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EECS 16B Designing [nformation Devices and Systems [I
Spring 2021 Discussion Worksheet DiSCUSSiOIl 13A

This discussion will recap a lot of the key concepts covered in lecture last week.

. Linear Approximation

A common way to approximate a nonlinear function is to perform linearization near a point. In the case of
a one-dimensional function f(x), the linear approximation of f(x) at a point z, is given by

fl@) = fza) + fl(@) - (@ =z, (1)

where f'(xy) = % is the derivative of f(z) at x = x,.
T=T %

Keep in mind that wherever we see x,, this denotes a constant value or operating point.

(a) Suppose we have the single-variable function f(z) = 2% — 322. We can plot the function f(z) as

follows:
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i. Write the linear approximation of the function around an arbitrary point z,.
Answer:

fad) + f (@) - (2 — ) 2
~ f(zy) + (322 — 6x3,) - (x — ) 3)

—_
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ii. Use the expression above to linearize the function around the point x = 1.5. Draw the lineariza-
tion into the plot of part 1).

Answer:
F(z) ~ f(1.5) + (3 152 —6- 1.5) (z—1.5) )
~ —3.375 4 (—2.25) - (x — 1.5) (5)
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Now that we have this specific point’s linearization, we understand how the function behaves
around the point. Let’s use this linearization to evaluate the function’s approximation at x = 1.7
(based on our approximation at z = 1.5, we want to see how a § = +0.2 shift in the = value
changes the corresponding f(z) value). How does this approximation compare to the exact value
of the function at x = 1.7?

F(1.7) = —3.375 + (—2.25) - (1.7 — 1.5) (6)
~ —3.375— 0.45 (7)
~ —3.825 (8)

Comparing to the exact value f(1.7) = 1.73 — 3 - 1.72 = —3.757, we find that the difference is
0.068. Not too bad! What if we repeat with 6 = 1? To do so, we must use the approximation
around = = 1.5 to compute = = 2.5, and compare to the exact value f(2.5). How does our new
approximation compare to the exact result?

f(2.5) = —3.375 4 (—2.25) - (2.5 — 1.5) 9)
~ —3.375 — 2.25 (10)
~ —5.625 (11)
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(b)

Comparing to the exact value f(2.5) = 2.5% — 3. 2.52 = —3.125, we find that the difference is
much larger; the error jumped to 2.5! This is an error multiplication of % ~ 37, even though
our ¢ only multiplied by 5. What happened?

Looking at the actual function, we see that the function has a significant curvature between our
"anchor point" of z, = 1.5 and x = 2.5. Our linear model is unable to capture this curvature,
and so we estimated f(2.5) as if the function kept decreasing, as it did around = = 1.5 (where the
slope was —2.25).
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Now, we can extend this to higher dimensional functions. In the case of a two-dimensional function
f(x,y), the linear approximation of f(x,y) at a point (zy, y4) is given by

f(xvy) ~ f(x*ay*) + fx(x*ay*) ' (ZE - .’L’*) + fy(x*vy*) : (y - y*) (12)
where f (x4, y«) is the partial derivative of f(z,y) with respect to x at the point (zy, ys):
of(x,
Folwe ) = féy) (13)
I CATS)

and fy (2., y,) is the partial derivative of f(x,y) with respect to y at the point (2, ¥y ).

Now, let’s see how we can derive partial derivatives. When we are given a function f(z,y), we
calculate the partial derivative of f with respect to x by fixing y and taking the derivative with respect
to x. Given the function f(z,y) = 22y, find the partial derivatives f,(z,y) and f,(z,y).

Answer: We have

fyla.y) = o (14)

and

fo(z,y) = 22y. (15)
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(c) Write out the linear approximation of f near (&, yx)-

Answer: Based on the formula in eq. (12), we can write that:

f(uL,y) ~ f(l'*;y*) + 22, Yx - (J/ - fL'*) + 13 ’ (3/ - y*)- (16)

(d) We want to see if the approximation arising from linearization of this function is reasonable for a point
close to our point of evaluation. First, approximate f(x,y) at the point (2.01,3.01) using (2, yx) =
(2, 3), and compare the result to f(2.01,3.01).

Answer: Letd = 0.01. Then, the true value of f(2.01,3.01) is
f(2.01,3.01) = 2+ 8)%(3+68) = (4+40+6*)(3+06) =12+ 166 + 76> +5°.  (17)
On the other hand, our approximation is
£(2.01,3.01) ~ f(2,3)+2-2-3-6+2%.6 =12 + 160. (18)

As we can see, our approximation removes the terms with 62 and 6. When § is sufficiently small,
these terms become very small, and hence our approximation is reasonable.

The actual numerical values are:
f(2,3) =12
f(2.01,3.01) ~ 12.16 (using linearization)
f(2.01,3.01) = 12.160701 (exact evaluation of f)
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(e) Suppose we have now a vector-valued function f(, ), which takes in vectors ¥ € R", i/ € R¥ and
outputs a scalar € R. That is, f(Z,#) is R” x R¥ — R. With this new model, how can we adapt our
previous linearization method?

T
One way to linearize the function f is to do it for every single element in ¥ = [951 T ... Tp
T
and §f = [yl Yya ... yk] . Then, when we are looking at x; or y;, we fix everything else as
constant. This would give us the linear approximation
- of (%, ?7) Of (4, 27
F&, ) = f(Z,7.) + Z Do (@ Te) + ; oy Wi~ i) (19)
In order to simplify this equation, we can define the rows Dz and Dy as
0,
Dif = [P0 . 2, (20)
af
Dyf = [ayl @} Q1)
Then, Equation (19) can be rewritten as
f(@9) = (@ ge) + (Dzf)| . (@ —T%) +(Dgf)| . (T G) (22)
(x*vy*) (m*vy*)

Assume that n = k and we define the function f(Z, %) = &' ij = Zle x;y;. Find Dy f and Dy f.

Answer: The derivative is a row vector (as denoted above), so if we apply the definition (and write
out the given function explicitly as x1y1 + x2y2 + ... + Txyr), we have:

Dzf =¢' (23)
and

Dyf =", (24)
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(f) Following the above part, find the linear approximation of f(Z, %) near ¥, = [;] and ¥, = [_1] .

Recall that f(7,9) = "¢ = Zle TiYi-

Answer: From the solution in the previous part, we can write

F@E9) ~ F@5) + (Daf)| @ =2+ (D) = 5) )
= T J + ) (F—T) + T, (T — 7.)- (26)
oo |1 S |1 , . . 146 —1+ 93
Putting in ¥, = !2] and ¥, = 9 ] , and let’s find the approximation of f 91| | 244, ,
we have
T+ [=1+03| ) _ o7~ | T/= = S
f 2 _|_ 62 I 2 + 64 ~ .T* y* + y* (‘/1: x*) + z* (y y*) (27)
B 5 03
o[ Plep Al e
=3—01 + 203 + 03 + 204. 29)
, . . 1+ (51 -1+ (53_ .
Let’s compare this with the true value f 91 6y| | 2404 We have:
1401 —1+4 03 B
f 91| | 24084 = (1+61)(=1+03) + (2 + 2)(2 + 64) (30)
=3 — 01+ 259 + 03 + 204 + 0103 + d204. (31)

As we can see, our approximation removes the second order § terms 6193 and d2d4, which is valid for
small 6;.
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(g) When the function f (Z,7) : R x R¥ — R™ takes in vectors and outputs a vector (rather than a
scalar), we can view each dimension in f independently as a separate function f;, and linearize each

of them:
Hi(Z,7) J1(@e §) + Dzf1 - (Z — Z) + Dgf1 - (§ — )
2. = f2(9?63 ¥) N fa(@, 1)+fo2'(§:—@) + Dgfa - (§ — ¥x) 32
Fn@D)| | fn@i) + Dafu - (F— £+ Dyl - (7~ )

We can rewrite this in a clean way with the Jacobian:

Dzfi of of
~ fo2 or1 Tt Oxp
Daf=1 . |=]%+ "~ |, (33)
1 Ofm Ofm
Dj‘fm o0z Tt Ozp
and similarly
of of1
oy T Oy
Dyf = oo (34)
Ofm Ofm
oy T Oy
Then, the linearization becomes
[(@.9) = [@ag) + (Daf)| (@ =8+ (Dgh)| -G~ (35)
(Zx,9x) (Z )
= X1 r— .CC2.732 . g . .
Let ¥ = and f(¥) = | 15 |. Find Dzf, applying the definition above.
i) T1T5
Answer: Here, we have
7 |2w120 :1;%
Dzf = [ 3 2mza|’ (36)
o 7 .. |2.01 . 2 =>[ 12.01
(h) Compare the approximation of f at the point 301 | USINg T = | 5| versus f 201l |- Recall the
.. 7 -3321’2
definition that f(%) = | 175 |.
l'1$2
Answer: Let ) = 0.01. The true value is
; 2.01] ) [@2+626+06)|  [12+166 +76% + 63 a7
U801 ] T {@2+6)B+6)? T |18+ 215 +852 + 42
On the other hand, our approximation is
[ 12.01 =2 12 4 0 12 4 160
/ [3.01] U8 ] T o 12] H 18 + 216 (%8)
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Again, our approximation essentially removes the higher order terms of 4.
When we plug in § = 0.01, we have

= 12.01 12.160701
/ [3.01] n [18.210801] (39)
and our approximation is

~{ 12.01 12.16
! [3.01] :[18.21]' (40)

—

(i) Practice: Let 7 and i/ be vectors with 2 rows, and let @ be another vector with 2 rows. Let f(Z, %) =
#§" . Find Dy f and Dy f.

Answer: Here, recall that

- x w T x w €T w1 +x w
=", {y1 yg} Slwr| [Ty Y2 (wi) | T1yiw 1Y2w2 (41)
T2 w2 T2yl T2Y2 w2 ToY1W1 + TaY2w2
Then,
Dif = % %;1 _ |y1w1 + y2ws 0 42)
* 81—12 (?T; 0 Y1wi + Yaws
and
e |G on Tiwp  TW2
D-f=|¥M ¥ | = ’ . 43
il % % ToW| TowWo 3)
We can also write
Daf =4 w1 (44)
and
Dyf = @0, (45)

which can be derived by noticing that ¢/ = @' /.

(j) Practice: Continuing the above part, find the linear approximation of f near ¥ = i = [i] and with

w:H.

Answer: We have

F(Z,9) ~ f(Ze,7.) + Daf - (& — &) + Dyf - (§ — ) (46)
Rk 3 0] |—1 2 1| |yp—1
=131 T o 3] [x21]+ 2 1] [y21] “7)
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(48)
s . . > 1+0q 1+ 05
Let’s do an approximation of f 1oy 146, then,
ff 1+ 067 1+ 43 - 3 n 3 0 . 01 n 2 1 ) 03 - 3+ 301 + 203 + 44
146 |1+64] )~ |3 0 3| |6 2 1| |64  |3+362+285+ 64|

We can compare with the true value

2
1

B -1—&-51
B 1%52

14 93
1+ 64

1467
1+ 6o

—

7 [1+53 1+64}

)

146, 40540105 1+ 06 + 04+ 0104
1+ 099403+ 0203 1+ o+ 94 + 0204

i -
1

and we see that our approximation removes the second order § terms d103, 0194, 0263 and d204.

_3 + 301 + 203 + 04 + 20103 + 0104
3+ 302 + 203 + 94 + 20203 + 0204

)

These linearizations are important for us because we can do many easy computations using linear functions.
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