EECS 16B Designing Information Systems and Devices Il UC Berkeley Spring 2022
Discussion 13A

The following note is useful for this discussion: Note 2j.

1. Complex Inner Products, Projections, and Orthonormality

In this discussion, we will show that the results we have already shown for projections are also ap-
plicable to complex numbers and the complex inner product that we have defined. Recall that the
complex inner product covered in lecture is

n
(it, ) = 0" = ) ug; (1)
i=1
where if, 7 € C". Further recall that ||i|| = \/(ii, i) is always real.
(a) For complex vectors, we have the following projection formula:
e R
proj;(7) = éq ﬁiu )

Confirm that proj; («if) = wii, where a € C.

(b) Define orthogonality the same way that we did with real vectors. That is, two vectors i and ¥
are orthogonal if (if, ) = 7*il = 0.

Show the orthogonality principle of projections, in that (ii, 7 — proj;(7)) = 0. Is it also true
that (7 — proj;(7), i) = 0?


https://eecs16b.org/notes/sp22/note2j.pdf
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(c) We can try to generalize the idea of projections to least squares. Let’s say we want to project onto
the column space of a matrix A € C"™*", which has full column rank (so it must be that m > n).
The formula for this is )

PrOjce () () = A(A*A) ' A%q ©)

where ii € C™.
Confirm that, if ii = AX for some X € C", then projc4) (i) =

=1

(d) Show the orthogonality principle for the least squares projection formula.

(e) In the complex domain, we can define orthonormality similar to how we did with real vectors.
That is, a collection of vectors {iiy, ..., i, } are orthonormal if
i (i, i) = iffil; = 0 fori # jand
ii. (]| = /(i ;) =1

fori=1,...,n.

Now let the columns of A be orthonormal. Show A*A = I,x,. Then, derive a simplified
projection formula.
(HINT: Consider writing A = [Ez’l . ﬁn] where each d; € C™ are orthonormal.)
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