EECS 16B Designing Information Systems and Devices II UC Berkeley
Discussion 2B

Spring 2022

The following notes are useful for this discussion: Note 3 (sections 1 and 2)

1. Changing Coordinates and Systems of Differential Equations, I

Recall from lecture that matrix differential equations follow the form

L) = Ax(n) 1)
dxq (t
40 x1(t)
where X¥(t) € R"” and A € R"*". Note that %f(t) is equivalent to : where ¥(t) = Do
dxélt(t) Xn (1)

In other words, taking the derivative of the vector is the same as taking the derivative elementwise
of its components. When A is diagonal, we can treat the matrix differential equation as a system of
n separate, scalar differential equations. In this discussion, we will use change of variables to tackle
a matrix differential equation where A is not diagonal. This will help us model the behavior of more
complex circuits where A will usually be non-diagonal.

First, we can practice by solving a matrix differential equation with diagonal A. Suppose we have the
following differential equation (valid for t > 0)

Sxo =17 5w @

with initial condition ¥(0) = {_31] .

(a) Write the matrix differential equation as a system of individual, scalar differential equations
and solve for X(t) for t > 0.

Solution: We can rewrite the matrix differential equation as follows:

][0 S

dt

Simplifying the matrix-vector multiplication on the right hand side, we obtain

dx1 () —9xq (¢
[dx%?t)] = |:_in§3:| 4)

dt

Now we can write these as individual equations:

10 ®)
dxa (t)

dt

= —2x(t) (6)

As for the initial conditions, we have
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(b)

so x1(0) = —1 and x,(0) = 3. Now we have two differential equations and their initial condi-
tions. We know that they will have solutions of the form

{xl (t) = Agelrt

x2(t) = Azebzt

®)

for some Aq, Ay, b1, and b, that we need to find. To find A, we can use the initial condition on
x1(t), namely x;(0) = —1:
x1(0) = A0 = 44 - ~1 )
X1 (0) =-1

Similarly, for A, we can use x(0) = 3:

x(0) = Aye20) = 4, = 3 (10)
Xz(o) =3

Next, to find by, we can use the differential equation for x1 (¢):

%((—1)&“) = (—1)bset = ~9((~1)e"") (11)
eq. (5
= b = -9. (12)

Similarly, we can use the differential equation for x,(t) to find by:

d bt ap byt byt
a(ese ) = 3yt = -2 (3e ) (13)
eq. (6)
- l’Jz =-2 (14)

Combining all of these, we have the individual solutions as

{xl(t) = e (15)

XQ(t) = 3e 2

We can combine this into a vector by setting the ith component of X(¢) to be x;(t) as follows:
- _x (t) - —e
X(t) - |:x2(t):| - |:3e—2t (16)

Now, suppose we are actually interested in a different set of variables with the following differ-
ential equations:

W — sya(1) +200(0) a7)
dyét(t) = 6y1(t) — 6y2(t) (18)

Write out the above system of differential equations in matrix form. HINT: Define the matrix

differential equation in terms of §j(t) = B 1%3} What is your “A” matrix here? Can we solve this
2

system in a similar way as we did above?

Solution: We can look at the right hand sides of eq. (17) and eq. (18). This is effectively the oppo-
site of the initial steps of part 1.a. We can “stack” the equations here, in that eq. (17) corresponds
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()

to the first row of the matrix differential equation and eq. (18) corresponds to the second row.
Stacking these equations in vector form, we get

[_6?{1(15;)2;52(;?] B [_65 26] B;E:ﬂ - {_65 26} y(t) (19)

Looking at the left hand sides of eq. (17) and eq. (18), we can stack them in a vector and simplify

as follows: it
dya () d d
d _dijn()| _d.
[dyi(t)] ~ @ L/z(t)} = af (20)
Hence, our matrix differential equation is
d_ . [-5 2],
0= 2] @
T/

Unfortunately, we cannot immediately solve this using techniques we have already learned.
However, the next few parts will walk you through the process of finding a solution!

As you may have noticed, it is not possible to solve the differential equation using methods we
have already covered in this class. We can try to use change of variables to turn this problem
into one with a diagonal system since we know how to solve these types of equations. Consider
the strategy outlined in fig. 1. We want to change variables to ?(t), such that we end up with

a differential equation where A will be diagonal. This is especially important when there is no
clear path to a solution with just the system involving () (as is the case here).

d -~ — —
GU(8) = AY(t) spommonnar () = ..

Change of
variables to get UIEdO ;hi?ge
a diagonal system of variables

y(t) = Ay(t) “Sovea G
diagonal system

&l

Figure 1: A Strategy to Solve for (t)

We can define y(t) = BV;E:;] to achieve the goal described above. Consider the following rela-
tionship between ¥(t) and (#):
y1(t) = =y (t) +202(t) (22)
ya(t) = 2y:1(8) + 3ya(t) (23)

(For now, take this change of variables as a given. We will explain how to come up with trans-
formations like this a bit later.)

Write out this transformation in matrix form ((t) = Vi(t) for some V). This will give us a

representation for i(t) in terms of y(t). Then, find a way to represent () in terms of 7(t).
What conditions need to hold for this representation to work? Recall that, the inverse of a 2 x 2

matrix is . ;
a bl a bl\ |d -b 1 d —b
I (A I e B &

Solution: Using a similar idea of “stacking” equations as in part 1.b, we can start by “stacking”
the right hand sides of eq. (22) and eq. (23):

e PR A P 5
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Stacking the left hand sides of eq. (22) and eq. (23) yields (t). Combining the stacked left hand
sides and right hand sides, we have

(26)
Now, we want a representation for j(t) in terms of 7(t). We need V to be invertible for this to

be the case. We can check that det(V) = —3 —4 = —7 # 0, which means that it is full rank and
hence invertible (note, V is a square matrix). We can compute V! as follows:

-1 3 2
ANCEREILERrE -
2 3 71-2 —1 21 (27)
Thus, .
y(t) = V() (28)

Suppose that the following initial conditions are given: (0) = Now that we changed

7
4
variables, we also have to appropriately change our initial condition for the new variables we
defined. How do these initial conditions for §(t) translate into the initial conditions for y/(t)?
HINT: Use the representation for y(t) in terms of §(t) from part 1.c.

Solution: We know that, from eq. (28), 7/(t) = V~17(t) for all t. This means we can plug in t = 0

to find 7(0): 3 2 —
-7 b5

Now, we are ready to write a new differential equation for y(t). Incorporate j(t), your new
variable, into the matrix differential equation from part 1.b to come up with a differential
equation for j(t). HINT: How can we substitute the i(t) terms with terms involving §(t)? Also, recall
that, since the derivative operator is linear, we can write %Mﬁ? () =M %56 (t) where M is a matrix of
constants. Can we solve this system of differential equations?

(29)

Solution: The original differential equation is

d_. [-5 27.
0= 2] 0)
We can find a differential equation for y(t) by first substituting 7(t) = V(t):
d = -5 2],z
Svin = 2| viw @)
Using the hint, we know that %V? (t) = V%? (t) since V is a matrix of constants. Thus,
d = __5 2 =2
vain =g 2| vie )
d= . 1[-5 2] =
Sin=v1[P 2]vio )
d= -3 2175 2][-1 2]=
el |77 7
aio=[3 1 [ 2] [ 3w o
d= (-9 0=
Sin=[7 5] (35)
%f_/
A
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The system is exactly like the one in part 1.a! We know how to solve this (diagonal) matrix
differential equation. We started with a seemingly complex matrix differential equation, and
through the power of change of variables, we now know how to solve it. We have completed the
first part of our strategy, which is highlighted in red in fig. 2.

—

d = R
Gt (1) = AY(t) oy (H) = ..

Change of
variables to get Undo change
i : of variables
a diagonal system

d= 2 =
qiy(t) = Ay(t) —o—— y(t) = ...
diagonal system

Figure 2: A Strategy to Solve for ¥(t)

(f) Solve the differential equation for ?V(t) Then, “undo” the change of variables from the previ-

ous parts to find a solution for 7(t). HINT: How can we “recover” §(t) from j(t)? Then, fill in the
strategy diagram in fig. 3 with the following:

(i) Mathematically, how did we define our change of variables?

(ii) In terms of 37 (t), A, and V, what matrix differential equation did we solve?
(iii) Mathematically, how did we “undo” our change of variables?

D-‘Q_

1Y(t) = AY(t) oo Bi(t) = ...
@) (iif)

(ii) Soives yt)=...
diagonal system

Figure 3: Mathematical Description of Our Strategy to Solve for j(t)
Solution: Our differential equation for j(¢) is
d= -9 0=
Sin=[7 %o 6)
We solved this exact system in part 1.a, so we will apply that solution here. This means that
= —e’gt
i) = |5 | @)
This completes the second part of our strategy, which is highlighted in red in fig. 4.

—

d -~ _
Ey(t) - Ay(t) Too difficult

Change of
variables to get Undo change
i of variables
a diagonal system

d=/p _ G2
Ey(t) - Ay(t) SOIVB a
diagonal system

Figure 4: A Strategy to Solve for ¥(t)
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Now, we can use the representation for 7(t) in terms of y(t) in eq. (26):

5 _ _ A9t
i =vit = |3 3| |55 (38)
—9t —2t
y(t) = |:_e2e9—t'—fe9e2t:| (39)

This completes the last part of our strategy, which is highlighted in red in fig. 5.

d iy Ao Loy
GiJ(1) = AF(t) pormamnsy (t) = ...

Change of
variables to get Undo change
of variables

a diagonal system

- —

y(t) = Ay(t) i) =...

2l

Solve a
diagonal system

Figure 5: A Strategy to Solve for (t)

We used V to accomplish the strategy we outlined in fig. 1. We defined y(t) = V~1(t) and came
up with our new differential equation for 7(t) (which we knew how to solve). This helped us
come up with the solution for j/(t). Incorporating the specifics of this problem and the matrices
we used, our final strategy is described in fig. 6.

Q-‘Q_,

Too difficult

(t)=...
?(t)—V‘li(f)l Tﬁ(t)—ﬁ(t)
y(t)=...

20N -1 =
y(t) o wy(t) . Solvea
i diagonal system

(1) = AT ~spe T

&la

Figure 6: Mathematical Description of Our Strategy to Solve for j(t)
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