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EECS 16B Designing [nformation Devices and Systems [I
Spring 2021 Discussion Worksheet DiSCUSSiOIl 13B

. Quadratic Approximation and Vector Differentiation

As shown in the previous discussion, a common way to approximate a non-linear high-dimensional functions
is to perform linearization near a point. In the case of a two-dimensional function f(z,y) with scalar output,
the linear approximation of f(x,y) at a point (zy, y,) is given by

F(@y) = [ ye) + fol@n ) (@ = 20) + fy (0, 90) (4 — 44) (1)
where as in the previous section,
_ 0f(z,y) _ 9f(zy)
fm(l"*ay*) = Oz ) and fy(m*,y*) = By i . )

In vector form, this can be written as:
1) ~ $(@) + | Dafly,| (@ - 7). )

Recall from the previous discussion that Dz f is a row-vector filled with the partial derivatives %a(f):

Dif = |22 . YD~ 1 @) - £ @) )

Our goal is to extend this idea to a quadratic approximation. To do this, we need some notion of a second
derivative.

For this discussion, we will only be considering these types of functions from R" — R, since that is the
typical form for a cost function used during optimization.

(a) Given the function f(x) = e~ 2%, find the first and second derivatives, and write out its quadratic
approximation at r = x,.
Hint: Use Taylor’s theorem.

Answer:
fl(z) = =272 ®)
f"(z) = 472, (6)
As shown in the previous discussion, a linear approximation of f(x) around z, is:
f(x) ~ f(ae) + f(2s) - (x — ) (7)
e — 207 (1 — 1) (8)

To create a quadratic approximation, we can add the following term to the equation:

/ 1 1 p
f(@) = f(ze) + fi(zy) - (x — 24) + §f (z4) - (x — z,)? 9)
e 20 (1 — ) + 2e7 2% (z — 1, )2 (10)

s
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(b)

How did we get this? Recall that the Taylor expansion around point x, of scalar function f is:

WE

fz) =

i

0

f® ()

(x —x)"

k!

fla) + fl(2y) - (z—xy) + %f”(x*) (=) A

(11)

(12)

Linearization takes the first two terms, which give a linear function; quadratic approximation just takes
the extra quadratic term, giving a quadratic function.

To write second partial derivatives compactly, we will introduce a new notation that builds off the
notation f; and f, introduced previously. To compute f,, we first take the derivative in z, then in y:

Given the function f(z,y) = 2%y?, find all of the first and second partial derivatives.

Answer:

fwy(l‘*a y*)

We have

T T

of(x,

fo(z,y) = fgzy) = 2zy*
of(x

fylz,y) = fgy B _ au2y

_ P f(=,
Oyox

Y)

(Tsyx)

13)

(14)

(15)

for the first partial derivatives. To find the second derivatives, we need to take partials with respect to

x and y for each of the above first partial derivatives, giving us 4 different equations.

7(11(1/7]) = T — a _wa |
af-L('Lay) 8 [ 2_
y(a,y) = 2DV T oy
fay(z,y) oy ay | Y|
Ofy(x, o r .
fya:(l':y) - w - % _21723/_
8fy(‘1;7y) o7 2 ]
fyy(z, ) oy ay | T y_

Ofe(x,y) _ 0 [, o]

= 4xy
= 4xy

= 227,

(16)
(17)
(18)

(19)

(c) To find the quadratic approximation of f(x,y) near (zy,ys), we plug in f(x, + Az, y, + Ay) and
drop the terms that are higher order than quadratic:

f@e + Az, gy, + Ay) = (2, + A2)? (e + Ay)?
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= (¢ + 2z, Az + (A2)?) (47 + 2y Ay + (Ay)?)

~ xzyf + 2x*yfo + QxEy*Ay

+ Y2 (Ax)? + dzay. (Az) (Ay) + 23(Ay)?
= f(w*a y*) + f$(x*7 y*)A.Z' + fy(m*7 y*)Ay

+ %fxw(l‘*a y*)(Al‘)Q + %fyy($*a y*)(Ay)2

+ fay (s, yo) (Az) (Ay).

(20)
ey
(22)
(23)
(24)

(25)
(26)
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(d)

This is slightly different from the expression we get via the Taylor series expansion. How would we
rewrite this expression, so that all second derivatives are involved, each with a coefficient of %?

Answer: We note that
f:l:y (LL’, ﬁl/) - fyz (UL :l/) (27)
SO We can write

. 1, 1,
]Lmy(il/'-/y) = §f1:y(l'ay) + éfyT(‘LL/) (28)

and plug this into the previous set of equations to get

f(m + Ax, Y+ Ay) - f(l‘*, y*) + fﬂf(m*a y*)Aw + fy(x*v y*)Ay (29)
1 1
1 1
+ 5]([”(7‘* Y ) (Ay)(Az) + §fwy(-77*:?/*)(Am)<Ay)- 31

As expected from the scalar case, there is a component of the second partial derivative along the x
direction, multiplied by (Az)?, and similarly for the y direction. There are also two different cross
terms, both multiplied by (Ax)(Ay).

Just as we created the derivative row vector to hold all the first partial derivatives to help in writing
linearization in matrix/vector form:

Dyf = [%@ . UD] _[p (@) o fo(D)] (32)

we would like to create a matrix to hold all the second partial derivatives to help in writing quadratic
approximation in matrix/vector form:

*f(@) 9 f ()

da2 Y 9z 0z, fm1m1 (f) e fmnml (f)

Hzf = : : = : . : (33)
01 (@ 02 4(F 7 - v
g op] @ e

This matrix is the Hessian of f. Note that this quantity is different from the Jacobian matrix that was
covered in the previous discussion. In contrast to the Hessian, which is the matrix of second partial
derivatives of a scalar-valued vector-input function f: R™ — R, the Jacobian is the matrix of first
partial derivatives of a vector-valued vector-input function f : R — RF,

In fact, the Hessian is the (Jacobian) derivative of the derivative; if we let §() = (Dzf)" (so that it’s
a column vector and the dimensions work out), then Hz f = Dzg.

To get a feel for the Hessian of f, find H, ) f for the f above, that is, f(x,y) = 2%y

Answer: We know f is a function in two variables, so

| faa(,y) fye(2,y)
H. . = : 34
@) [fry(xay) fyy(xﬂy)] G
207 dwy
o [4xy 2:1:2] ’ (35)
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(e

®

Using the Hessian, write out the general formula for the quadratic approximation of a scalar-valued
function f of a vector & in vector/matrix form.

Answer: Before, in our linearization, we saw that the only way to get a scalar from the first derivative
Dzf|z, and the increment A is to multiply them:

J(@. + A7) ~ [(7.) + | Dafl;. ] (AT), (36)

Now we are tasked to make a scalar from the second derivative Hzf|; and AZ. Remember that a
scalar can be obtained by a row vector times a column vector, and that a matrix times a column vector
is a column vector. So the following gives us a column vector:

[Hf f\f*} (A7) (37)
and the following gives us a scalar:
(AR [Haflz, | (A2). (38)

Finally, remember that the Taylor series gives us a factor of % on the second derivative, so the full
quadratic approximation is

F(E+ AT) ~ f@) + [ Dafly, | (A7) + 5(a0)T [Hafly, | (8. (39)

If we would like to verify this calculation, note that the solution to the previous problem generalizes to
the following quadratic approximation:

F@+ AT~ FE) + Y fa@)B0 + L3S fo (@A) (Bay). @0
i=1 i=1 j=1

So we should expect to get the same thing by expanding our matrix-vector form. Notice that

(Dafl,] (60) = 30 [Dafle] (A7) = 3 ful@) A, (1)
i=1 i=1
and
AT [Hefle] (88) = 3 [Hefle], AT, AT, = 303 fr, (B Ar) (By). @)
i=1 j=1 i=1 j=1

So we get the exact same thing in both ways, and our vector/matrix formulation works.

Show that the quadratic approximation for the scalar-valued function f (&) = ¥ % around W = 0, is
= = 7T @ ST 4 (T oA )2
f(We + Aw) = e* “* |1+ (AD) + 5 (x (Aw)> . (43)

Here, assume that Z is just some given vector — a constant vector.
Hint: You can compute the following partial derivatives:

fui (@) = @ f () (44)
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Now compute Dz f and H; f, and plug it into the quadratic approximation formula.

Answer: To begin with, here’s how we compute the first and second partial derivatives.

fwv(u_;) - ow, e

a Zz 1 LiW;
awz

— xieZzzl TiWg

=T .=
=z’ ¥

Fu, () = P2l D)

811)]'

o) .
= ij(xif(w))

9 . .
o (awj “‘”)
= x;x; f (W)
Now we would like to compute D; f and Hgzf.
Disf = [fun(@) - fu, ()]
- [x1f<u7> o f (@)

~@ [ )
= f(@)z&"
fw1w1 (u7) e fwlwn (u?)
Hyf = : ks :
_fwnwl (1U) e f’wnwn (u_f)
[ a3 (@) mmaf (@)
v f(@) - 22 f()
l’% T1Tp
=f) | :
Tpl1 :L‘?L
= fa)zz"
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(2

(h)

Using these expressions, the quadratic approximation of f at 0 is

£+ D) =~ () + [ Daflg, ] (8a) + S (8a)T [ Hafl] () (©3)
= f@) + f@)FT (am) + Sad)] (f@)erT) (am) 64
— f(@) (1 + 7T (Am) + 3 (A T (Aa) (65)
= % <1 + 7T (AF) + % <(Aw)Tf) (fT(Aw))) (66)
= & (1 + 7T (AT) + % <fT(A1U))T (:fT(Aw))) ©7)
— (& (1 + 2T (AD) + % (fT(Aw)f) . (68)

B B B . . . . 2T .= - —
Use linearity to give the quadratic approximation for the function ", e”i  around @ = ,. Here,
assume that the Z; are just some given vectors.

Answer: By linearity, we can take the quadratic approximations from each of the components and
add them together to form the approximation for the above summation:

F(id, + A) ~ ; &1 <1 + 7] (AT + % (.@T (Aw))2> (69)

Practice. The second derivative also has an interpretation as the derivative of the derivative. However,
we saw that the derivative of a scalar-valued function with respect to a vector is naturally a row. If you
wanted to approximate how much the derivative changed by moving a small amount A, how would
you get such an estimate using your expression for the second derivative?

Answer: We can view this problem as if we were trying to get a linear approximation of the first
derivative using the second derivative. From the previous problems with linearization, we would like
to take the derivative of the first derivative row vector, evaluate it at «/ = w, and have it act upon the
incremental vector A to get the resulting change in the first derivative. In the scalar case, this looks
like

P (w, + Aw) = f(w,) + ' (w,) Aw

But in the vector case, since the first derivative is a row vector, we need to produce a row vector from
the second derivative term.

There is no way to get a matrix that multiplies a column vector and returns a row vector. Matrix
multiplication just doesn’t work that way based on the definitions that we have made so far from 16A.
We have a choice — we can define a new kind of operator that does this, or we can figure out a way to
shoehorn this into standard matrix multiplication. We choose the latter. To get a row out of a matrix
using the increment A« we just compute (Aw) " [Hu;ﬂw*} Notice that in this row times a matrix,
the resulting i-th element in the row indeed has the change in the ¢-th coordinate from all j possible
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partial second derivatives:

[(Awﬁ [way,,ﬁ*H = Z [way,,ﬁ*}ﬁ Aw;
i

= Z fij,', (QE)AU)]
j=1

= [Dalfu) ] (2)
So
Dgflg, raw = Daflg, + (Aw)T {Hwﬂm*} .
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