EECS 16B Designing Information Systems and Devices Il UC Berkeley Spring 2022

Discussion 12A

The following notes are useful for this discussion: Note 18.

1. Jacobians and Linear Approximation

Recall that for a scalar-valued function f(¥,7) : R” x RF — R with vector-valued arguments, we can
linearize the function at (¥, ¥.):

~ L a _’*/ _‘* k a _‘*/ _’*
F ) = f 0+ 3 LT gy Sl ) o
i=1 i =1 %Y

In order to simplify this equation, we can define the following two vector quantities:

Jef = [ ] e)
]?f:[% 5’7}” 3)

(a) When the function f (X,7) : R" x RF — R takes in vectors and outputs a vector (rather than a
scalar), we can view each dimension in f independently as a separate function f;, and linearize
each of them as above:

A7) fi(Z, ) + Jef1- (¥ = %) + Jifr - (F — )
A (%, 9) fo(%,§i) + Jefo (X = %) + Jgfa - (F = §)
f(%7) = : = . @)
Am(f,g) m(iﬂ]?*)"’]ffm' (3‘(’—5{*)+]ny ’ (g*g*)
We can rewrite this in a clean way with the Jacobian of a vector-valued function:
2 ) 9
Jif = ’: = .., (5)
) 9 fm 9 fm
]?fm dx; T dxy
and similarly
oh oh
. gy T dyk
if=1 ; (6)
9 fm 9fm
Iy 9k
Then, the linearization becomes
fEG) = Fe )+ Jef (% 5) - (F = %) + Jf (R ) - (7= F)- @)
ke 7/ x| o 7 . L
Let¥ = | | and f(x) = o2l Find J;zf, applying the definition above.
2 142
Solution: Here, we have
7 [2axe A
]Xf - |: X% 23(1)62 . (8)
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2} at the point [2.01} ,and compare with f( [2'01] ) .

(b) Evaluate the approximation of f using ¥, = 3 01 301

. 2
Recall the definition that f(X) = [xl xz] .

xlx%
Solution: Let 6 = 0.01. The true value is
7 2011\  [(2+6)?3+9)]  [12+166 + 762+ 6° ©)
3.011 )~ [(2+6)(3+6)?] — [18+216+852 + 63"
On the other hand, our approximation is
z( 12.01 z( 12 12 4] [6]  [12+166
f({s.m]) ”f(M) * {9 12| [5] = {18—%21(5} : (10)
Again, our approximation essentially removes the higher order terms of §. When we plug in
0 = 0.01, we have
=( 12.01 12.160701
f ({3.01]) = [18.210801} (11
and our approximation is
z(12.01 12.16
f({3.01]> N {18.21} ’ (12)
(c) Let ¥ and i be vectors with 2 rows, and let @ be another vector with 2 rows. Let f (%) = Xj ' @.
Find ],?fand ]gf.
Solution: Here, recall that
A RS W) vy xayz| (Wi | X1yiwr + X pws 13
it RIS B R A A B e B
Then,
of  9f
Jof = lgf 3#] o TSGR (14)
e g 0 y1wy +yawz
and
gﬁ 34 XWX Wy
F— |9 dp | _ 1WA
]yf - laf; 31’51 o [xzwl xzwz} ' (15)
dyr 2
We can also write
Jof =7 @1 (16)
and
Jif = %", (17)

which can be derived by noticing that ij ' @ = @ "/

(d) (PRACTICE) Continuing the above part, find the linear approximation of f near ¥ = i = [ﬂ

and with @ = [ﬂ .
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Solution: We have

fEG) = FEo i)+ Jef - (R =)+ Jyf - (T~ 7o) (18)
3 xp—1 2 1] (y1—1
3 ROERESE IR <19>
Let’s do an approximation of f ( E i g;] , E i gﬂ >, then,

2|1+ 1463 13 3 0 . & 2 1 ] 3| [3+301 4203+ 04
f({1+52}'{1+54})”[3}+{0 3] Lsz T2 1) 6] T 3430 +20 4+ @O

We can compare with the true value

2([1+61] [1+8]) _ [1+8 2
f({1+52]'{1+54}>__1+52} [1_‘_53 1+54] {1]
_1+(51

= -1 4 (52:| (3 + 203 + (54) (21)

o (34 301 + 263 + 04 + 26103 + 9104
13+ 30, + 203 + 0y + 20203 + 6204 *

and we see that our approximation removes the second order ¢ terms J163, 6194, 5263 and J204.
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2. Linearizing a Two-state System

We have a two-state nonlinear system defined by the following differential equation:
d d_ 72
) = 0 = sy )| =0 =

where X(t) = [,’[; Eiﬂ and g(-) is a nonlinear function with the following graph:

3 T
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The g(-) is the only nonlinearity in this system. We want to linearize this entire system around a
operating point/equilibrium. Any point ¥, is an operating point if f (%, (t), ux(t)) = 0.

(a) If we have fixed u,(t) = —1, what values of y and B will ensure %f(t) = F(Z(1),u(t)) =02
Solution: To find the equilibrium point, we’ll start by finding the values for which g(y) + u* =
¢(7) —1 = 0. In other words, we need to find values of y such that ¢(y) = 1. Although we don’t
have an equation for g(7), we can still find these points graphically, by using our graph. If we
add a horizonal line at g(7) = 1, we get the following:
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(b)

Having done this, it looks like we’ll have f, (X, u*) = g(y) —u* = 0fory = =2, = —1, and
v=1

Now we just need to find an  that sets fi(¥,u*) = —2B + ¢ = 0 for each of these. Setting
B =% - will do this.

With that, we have our three equilibrium points, namely

s sl

Now that you have the three operating points, linearize the system about the operating point
(%%, uy) (that which has the largest value for 7).  Specifically, what we want is as follows. Let

oxi(t) = X(t) — Xy fori =1,2,3,and du(t) = u(t) — u,. We can in principle write the linearized
system for each operating point in the following form:

d
dt
where @;(t) is a disturbance that also includes the approximation error due to linearization.
For this part, find A3 and Bs.

(linearization about (X7, 1)) 0X;(t) = A;0X;(t) + Biou(t) + w;(t) (24)

We have provided below the function g(vy) and its derivative %'
3 | [ [ [ [ [ ]
7| i
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Solution: To linearize the system, we need to compute the two Jacobians

2022-04-18 20:34:04-07:00

(25

(26)

and evaluate them at the operating points that we found in the previous part. The Jacobian

matrices evaluated at the operating points will be the A; and B; matrices.

If we work out the partial derivatives, we get

which gives

9fi
9B
9fi
dy
dfa
9B
df
dy
fi
ou
dfr

ou

0
= 3526+ =2

0
= @(—25"'7) =1
=aaﬁ<g<v>+u>=o

— g+ =

0
= @(—Zﬁ‘f"Y) =0

27)
(28)
(29)
(30)
@1

(32)

(33)

(34)

It turns out that the only part of J; and |, that depends on the operating point is dg/0d7, and we
can read these off of the given graph. The relevant values are

= 1.5 (35)
0 |y
ag
= -1 (36)
Cog
%1 g (37)
oy y=2
which correspond to ¥},%3, and X3, respectively. Finally, this gives
-2 1 [0]
A1:|:0 15| B =14 (38)
-2 1 :O:
Ay = [ 0 —1|” By =] (39)
-2 1 :O:
Ay = {0 sl Ba= 1 (40)
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(c) Which of the operating points are stable? Which are unstable?

Solution: To assess the stability or instability of each operating point, we need to find the eigen-
values of each linearization. Since Ay, Ay, and Ajz are all upper triangular, their eigenvalues are
just the two entries along their diagonals. So, the linearization will be stable if both diagonal
entries are negative (remember, these are continuous-time systems), and unstable if they aren’t
both negative. This means that:

* Xj is unstable, since the eigenvalues of A; are —2 and 1.5;
* X; is stable, since the eigenvalues of A; are —2 and —1;

* X; is unstable, since the eigenvalues of A3 are —2 and 3.
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