Discussion 3B: Solving Systems of Differential Equations

Justin Yu (justinvyu@berkeley.edu)

OH/HW Party: Tuesday 4-6pm

Worksheet: https://eecsl16b.org/discussion/dis03B.pdf
Notes: https://tinyurl.com/justin1é6bnotes

Today:
1. Quick recap + motivating example for systems of diff. egs.
2. Linear algebra review (2x2 matrix inverses, diagonal matrices)

3. Go through the problem (lecture style)
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Quick Recap

Homogeneous
Differential Equation

Nonhomogeneous
Differential Equation
with Constant Input

Nonhomogeneous
Differential Equation
with Nonconstant Input

Guess and verify +

unigueness

d
Ex(t) =Ax(t)| —

Change of variables to recover a
homogeneous diff eq

dt

L) =rxt)+a| ——

x(t) = x(0)e* + %(e“ _1)

Discretize, solve a bunch of constant
input diff eqs & take the limitas A - 0

d
Ex(t) =Ax(t)+u(t)| —

x(t) = x(0)eM + /0 w(t)eM=) g




Systems of Differential Equations
Motivating Example
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Quick Recap

First Order Differential Equation with a Constant Input

Original Problem Change of Variables Problem
d LS
Ex(t) = Ax(t)+ o r_,_,)d dtx(t) = Ax(t) + o
- G oy Gy ...
>< dt(z(t) A)_A(Z(I) l)+a
g d
v 52 = Az(1)

Original Solution Change of Variables Solution

x(t) = x(0)eM + %(e’“ “)| e = z0)e




Linear Algebra Review

Inverse

A4 = A4 = Aer"™

2x2 Matrix Inverse

Az[a b] L [d —b]
c d det(A) | —¢c a

Diagonal Matrix



1. Changing Coordinates and Systems of Differential Equations

Suppose we have the pair of differential equations (valid for ¢ > 0)

d

—x1(t) = —9x1 (¢

dt 1() 1() d )(l(‘}’) 57 D )(‘({‘)

) = —20(0) Lt % || o -2 |[x
with initial conditions x;(0) = —1 and x,(0) = 3.

(a) Solve for x1(¢) and x,(¢) fort > 0.
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Suppose we are actually interested in a different set of variables with the following differential

equations:
d
—z1(t) = =521 (¢) + 222(t)
dt
d
—2zo(t) = 6z1(¢) — .
dtzz( ) = 621 (t) — 622(¢)

(b) Write out the above system of differential equations in matrix form. Assuming that the initial state

o T
z(0) = [7 7] , can we solve this system directly? Vo

- 2 Z,(t)
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(c) Consider that in our frustration with the previous system of differential equations, we start hearing
voices. These voices whisper to us that that we should try the following change of variables: gﬁ llj 5

z1(t) = —y1(2) +2y2(2)
22(2) = 2y1(2) +3y2(t).

Write out this transformation in matrix form (7 = Vy).
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(d) How do the initial conditions for z;(t) translate into the initial conditions for y;(£)? _, Y, o)
1. By direct substitution: (j (o)= &92( 2)

?’:,Z](()):—éf)(O)’} Zé{LCO) /Q’
?:ZZ(O>: Zgl(O)‘\—géZ(O) ]%2

R, + 2K,

Initial Conditions

20= Pyl 2= =7 7]

Change of Variables

-y, (éﬂil 21(t) = —y1(t) +22(0)
Y,(e) = —| 2(t) = 2y1(t) +3y2(2).




(d) How do the initial conditions for z;(¢) translate into the initial conditions for y;(¢)?
2. Using matrices and vectors:

\/—l ] 2 ‘2:\ _ B
-z ([ | | Ze) — 39| _,—|
A % gz(o) - 5 (o) 2x2 Matrix Inverse

A=[j Z] A_lzdetlA)[i _ab]zadibff[d _b]
V ) = 20 (

Initial Conditions
- . 7 5 T
Véﬂ‘”’[?] 2(0) = [7 7]

Change of Variables
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(e) Rewrite the differential equations in terms of y;(¢). Can we solve this system of differential equations?
1. By direct substitution:

d
,‘%{G{'}: L
4, (4) [%— %]V,w} aci( - L
[\él(;{) - Z; L || & 1t 42 - 27V Y
= -1 -
¢ V2
4 \j\(‘r\ d _é_%{(+)4%gz (+) Differential Equations
dt ‘M*'} - dt o+ =2,(4)

—22(t) =6z1(t) —62(2).
| 01=60)-620)
Change of Variables

z1(t) = —y1(t) +2y2(¢)
22(t) = 2y1(t) +3y2(2).

/ [‘%21(1‘) = —5z1(¢) +2z2(¢)
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(e) Rewrite the differential equations in terms of y;(¢). Can we solve this system of differential equations?
— D

2. Using matrices and vectors:

Differential Equations

— — A
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Change of Variables
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(f) What are the solutions for z;(¢)?
1. Solve this with direct substitution:

_q _qt
Y=Yy (e JC; -0

Y () =dutre F2 38

( v‘i{> 'ZTL): e_ﬂﬁLééZf

(4) =
';.7 —?_€>:-——2 —7%7"9@

2t
2,02 2(-7T9) +3<3Q’

Change of Variables
z1(2) = —y1(t) +2y2(2)
22(t) = 2y1(2) +3y2(2).



(f) What are the solutions for z;(¢)?
2. Using matrices and vectors:






~ -
_ghange of Coordinates Problem A - \/./L V

- = _ -
X (6) =V X (4). M 0 ... 0oV A=_ LV

A ... o|, Eigenbasis
coordinates
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Original Problem

d= 5 e 0
E(:):vh«m(:): - NEQ)

Original Solution Change of Coordinates Solution

(1) = ﬁ(O)eM How to solve for

the change of

)= Val) basis V?




