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EECS 16B Designing Information Systems and Devices II UC Berkeley Spring 2022
Discussion 3A

The following notes are useful for this discussion: Note 3.

1. Changing Coordinates and Systems of Differential Equations, II

In the previous discussion, we analyzed and solved a pair of differential equations where the variables
of interest were coupled (at least one equation depends on more than variable).

dzéit) = —5z;1(t) + 2z,(t) (1)
20) _ 2 (1) — 62a(0). @

We solved this system by using a coordinate transformation that gave us a decoupled system of equa-
tions. In the last discussion we were simply handed this transformation, but in this discussion we
will construct the transformation for ourselves.

We will focus our explorations on the voltages across the capacitors in the following circuit. You may
recognize this setup from Note 3.

- +

@) Ve Vo ——C Vo, T —G

Figure 1: Two dimensional system: a circuit with two capacitors, like the one in lecture.

(a) Write the system of differential equations governing the voltages across the capacitors V¢, Ve, .
Use the following values: C; = 1pF,C; = %pF, R = MO, Ry, = %MQ.
Formulate your system as a matrix differential equation.
Solution: We start by solving for the currents and voltages across the capacitors:

d

Ve, =Ve, — bRy, L= CZ&VQ 3)

d
Vin—hRi=Vg, h=Dh+ ClaVCl 4)

This yields

V; Vi Vi Vi

Il:;_ﬂ, Izzﬁ_& (5)
Ri R Ry Ry

Now, we can plug into the formula for current across a capacitor:

dve, 1
= (L1
T C1( 1— D) (6)
_ (Ve Vo Vo Vo %
Ci \ Ry R4 Ry Ry


https://eecs16b.org/notes/sp22/note03.pdf
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(b)

(0

1 1 VCZ Vin
“\rao T RO 8
<R1C1 + chl)vcl TR T RG ®
dve, 1
T Cz( 2) ©)
Vi Vi
=49 G (10)
Ry, Cy R,Cy
Now, we group the terms into a matrix with the values given above,
(L4 1 1 1
S -[) ]fe bReo o
E RyCy TRG 2

Plugging in the values for R, C yields:
d [Ve, ()] _[-5 2] V() 3|\,
a [ch(t) =16 6| [vain| T |o] Vim®) (12)

Now, for the rest of this problem, we denote V¢, (t) = zi(t), V,(t) = z2(t). Suppose that Vi,
was at 7V for a long time, and then transitioned to be 0V at time t = 0. This "new" system of
differential equations (valid for ¢ > 0) is

dzi(t) _ —521(t) + 22(t) 13)
dt
T2l _ e, (1)  62a(1) (14)

with initial conditions z1(0) = 7 and z,(0) = 7.
Write out the differential equations and initial conditions in matrix/vector form.

Solution:
d [z1(t)] _[-5 2] [z1(¢)
mbﬁh ALM} (15
z1(0)] |7
20 =17 1
We will define the differential matrix as A,, where
d_. .
az(t) = AZ(1) (17)
-5 2
=7 2 (18)

Find the eigenvalues A1, A; and eigenspaces for the matrix corresponding to the differential
equation matrix above.

(HINT: Remember how we find A for a matrix; we solve det(A — AI) = 0.)
Solution: Eigenvalues A and eigenvectors v of matrix A are given by

Ao = Av (19)
To find the eigenvalues, we take the determinant:

det (A: — AI) =0 (20)
5-A 2
([ 2]) -0 -
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Solving using the 2 x 2 determinant formula (or by Gaussian elimination):

a b
det < [c d} > =ad — bc (22)
(=5-A)(=6—-A)—12=0 (23)
304+11A+A2-12=0 (24)
A2+ 11A+18=0 (25)
(A+9)(A+2)=0 (26)
Giving:
A=-9 -2 (27)
The eigenspace associated with A; = —9 is given by:
-5+9 2 10
{ 6  —6+ 9} i [o] (28)
0
s Sl M &
-1
U)\l = 5 |/ aeR (30)
The eigenspace associated with A, = —2is given by:
—-5+2 2 . |0
[ 6  —6+ 2} Uy = M (31)
-3 21, 0
& o=l 2
_ 2
5. =B [3] peR 33)

(d) Using the eigenvectors from above, change coordinates into the eigenbasis to re-express the
differential equations in terms of new variables y,, (f), y,, (). These variables represent eigenbasis-
aligned coordinates.

As a reminder, below is the general strategy we are following to solve this system, and now
we’ve filled in the remaining question from the previous discussion regarding the origin of the
transform V.

do/o 4 =
GiZ(t) = AZZ() ~eommmmos Too difficult

Change of
variables to get Undo change
a diagonal system of variables

A () = Ay Ta(t) ———

Solve a
diagonal system

Figure 2: A Strategy to Solve for Z(t)

Solution:

= 5)\1 Ya z_j/\zy?\z (34)
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=2 3] e

We can define the change-of-coordinates matrix from the eigenbasis to our original basis as:

v = v g (36)
12 3 I
Changing coordinates to the eigenbasis:
{Wl} —v! M (37)
Yr, 22
3 2
— -5 £ |=5 2 -1 2
1 — 77
a=viav=[3 ][0 2[5 o
3 2
~3 2179 _4}
— |77 7
=12 1 (39)
{ 7 7} {—18 —6
-9 0
S (40)
That is:
-
df [y, (t) 0 =2 [y, (1)
(e) Solve the differential equation for y, (t) in the eigenbasis. Don't forget about the initial condi-
tions!
Solution: First we get the initial condition:
ﬂ 1 -3 217 —1
no =vizo - |3 1| 7] =3 @)
7 7
Then we solve based on the form of the problem and our previous differential equation experi-
ence:
- - Kle*%
(0 = e @)
Plugging in for the initial condition gives:
- —e 9t
o = |35 (@)
(f) Convert your solution back into the original coordinates to find z;(t).
Solution:
- L —1 2] [-e* e+ 6e 2
Z(t) - VVA(t) - |: 2 3:| |:3e—2t:| - |:_ze—9t +9e—2t:| (45)

(g) (PRACTICE) In part 1.b of the discussion, we make a simplifying assumption Vi, transitions
from 7V to 0V at t = 0. We now consider the setting, where the voltage Vi, transitions from 0V
to7Vatt=0,iewehave Vi,(t) =7V fort > 0.

Find the solution for z;(t) under the assumption that Vi, (t) = 7V for t > 0 (that is, our system
is now nonhomogeneous).
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Solution: From eq. (12), we have the general form of the differential equation (valid for ¢ > 0):

@ vt = [ 2] [l + ] wo »

In this subpart, we have Vi, (t) = 7, with the initial conditions V¢, (0) = 0 and V,(0) = 0. This
system of coupled differential equations in terms of z;(t) becomes:

at o] = Lo 2ol [50][6) @

)
z1(0)] _ [0
) - [o o
Concisely, we rewrite this in matrix-vector form as :
dz Lo~
Performing a change of basis as in item 1.d, we use Z = Vi, such that :
d. IR
diy IR
Vdi{ = AV +b. 1)
% =V 1A VG4V, (52)
-1 2| a
where V = [ 5 3} . Simplifying, we have:
S6- 12 B [7 DB
= - 53
dt [yz(t) o -2 [t T[3 1f o 9
_ |79 0] |n®], [-9
- [ 0 —2] [yz(t) e 4)

This is now a system of uncoupled non-homogeneous differential equations,

dyq (t
) gy, -9 (55)
dy, (t
W20 _ yat) + 6 (56)
with initial conditions
710) = v-1z(0) | | 67)

With change of variables, we solve eq. (56) to recover the solution:

)| e -1
[yz(t) T |37 +3 (58)
Finally, substituting back into the original coordinates, Z; = Vij(t), so:
z1(t)] _[-1 2][ e —1
[zz(t)} B {2 3] [3e‘2t+3 9)

(60)

7—e M _pe 2
- {7 +2e7% — 9e2t]
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Voltage (V)

Time (t)

Figure 3: Initial Conditions: V¢, (0) = 7V and V(,(0) = 7V. Homogeneous Case Solution.

7,

— Ve, (t)
61 — Vg, (1)

Voltage (V)
w
I

Time (t)

Figure 4: Initial Conditions: V¢, (0) = 0V and V(,(0) = 0V. Non-homogeneous Case Solution.
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