a) Consider the circuit below with R = 1Q), C = 0.5F. Let x(t) be the voltage over the capacitor.

R

u(t) C—— x(v)

O

This circuit can be modeled by the differential equation

Sx(t) = —2x(0) + 2ut) ©)
Intuitively, we know that the voltage on the capacitor can never exceed the (bounded) voltage
from the voltage source, so this system is BIBO stable. Show that this system is BIBO stable,
meaning that x(¢) remains bounded for all time if the input u(t) is bounded. Equivalently,
show that if we assume |u(t)| < €, ¥t > 0 and |x(0)| < ¢, then |x(t)| < M, Vt > 0 for some
positive constant M. Thinking about this helps you understand what bounded-input-bounded-
output stability means in a physical circuit.

(HINT: eq. (3) may be useful. You may want to write the expression for x(t) in terms of u(t) and x(0) and
then take the norms of both sides to show a bound on |x(t)|. Remember that norm in 1D is absolute value.
Some helpful formulas are |ab| = |a||b|, the triangle inequality |a + b| < |a| + |b|, and the integral

version of the triangle inequality T) dr‘ </ Hb |f(T)| dt, which just extends the standard triangle

inequality to an infinite sum of terms.)
Solution:
Using eq. (3), we get the solution to the scalar differential equation as

x(t) = e 2x —i—/ 20=T)2y (1) dr. (6)

Then we can try to bound x(t) for t > 0. We first use the triangle inequality (|a + b| < |a| + |b|)
to get

|x(t)] = [e #x(0) + ./Ote_z(t_T)Zu(T) dt (7)

|x(t)| < ‘ethx(O)’ + Ote*Z(FT)Zu(T) dt ®)

© UCB EECS ]. 6B, Spring 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 3
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(b)

(©)

We then use the property that the integral of absolute value will always be greater than the
absolute value of the integral (equation (8) to (9)), and that an exponential is always positive
(equation (9) to (10)):

x(1)] < |e ' / [e2002u(7) | dr ©)
Zf\x |+/ - T2)u(7)| dr (10)

Finally, plugging in our bounds for |u(7)| and |x(0)| and doing the integral:

x(t)] < e~ %e + / 2t-1)2e dr (11)

=e e 2ee™? / e?Tdr (12)
0
1

-2t ol o
— e 2 4 2¢e 2<e 1) (13)
—e et e(l - e—2f) (14)
—e, VE>0 (15)

So we see that our state’s magnitude is bounded for all time. Note that the negative exponent of
the exponential is what makes this system stay bounded.

Assume x(0) = 0. Show that the system eq. (3) is BIBO unstable when a = j27t by constructing
a bounded input that leads to an unbounded x(¢).

It can be shown that the system eq. (3) is unstable for any purely imaginary a by a similar con-
struction of a bounded input.

Solution: Recall the solution of x(f) with the initial condition at zero

x(t) = /Ot " pu(r)dr. (16)

Remember, the style of argumentation here is the “counterexample” style. The question asks you
to show that some bounded input exists that will make the state grow without bound.

Because we know we can get an integral to diverge if we are just integrating a nonzero constant,
we decide to try the bounded input u(t) = eel*™, whose magnitude is equal to € for all .

Plugging this input and a value in, we see
x(t) = /; 2T peel?T dr = ./(: e?pedr. (17)
Factoring out the terms that do not depend on T, we are left with
x(t) = beel?™ /0 dr. (18)
Solving this integral, we get

x(t) = betel?™, (19)

Now taking the magnitude of x(t) using the fact that |e/!| = 1 for all w, we get |x(t)| = e|b|t
which clearly diverges as t — co.
Consider the discrete-time system and its solution in eq. (4). Show that if || > 1, then even

if x[0] = 0, a bounded input can result in an unbounded output, i.e. the system is BIBO
unstable. (HINT: The formula for the sum of a geometric sequence may be helpful.)

© UCB EECS ]. 6B, Spl'il’lg 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 4
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Solution: Consider when x[0] = 0 and u[i] = 1 Vi. This gives

‘ i1
x[i] = a'x[0] + Y_ aFbuli — 1 — k] (20)
k=0
i—1
=Y (21)
k=0
i_
—p? (as this is the sum of a geometric series) (22)

When |a| > 1, then 4’ has magnitude that grows without bound, and thus |x[i]| does as well. We
also know this from the convergence criteria for geometric series; when the common ratioa > 1,
the series does not converge to a finite number as i — co.

(d) Consider the discrete-time system
x[i + 1] = —3x[i] + u[i]. (23)

Is this system stable or unstable? Give an initial condition x(0) and a sequence of non-zero
inputs for which the state x[i] will always stay bounded. (HINT: See if you can find any input
pattern that results in an oscillatory behavior.))

Solution:

The system is unstable since the eigenvalue —3 has magnitude > 1. To see this more explicitly,
any non-zero x[0] and (bounded) u[i] = 0 Vi € IN will lead to unbounded x.

Consider x[0] = 0 and the input u[i] = 1,3,1,3,1,3,....

t 0(112|3
x|i 0j1]0]1
uli 1(3(1|3
—3x[i]+ulif [1]0[1]|0
In this case, we get x[i] = 0 when ¢ is even, and x[i] = 1 when i is odd. In fact, there are an

infinite number of input sequences that would result in bounded outputs.
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4. Eigenvalue Placement through State Feedback

Consider the following discrete-time linear system:
"y -2 2| . 1] .
X[i+1] = [_2 3} X[i] + [1} ulil. (24)

-2 2
-2 3

—

In standard language, we have A = [ } b= [ﬂ in the form: X[i + 1] = AX[i] + buli].
(a) Is this system controllable?
Solution: We calculate the controllability matrix

=[5 =]y §) 25)

Observe that the C matrix has linearly independent columns and hence our system is control-

lable.

(b) Is this discrete-time linear system stable in open loop (without feedback control)?
Solution: We have to calculate the eigenvalues of matrix A. Thus,

0 = det(AI — A) (26)

- A+2 =2
—ae[t2 7 @)
=A2—-A-2 (28)
— A =2, Ay =—1 (29)

Since at least one eigenvalue has a magnitude that is greater than or equal to 1, the discrete-time
system is unstable. In this case, both of the eigenvalues are unstable.

(c) Suppose we use state feedback of the form u[i] = [f1  fo] X[i] = Fx[i].
Find the appropriate state feedback constants, f1, /> so that the state space representation of
the resulting closed-loop system has eigenvalues at A; = — %, Ay = %

Solution: The closed loop system using state feedback has the form

SR e EORR R 30
SR RN AR 61
([ 3+ R A 2
Thus, the closed loop system has the form
Hiv1)= |5 ST @)

Acl

Finding the characteristic polynomial of the above system, we have

2+ fi 24+ £]) _
det(/\l {—2+f1 3+f§]> =A+2-fi)(A=3-fo) = (-2-f)2-f1) (3
= A2~ A — A=A+ fifa —6—2f, +3f (35)
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— (—4+ fifa +2fi—2f2) (36)
=N —(+fA+f)A+fi-2 (37)

However, we want to place the eigenvalues at A; = —%,1, = 1. That means we want

2 1 1
AM-—(A+A+LIA+A-2= )\+§ )\—E (38)
or equivalently:
1

M=+t fA+i-2=1—7 (39)

Equating the coefficients of the different powers of A on both sides of the equation, we get,

1+fA+ =0 (40)
1
—2=_"= 41
f 1 (41)
Solving the above system of equations gives us f; = 4, fo = — %.

(d) We are now ready to go through some numerical examples to see how state feedback works.

Consider the first discrete-time linear system. Enter the matrix A and vector b from (a) for the
system X[i 4+ 1] = AX[i] 4 buli] + @|i] into the Jupyter notebook “eigenvalue_placement .ipynb”
and use the randomly generated @[i] as the disturbance introduced into the state equation. Ob-
serve how the norm of X[i] evolves over time for the given A. What do you see happening to
the norm of the state?
Solution: See Jupyter notebook “eigenvalue_placement_sol.ipynb” for solution. The norm
of ¥(t) increases with time for the given A. This is because the matrix A has eigenvalues with
magnitude greater than one as we discussed in (b) and thus the state keeps growing at each time
step.

(e) Add the feedback computed in part (c) to the system in the notebook and explain how the norm
of the state changes.

Solution: The eigenvalues of the closed loop system are at % and —%. Thus, the norm of the state
variable is now bounded with time. Check the solution in the Jupyter notebook.

(f) Now suppose we’'ve got a different system described by the controlled scalar difference equation

z[i +1] = z[i] +2z[i — 1] + u[i]. To convert this second-order discrete time system to a two-
dimensional first-order discrete time system, we will let jj[i] = [Z[;[_l] 1]} .

Write down the system representation for i/ in the following matrix form:
jli +1] = Aygli] + byuli]- (42)

Specify the values of the matrix A, and the vector b}

Solution: From the problem, we have z[i + 1] = 2z[i — 1] 4 z[i] + u[i], which will become the
second row of our system. We can then write the equation in matrix form as

sl BR G e
where A, = B ﬂ, b; = {ﬂ

(g) It turns out that the original X[i] system can be converted to the i/[i] system using a change of basis
P. Let this coordinate change be written as i/[i] = PX[i]. First express A, and b, symbolically

© UCB EECS ]. 6B, Spril’lg 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 7
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in terms of A, E, and P. Then, confirm numerically that P = {_01 ﬂ is the correct change of

basis matrix between the two systems.

Solution: As we know from before, X[i + 1] = AZX[i] 4 bu]i]. Then,
yli+ 1] = Px[i +1] (44)
= P(AX]i] 4 buli]) (45)
= PAX[i] + Pbuli] (46)
= PAP~'§[i] + Pbuli] (47)
Thus,
A, = PAP™! (48)
by = Pb. (49)
We confirm that,
- 1T -1
4 [-1 1] -2 2][-1 1
par =[5 [5 3)0] e
(-1 1] [-2 2][-1 1
L0 1) -2 3} { 0 1} (1)
(-1 1][2 0 01
L0 1) )2 1} - {2 l} = Ay (52)
(Note: the above is not a typo. The inverse of this particular P matrix is really itself.)
We also confirm that
- -1 1|1 0 ~
Lo il = B = 9

For the i/ system from part (f), design a feedback gain matrix [f; f,| to place the closed-loop
eigenvaluesat Ay = — %, Ay = 1. Additionally, confirm that this matrix is just a change of basis
of the gain matrix from part (o), i.e. [fi fo] = [f; f,] P-

Note that this means you can solve for the closed-loop gains of your system in any basis, and
then transform it to the basis you care about.

Solution: Solving for the new feedback matrix: The closed loop system using state feedback has
the form

i1 = |3 3] ot |t G4
=15 1|+ 3] (@ Rl 5)
= ([g ﬂ + {ﬂ [f 2]) yli] (56)
- 24?71 1+1*2 il &7
Ad
Thus, finding the eigenvalues of the above system we have
det(AI — [2 +071 . Jrlfj )=0= A2~ (1+f)A— (24 f,) =0 (58)

© UCB EECS ]. 6B, Spl'il’lg 2022. All Rights Reserved. This may not be publicly shared without explicit permission. 8



EECS 16B Homework 7 2022-03-12 16:59:43-08:00

However, we want to place the eigenvalue at A} = — %, Ay = % Thus, this means that

M= (+f)A-F-2= )“F;) (A_D

1
S
4
Equating the co-efficients of A on both sides, we get
14+f,=0
— 1
— —2 = ——
2 |
The above system of equations gives us f; = %7,72 =—1.

Matrix multiplication by the basis P confirms that

G Blp=1-% <[ 1| =G -9=0 £

© UCB EECS ]. 6B, Spl‘il’lg 2022. All Rights Reserved. This may not be publicly shared without explicit permission.
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5. Open-Loop and Closed-Loop Control

In last week’s lab-related System ID problem, we built SIXT33N’s motor control circuitry and devel-
oped a linear model for the velocity of each wheel. We are one step away from our goal: to have
SIXT33N drive in a straight line! We will see how to use the model we developed in the System ID
problem to control SIXT33N’s trajectory to be a straight line.

More specifically, in this problem, we will explore how to use open-loop and closed-loop control to
drive the trajectory of your car in a straight line.
Part 1: Open-Loop Control

An open-loop controller is one in which the input is predetermined using your system model and
the goal, and not adjusted at all during operation. To design an open-loop controller for your car,
you would set the PWM duty-cycle value of the left and right wheels (inputs uy [i] and ug[i]) such
that the predicted velocity of both wheels is your target wheel velocity (v;). You can calculate these
inputs from the target velocity v; and the 6;,6g, B1, Br values you learned from data. In the System
ID problem and lab, we have modeled the velocity of the left and right wheels as

ouli] = dyfi+1) — dy i) = 6y [ - B (64)
UR[i] = dR[l'+ 1] — dR[Z] = QRMR[i] — ,BR (65)

where d| r[i] represent the distance traveled by each wheel.

(a) Find the open-loop control that would give us vy [i] = vgr[i]] = v;. That is, solve the model
(Equations (64) and (65)) for the inputs 1 [i] and ug[i] that make the velocities vy [i] = vgr[i] =
Ot.

Solution: Starting from Equations (64) and (65) and substituting in the target velocity v;, we get
the following equations.

Ut = GLML[i] — ,BL (66)

Ut = GRMR[i] — ,BR (67)

v+ Br = Opuy[i] (68)

vt + Br = OruRli] (69)

WPy 70)
0L

UEPR i 7
Or

In practice, the 61, 0g, B1, Br parameters are learned from noisy data, and so can be wrong. This means
that we will calculate the velocities for the two wheels incorrectly. When the velocities of the two
wheels disagree, the car will go in a circle instead of a straight line. Thus, to make the car go in a
straight line, we need the distances traveled by both wheels to be the same at each timestep.

This prompts us to simplify our model. Instead of having two state variables 7} and Ug, we can just
have a state variable determining how far we are from the desired behavior of going in a line — a state
which we will want to drive to 0.

This prompts us to define our state variable 4 to be the difference in the distance traveled by the left
wheel and the right wheel at a given timestep:

i) := dy [i] — dli] (72)
We want to find a scalar discrete-time model for 4]i] of the form
6li +1) = Aord[i] + f(ur[i], urli])- (73)

Here Agy is a scalar and f(ur[i], ug[i]) is the control input to the system (as a function of u; [i] and
ugli]).
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(b) Suppose we apply the open-loop control inputs uy [i], ur[i] to the original system. Using Equa-
tions (64) and (65), write 5[i + 1] in terms of 4[i], in the form of Equation (73). What is the
eigenvalue Agp, of the model in Equation (73)? Would the model in Equation (73) be stable
with open-loop control if it also had a disturbance term?

(HINT: For open-loop control, we set the velocities to vy [i] = vgr[i] = v;. What happens when we
substitute that into Equations (64) and (65) and then apply the definition of 6[i] and 6[i + 1]?)

Solution: Proceeding by the hint,

S[i+1])=dr[i+1] —dgli+1] (74)
= (oL[i] +dL[i]) — (or[i] + drli]) (75)
= vy +dr[i] — (v + drli]) (76)
= d,[i] — drli] (77)
= 4[i] (78)

From the derivation above, Aop, = 1 and f(ur[i], ur[i]) = 0. To check stability, we already know
our eigenvalue does not meet the stability criteria: [Aor| = 1, so we have an unstable system if
we add disturbances (whereas if we don’t then the system is marginally stable).

Part 2: Closed-Loop Control

Now, in order to make the car drive straight, we must implement closed-loop control — that is, control

inputs that depend on the current state and are calculated dynamically — and use feedback in real time.

(c) If we want the car to drive straight starting from some timestep iyt > 0, i.e., v [i] = vR[i] for
i > istart, what condition does this impose on §[i] for i > igar?

Solution: Let i > igart. Then

0= ZJL[i] — UR [l] (79)
=dpli+1] —dp[i] — (dr[i + 1] — dr[i]) (80)
= (dr[i + 1] —dr[i +1]) — (dL[i] - dr[i]) (81)
= 8[i+1] — 4li]. (82)
Thus

ofi +1] = 4[il, i > istart (83)

which implies that
5[1} = ‘S[istart]/ i > istart- (84)

In other words, we have that for every timestep beyond istart, the difference in distances the
wheels have traveled does not change.

(d) How is the condition you found in the previous part different from the condition:
5[i] = 0/ i > istart? (85)

Assume that isgart > 0, and that d;[0] = 0,dg[0] = 0.

This is a subtlety that is worth noting and often requires one to adjust things in real systems.
Solution: At time i = 0, the car has not moved yet, so 6[0] = d.[0] — dg[0] = 0. If at some later
time istart we have d[isart] = 0 and J[i] = 0 for later times as well, we remain moving in the same
direction we started with. When 6[i] # 0, this means the wheels have moved different distances,
and therefore has moved along a curved path and changed the direction the car is pointing.
While not required, Fig. 2 illustrates the two different cases where 6[i] = 0 for all times i > 0
(left) and when J # 0 initially but we have d[istart] = 0 for some i = iggart and 6[i] = 0 for i > iggart
(right).
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(e)

(f)

OR [l] Vi > 0 oL [1} = UR [1] Vi = istart

> I = igtart

I”
5=0 Vi d#0

Figure 2

From here, assume that we have reset the distance travelled counters at the beginning of this
maneuver so that 6[0] = 0. We will now implement a feedback controller by selecting two
dimensionless positive coefficients, f; and fr, such that the closed loop system is stable with
eigenvalue Acp. To implement closed-loop feedback control, we want to adjust vy [i] and vg|[i] at
each timestep by an amount that’s proportional to 6[i]. Not only do we want our wheel velocities
to be some target velocity v;, we also wish to drive d[i] towards zero. This is in order to have the
car drive straight along the initial direction it was pointed in when it started moving. If 4[i] is
positive, the left wheel has traveled more distance than the right wheel, so relatively speaking,
we can slow down the left wheel and speed up the right wheel to cancel this difference (i.e., drive
it to zero) in the next few timesteps. The action of such a control is captured by the following
velocities.

UL[i] = Ut — fL(S[i]; (86)
oRrli] = vt + fRO]i]. (87)

Give expressions for u [i] and ug[i] as a function of vy, 6[i], f,fr, and our system parameters
81.0r, Br, Br, to achieve the velocities above.

Solution: As in the open loop case, we substitute the velocity expressions above into the equa-
tions that relate v[i] and u[i].

For the left wheel we have:

o — fLoli] = Opurfi] — Br (88)
(T fLé[i] + BL = QLML[i] (89)
O JLoll T AL ngL[l] AL _ u[i] (90)
For the right wheel we have:
(7 +fR5[i] = GRMR[i] — ABR (91)
(o —|—fR(5[i] +Br = Orug|i] (92)
d|i .
PSR P gl 93)

Using the control inputs u [i] and ug[i] found in part (e), write the closed-loop system equation
for 6[i + 1] as a function of ¢[i]. What is the closed-loop eigenvalue Acy for this system in
terms of Agy, f1, and fRr?

Solution: We can take the system equation explicitly in terms of u [i] and ug[i] from the solution
of part (c) in ??, and substitute into this equation our control expressions from the previous part.

Oli +1] = 0[i] + Opur[i] — Orurl[i] — Br + Br (94)
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= 4i] +9L<Uf_ng[i] +ﬁL> —9R<vt+fR§1£i] +ﬁR> ~ B+ Br (95)

L
= 0li] + o — fro[i] — (vr + frO]i]) (96)
= 6[i] — f6[i] — frol[i] ©7)
= (11— fL— fr)[i] (98)

We see that our A¢cp, will end up being 1 — f; — fr, which is equal to Aor, — f1 — fr.
(g) What is the condition on f; and fr for the closed-loop system to be stable in the previous

part?
Solution:
|)\CL| <1 (99)
:>|1*fL*fR‘<1 (100)
:>—1<1—fL—fR<1 (101)
= 0< fr+fr<2 (102)

Stability in this case means that J is bounded and will not go arbitrarily high. In fact, if our calculated
B and 6 are perfectly accurate, then 6[i] — 0, so the car will (eventually) drive straight!

One question remains — what if our calculated B and 6 are not perfectly accurate? The answer turns
out to be that there is some small steady-state discrepancy that your ¢ will converge to. You will see
how to quantify this in next week’s homework.
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6. Miscellaneous Practice Problems for Midterm

(@) You are given the graph in Figure 3. Express the coordinates of vectors ¥ and @ in both Carte-
sian (x,y) and Polar (rel’) forms.

You may use the atan2() or tan~! function for angle () as necessary.

34 :
B y - Imaginary
(4
2 1
1 1
| x - Real
-5 -4 -3 -2 -1 1 2
w
1Y
-2 1

Figure 3: Vectors in the x — y plane

i. Label ¢ with its corresponding Cartesian (x,y) and Polar (reje) coordinates, in the given
form.
Solution: Vector 7 Cartesian = (—4,2)

atan2 (b, a) measures the angle (phase) of complex number a + bj, which equals to:

tan~1(2) ifa >0,
tan_l(g)—i—n ifa<O0andb >0,
atan2 (b, ) — tan~1(2) -7 ifa<Oandb <0, (103)
+7 ifa=0andb >0,
-7 ifa=0and b <0,
undefined ifa=0and b = 0.

Therefore, Vector 7 Polar = 1/20el atan2(2,—4) = 2\/§e]'<t‘3‘“7l (=2)+m)
ii. Label @ with its corresponding Cartesian (x,y) and Polar (reje) coordinates, in the given

form.
Solution: Vector @ Cartesian = (0, —1)

Vector @ Polar =le 17

(b) You are given an input voltage signal below:

Uin(t) = —1.5 sin(wt - g) (104)
Convert the signal of eq. (104) to its phasor representation. That is, find Vin.
Solution: N .
Vin = —0.75e7 )6 (105)
We can use Euler’s formulae here, which states that:
1 jx —jx
cos(x) = 5 (e] +e7) ), (106)
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()

1 /. .
i = — (¥ —e
sin(x) 2] (e e ) . (107)
There are many ways to proceed. All of them should count for credit and will give you the same
answer.

One way is to remember that a sine is just a phase-shifted cosine. This would let us applying the
second of these formulae as follows:

Uin(t) = —1.5 sin(wt - g) (108)
7T 7T

- —1.5cos(wt -3- E) (109)

= —1.5cos (wt - 5;) (110)

_ _1s5. % (ei(wf—%”) +e—i(wf—%”)) (111)

— 075 (ei“’fe*i%" + e*i“’fei%”) (112)

- (—0.75e*1%”) et 4 (—0.75ei%”) e it (113)

When we have a term of the form u(t) = Uel“! + ﬁe‘j“’t, we denote U as the phasor for the
time-domain signal. So, by pattern matching:

Vi = —0.75e ¢ (114)

We also could have proceeded using the second formula eq. (107) as follows:
Uin(t) = —1.5 sin(wt - g) (115)
- 15. 21] (ei(wf*%) _e*j(wt*%)) (116)
= 0.75j (ej“’te_j% - e_jwtej%) (117)
— 0.75¢l% (eiwfe—i% - e—iwfei%) (118)
—0.75 (ejwtej(%@ _ eﬂwt@(%%)) (119)
—0.75 (ejwteﬂ%f%) + efjnefjwteﬂ%%)) (120)
— 075 (eiwfei% + e—i“’fe—i%) (121)

which gives us

Vin = 0.75¢/6 . (122)

This is the same answer and is in a sense, more standard in its form because all of the phase is
showing up where you expect to see it, instead of 7t hiding in the minus sign up front.

You decided to analyze the transfer function of a band-pass filter, and have generated the fol-
lowing Bode plots for H (jw). If your input voltage signal is

Vin(t) = 4sin (wst + 2;) (123)

where ws = 1 x 10* %, what is the approximate value of voy(t) based on the Bode plots?
Since the original transfer function is not provided, you cannot numerically compute the exact values of
magnitude and phase. Just read the approximate values from the Bode plot.
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|H(jw)|

101

5

100

101

[H{(jw)]

1072

103

1074 R 1 O A A1 R W Wi
10210t 10° 10! 102 10° 10* 10° 10°
w

£H(jw) (radians)

W
s oo S

£H(jw)
|

q NE AR o

W

.

|
3

1072101 109 10' 102 103 10* 10° 10°

w

Solution: We first need to represent our input signal in phasor form. Recognize that we must
first rewrite the sinusoidal transient function in cosine form:

2 2
in () = 4sin<104t + :) — 4cos (104t n ?” - 7;) - 4cos(1o4t v g) (124)

We can then write the input phasor as:
Vin = 26J5 . (125)

Alternatively, we can convert our original sine function to a phasor using Euler’s formula:

Vin(t) = 4sin <1O4t + 2;) (126)
_4. 21] (@(104f+%) _ e*i(104f+%”)) (127)
= 2(—j) (ejlo%ej%" _ e*jlo“fe*]’%") (128)
:zgﬁ(ng%gfﬂm%ﬂ%) (129)
— 2773 (eﬂo”ei%” + (—1)e_j104te_j27n) (130)
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=277 (@104tej27n + ej"efﬂoﬁe*j%ﬂ) (131)
2 (eiw“ej(%”f%) n 971'10“1*91(*2%%*%)) (132)
) (ejlo“tej(%”—%) + e—1‘104tei(—%”+%>> (133)
) (eilo“tei(%”—%) + e—ilO“te—i(%’—%)) (134)
—2 (ejlo4te1% + e*1'104fe*i%) (135)
which then yields a phasor representation:
Vi = 2el6 (136)

as before.

Next, we need to find the phasor representation of our transfer function, H(jw), at the frequency
of interest, w = 10* rad/s. The Magnitude Bode Plot reveals that at w = 10* rad/s, the value
is |[H(jw)| = 107! = 0.1. The Phase Bode Plot reveals that at w = 10* rad/s, the value is
ZH(jw) = —m radians = —180°. Therefore, we can write the transfer function as a phasor:

H(jw) = 0.1e 777 (137)

We know that in the phasor domain, the output voltage phasor is the input voltage phasor mul-
tiplied by the transfer function phasor. That is:

Vout = H(]w) : ‘7in (138)
= |H(jew)|e“H04) . |V Vin (139)
= |H{(jw)|| Vin (<) +4Vin) (140)

In other words,

|Vout| = [H(jcw) || Vin] (141)
=01-2 (142)
=02 (143)
LVout = ZH(jw) + £ Vi (144)
— 4 % (145)
57
=—— 146
: (146)
Therefore our output phasor is:
Vout = 0.2e 715, (147)
We can then convert V,; from the phasor domain to the time domain to arrive at our desired
solution:
Vout(t) = 2| Vout| cos (wst + Nout) (148)
=04 Cos<104t — 56”> (149)
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(d) Assume that the overall transfer function of a new filter, H(jw) = o, is given by

H(jw) = LI Jug (150)
T+jgs  1+j55 )7

where wy = 100w.. Qualitatively describe the magnitude of the transfer function |H (jw)|
in three regions: frequencies below w,, frequencies between w.; and w,y, and frequencies
above w. Identify the filter type by explaining what it is doing qualitatively (for example, a
low-pass filter passes low frequencies but does not pass high frequencies).

Solution: We can qualitatively analyze the behavior of the transfer function by evaluating the
transfer function at w — 0, w = 10 w1, and w — oo.

Note that the first term of H(jw) is a low pass filter, and we can denote it as Hy pr(jw). Similarly,
the second term of H(jw) is a high pass filter and we can denote it as Hypr(jw), so

H(]w) = HLpF(jw) + Hpr(jw) (151)

When w — 0, we know that the LPF will be approximately 1 and the HPF will be approximately
0. Thus the overall sum H (jw) will be approximately 1 so the magnitude will be about 1.

When w — oo, we know the LPF will be approximately 0 and the HPF will be approximately 1,
so the overall sum and magnitude is still approximately 1.

Finally when w = 10w, = f—owcz, we are above the cutoff of the low pass and below the cutoff
of the high pass, meaning we are in the attentuation region of both filters and so both filters will
be much less than 1. Numerically,

. 1 .

Hppr(j10w,) = T4 10 = |Hrpr(jl0wq)| < 1 (152)
1 15 1

HHPF(]EWCZ) = ?]1] == \HHPF(]EWQH <1 (153)

and so the total magnitude |H(jw)| < 1 as well.

Therefore, this filter attenuates the frequencies between w.; and w., and passes frequencies out-
side of this range. This can be thought of as the opposite of a band-pass filter, and is commonly
called a band-stop filter. (You don’t need to know the name for credit, just how the filter acts on
the various frequency ranges).
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7. Generalized Impedance Converter

“Active inductors” are circuits that make a capacitor act like an inductor with the help of active de-
vices such as transistors and op amps. This can be advantageous when the circuit requires inductors
but are significantly larger and non-ideal compared to capacitors and other elements. The tradeoff
is that the active devices consume power, but this may be an acceptable design tradeoff. There are
many ways of building an an active inductor. We are going to analyze one example: the generalized
impedance converter (also known as an Antoniou Gyrator).

The schematic of a generalized impedance converter is shown below. Consider the circuit in the pha-
sor domain. All the voltages and currents in the problem are phasors and all the Z; are impedances.

W

Vs Zy

Zy

-

\2)

=1

Zy

T
l

(a) Treat all the opamps as being in negative feedback and therefore following the Golden Rules.
What are the voltages at Vi, V,, and V3 in terms of V;?

Solution: Since we are told the op amps are in negative feedback, the golden rules apply. Specif-
ically, the positive and negative input terminals form a virtual short, i.e. V4 = V_ for both op
amps. Therefore:

Vi=V,=V3=V, (154)

(b) Express I in terms of V;, V,, Z;.
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Solution:

VeV
i = —— 155
= (155)

(c) The input impedance seen by the source looking into the circuit is defined as Z;, = ‘I/—SS Note
that this is true because there are no independent sources in the rest of the circuit (op amps are
dependent sources). Find Z;, in terms of Z1, 7, 73, 74, Zs.

Solution: (Long version:)
We can first find V}, in terms of V;, Z4 and Z5 as follows:

Vw—Vs V3
) 156
2 A (156)
v, 11 1 1
A T T B 157
Z 3<Z5+Z4) S(zs+z4) (157
Z
V, =V, (1 + 4) (158)
Zs
Once we express Vj, in terms of V;, Z4 and Zs, we can express V, in terms of Zy, Z3, Z4, Zs5 as
follows:
Vi—Va V-V,
_ 159
7 7 (159)
Vu - VZ Va - Vs
LHS: = 160
7 Z (160)
V-V, Vs=V, Vs Zy
RHS: = ==|—-= 161
Z3 Z3 Z3 \ Zs (161)
B 7> 74
V, =V, (1 7 Z5) (162)
Using the answer from part (b), we get:
Vs =V Zy-Zy
I, = =Vs| =——= 1
Tz (Zl'z3‘Z5 (169
Ve Zy-Z3-Zs
7. o — S _ZL =5 % 164
= Zin I 7> 74 ( 6 )
(Short version:)
Since V; = V5, = V3 = V;, we do know that
Vb — Vs - 1 o Z4
Zy  Zs Voo 7 N ¥e= ZSVS (16
Ve=Vs VsV, 74 =2y
Z, I3 _Z3'ZSVS—>VH Vo= Z3-Zs Y (166)
Vs —Va 2o Zy
I. = = 167
s 7 Zl'ZS'ZSVS (167)
V. \%
Ziy = 25 = s (168)
I ( Zy-Zy V)
71723725 'S
_ 212375
N7 (169)
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(d) Assume the following:

Z1 =Ry (170)
1

7y = ——— 171

2= 3406, (171)

Z3 = R3 (172)

Zs =Ry (173)

Z5 = Rs (174)

Evaluate Z;,, for the above case.
Solution:

Zy-Z3-Z R1-R3-R Ry -R3-R5-C
_ 414345 135:jw(1352) (175)

Zin - -
. 1
7o 74 — R,

(e) You should have found that Z;, is inductive, i.e. Z;, = jwLe; where L, is the equivalent induc-
tance. What is L., in terms of Ry, C, R3, Ry, and Rs?
Solution: We recognize that Z;, is indeed inductive since it is a positive imaginary number like

of the form of jwLe;. We then get Loy = %55(:2
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8.

(OPTIONAL) Make Your Own Problem.

Write your own problem about content covered in the course thus far, and provide a thorough
solution to it.

NOTE: This can be a totally new problem, a modification on an existing problem, or a Jupyter part
for a problem that previously didn’t have one. Please cite all sources for anything (including course
material) that you used as inspiration.

NOTE: High-quality problems may be used as inspiration for the problems we choose to put on future
homeworks or exams.

. Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student!
We also want to understand what resources you find helpful and how much time homework is taking,
so we can change things in the future if possible.

(a) What sources (if any) did you use as you worked through the homework?

(b) If you worked with someone on this homework, who did you work with?
List names and student ID’s. (In case of homework party, you can also just describe the group.)

(c) Roughly how many total hours did you work on this homework? Write it down here where
you'll need to remember it for the self-grade form.

Contributors:

Sidney Buchbinder.
Tanmay Gautam.
Ashwin Vangipuram.
Nathan Lambert.
Anant Sahai.

Sally Hui.

Druv Pai.

Varun Mishra.
Bozhi Yin.

Kaitlyn Chan.
Yi-Hsuan Shih.
Vladimir Stojanovic.
Moses Won.

Kunmo Kim.

Wahid Rahman.
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