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EECS 16B Designing [nformation Devices and Systems [1
Spring 2021 Discussion Worksheet DiSCUSSiOIl 13A

This discussion will recap a lot of the key concepts covered in lecture last week.

. Linear Approximation

A common way to approximate a nonlinear function is to perform linearization near a point. In the case of
a one-dimensional function f(x), the linear approximation of f(x) at a point z, is given by

fl@) = fz) + fl(@) - (@ = x), (1)

where f'(xy) = dj;(;) is the derivative of f(z) at x = z4.

T=XTy

Keep in mind that wherever we see x,, this denotes a constant value or operating point.

(a) Suppose we have the single-variable function f(x) = 2® — 322, We can plot the function f(x) as

follows: F Q- 3&2\@&,
5 I I 1
4l — Plot of f(x) ||
3 - .
2 - .
1 - .
0 - .
Oy |
—
—9 | |
-3 .
4| |
-5 |
| | | | | | |

i. Write the linear approximation of the function around an arbitrary point x,.

FLOa $la) + Bx = 6xa)(soxa)

s
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ii. Use the expression above to linearize the function around the point x = 1.5. Draw the lineariza-
tion into the plot of part 1).

FOO & £05) + (318 ¢1s)(51.9)

() & =331 — 2725 (x=1.5)

Now that we have this specific point’s linearization, we understand how the function behaves
around the point. Let’s use this linearization to evaluate the function’s approximation at x = 1.7
(based on our approximation at z = 1.5, we want to see how a § = +0.2 shift in the = value
changes the corresponding f(z) value). How does this approximation compare to the exact value
of the function at x = 1.7?

f(1.7) ~ —3.375 + (—2.25) - (1.7 — 1.5) (2)
~ —3.375— 0.45 (3)
~ —3.825 4

Comparing to the exact value f(1.7) = 1.73 — 3 - 1.7%2 = —3.757, we find that the difference is
0.068. Not too bad! What if we repeat with § = 1? To do so, we must use the approximation
around = 1.5 to compute x = 2.5, and compare to the exact value f(2.5). How does our new
approximation compare to the exact result?

f(2.5) = —3.375 4 (—2.25) - (2.5 — 1.5) (5)
~ —3.375 — 2.25 (6)
~ —5.625 (7)

Comparing to the exact value f(2.5) = 2.5% — 3 - 2.5%2 = —3.125, we find that the difference is
much larger; the error jumped tThis is an error multiplication of % ~ 37, even though
our ¢ only multiplied by 5. What happened? -

Looking at the actual function, we see that the function has a significant curvature between our
"anchor point" of z, = 1.5 and x = 2.5. Our linear model is unable to capture this curvature,
and so we estimated f(2.5) as if the function kept decreasing, as it did around = = 1.5 (where the
slope was —2.25).
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(b)

(c)

I I I

— Plot of f(z) ||
— Plot of f/(z)

Now, we can extend this to higher dimensional functions. In the case of a two-dimensional function
f(x,y), the linear approximation of f(x,y) at a point (zy, y.) is given by

F@y) = f(@aye) + fa(@as ya) - (0 — 20) + fy (T, ) - (Y — Yao)- (®)
where f; (x4, y4) is the partial derivative of f(z,y) with respect to x at the point (x4, y4):

of(x,
fo(@0y2) = féy) ©)
T @y
and fy (x4, y.) is the partial derivative of f(x,y) with respect to y at the point (., ¥y ).

Now, let’s see how we can derive partial derivatives. When we are given a function f(x,y), we
calculate the partial derivative of f with respect to x by fixing y and taking the derivative with respect
to z. Given the function f(z,y) = x2y, find the partial derivatives f, (x,y) and f.(z,y).

fxlyn) = Dxy Optrmal Prastie for
FyGsy) = x* Pochal  Necvatives:

D flyye) = Xy +y e+ 3xyz
fx= axy+ 34z
-[gﬁ N 2y +3x2

1%)‘/‘0) ’1{'(7(9,%) T QXQ ‘Gk (X\XQ fe= Y)I + 3xy

2) F(x X)) =X+ Kt o TT X

Ya Z > =
+ X» (O (dﬁ FX,\ = KXz Xpet = '-ﬁ- X
=
'(‘»H = XX KoKy + X%zt Kuz
lost Juwm Wd>w) et

Write out the linear approximation of f near (2, ¥y ).
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(d) We want to see if the approximation arising from linearization of this function is reasonable for a point
close to our point of evaluation. First, approximate f(x,y) at the point (2.01,3.01) using (2, yx) =
(2, 3), and compare the result to f(2.01,3.01).

“’99) $(z.01 3.01) 2.0l=2+%, =00 &=8y+8y
=Xy o 3ol= 33, o0l
2
L 2+ ‘$+) : 5°
. (2+8) ( 851 3 7
ﬂ’f- < 12+ 65+ 78+ 87 => | 1214070l
GO —
)
LK L0 3.00) = F(13)+ DX N
e | | + 2% ’ §°8% ekc
X - €
OQ VM) ot CdL(O"WvLé
=$@3) + 225 - § by owr Lital
2 o de !
tz - §
12+ 128+ 4§
=2+ 163 = N12.16
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(e) Suppose we have now a vector-valued function f(Z, ), which takes in vectors ¥ € R", i/ € R¥ and
outputs a scalar € R. That is, f(Z, ) is R” x R¥ — R. With this new model, how can we adapt our
previous linearization method?

T
One way to linearize the function f is to do it for every single element in & = [951 T ... Tp
T
and §f = [yl Yya ... yk} . Then, when we are looking at z; or y;, we fix everything else as
constant. This would give us the linear approximation
- of (%, ?7) Of(Z, 37
F@&9) ~ f(Ze §2) +Z P (@i +; oy Wi~ i) (10)
In order to simplify this equation, we can define the rows Dz and Dy as
Dif = |2 .. 2L|, dectuative Jow (i)
af
Dyf = [ayl @} (12)
Then, Equation (10) can be rewritten as Ix]
~ T T ———
(@ 9) = f(Zx, §:) + (Dzf) (@ -T)+(Dgf)| (G0 (13)
L B @)
Ixn nx| ’Xk

Assume thand we define the function f(Z,7) = &' = Zle x;y;. Find Dy f and Dy f.
S ST >

f (w) X'}
XY,

t Xz(ﬂc' T Xnla
<>.&’ - ﬁ!" O]('
2 j()Y, S ‘

) Xn
o) =8

hin

)
9’[
(&
N

t®,5) = (%, 50 + \OA (X %)
T % (3 %)
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. S - . -1
(f) Following the above part, find the linear approximation of f(&, %) near ¥, = [;] and y, = [ 9 ] .

Recall that f(7,9) = "¢ = Zle TiYi-

S O

+ YT (y ~Xa

- ?;»T CK“ Q‘ﬁ’e’\

= 3+ (- 'z]ﬁ\

)
JONH

T 34— 5, + 28, ¥ &;1—?89—

QUL €81 | (-1+&5
- g([z*gj/[?ﬂj) = (8)(-145) + (2682)ae )

-
=

>
]%
K
’fﬁ
/\
1
Nv
© =
L
- J
{
C F
2o
—
2
%t
=0
b

3-8 +28; + 83+ 25+ §:83 *3; 8y

/

863 8, Sy e
Vvvk’ Cﬂ{_(\)w
\')7 our  Livtad
Wo de] !
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(g) When the function f (Z,7) : R x R¥ — R™ takes in vectors and outputs a vector (rather than a
scalar), we can view each dimension in f independently as a separate function f;, and linearize each

of them:
f1(Z, ) [1(@x, ¥x) + Dzfr - (T — Z%) + Dyfr - (¥ — ¥x)
N f2(Z,9) fo(Za, %) + Dzfo - (T — &) + Dyfa - (¥ — ¥i)
fEp=|""."|~ : (14)
fm(fag) fm(f*yg*)‘i‘fom'(f_f*)+Dﬂfm'(g_g*)

We can rewrite this in a clean way with the Jacobian:

\ 4
Dz f1 o of1
~ | Dzf2 e "t Own
Dzf = : =1 s (15)
: Ofm fm
Dzfm Oox1 " Ozn
and similarly
Shede 66 SCMRM pnipnt— Co#E
of of1
S R4 > (16)
gh=1: "~ |-
O Ofm = R SR= R
Oy1 "7 Oy ;
Then, the linearization becomes
F@9) = f@.g) + (Dzf)| @ =3)+(Dgf)| (T4 (17)
(Zx,Yx) (Zs¥x)
c I _J
I
Let# = |“'| and f (Z) = xlm% . Find D3z f: applying the definition above (}7 sk prestuat
T2 175 ¢, th (,X()w»p\ﬂ
?mh‘oft.
Qb 9k
Dsd = | ox 2
e ofe
0 X X
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(h) Compare the approximation of f at the point 8 ] using 7, = [3] versus f ([g 81 ) . Recall the
.. R I‘%.’EQ _ _ O 0\
definition that f(Z) = 2| 3,=&.=0-
125

EXOLk f([‘&ol >_ (ngﬁ(%fg)l 2+ 165, 78% 83| | 1zkot0)
ﬁ ” 2 3.21080/
2oll)" ) (348))  |isy zig+ v5cs®) BHOF

ZX /eim‘,
= (e (9 [P o)

—

(i) Practice: Let Z and i/ be vectors with 2 rows, and let «/ be another vector with 2 rows. Let f(Z, 7)) =
Z§" . Find Dy f and Dy f.
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o . S - L 1 :
(j) Practice: Continuing the above part, find the linear approximation of f near ¥ = ¢ = 1 and with
i — 2
=1l

These linearizations are important for us because we can do many easy computations using linear functions.

Contributors:

¢ Neelesh Ramachandran.

e Kuan-Yun Lee.
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