EECS 16B Fall 2020 HW 2

1 First-Order Differential Equation Practice

a)

b)

d)

Solve the equation % f(t) = 2f(t) given that f(0) = 5.

Solution

The solution to a homogeneous first-order differential equation
d
Ex(t) = Ax(t)

is of the form x(t) = Ae’. Therefore, the solution to this differential equation will be of the
form f(t) = Ae?'. Plugging in the initial condition, we see that

f0)=Ae"=A=5
Therefore, we conclude that the solution to the differential equation is f(t) = 5e?'.

Solve the equation S%f(t) +6f(t) = 0 given that f(0) = 7.

Solution

We can rewrite this differential equation in the following form:

d
/O =-2f()

Recall from the previous part that this differential equation has a solution of the form
f(t) = Ae™?'. To solve for A, we plug in the initial condition and see that

f(0)=Ae’"=A=7
Therefore, the solution to the differential equation is f(t) = Te 2,

Solve the equation 3f(t) — G%f(t) = 4 given that f(2) = %

Solution

This is a first-order non-homogeneous differential with a constant term. Since A = 1, the

solution will be of the form f(t) = Ae2! + B. Plugging in our guess into the differential equation,
we see that

1 1 1
3(Aez! + B) - 6(§Ae§t) =4
(3A—3A)e2 +3B =4

This tells us that B = 3. Lastly, to solve for A we plug in the initial condition

4 1

2)=A - ==
f@)=Aet g =3
:}A:—e_l

1

Therefore, the solution to this differential equation is f(t) = —e2'"! + 3.

Solve the equation f(t) — a%f(t) = b, given that f(tp) =band a # 0.
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Solution

This is a first-order non-homogeneous differential with a constant term. Since A = 1, the
solution will be of the form f(t) = Ae!/* + B.

d
FB)—azf(0)=b
(Ae!/" + B) — a(%Aet/”) =b
— B=b
To solve for A we plug in the initial condition

f(to) = Ae'/" +b=b

= Aeh/" =0

The quantity ef/* > 0 for any value of t; so A must be equal to 0. Thus the solution to the
differential equation is f(t) = b.

Note: Our solution f(t) is a constant without an exponential term. Let’s try to break down
why this is the case. First consider the differential equation of the form

%x(t) =Ax(t); x(0)=0

You'll notice that the solution is x(t) = 0.

In our case, the solution f(f) = Ae + B. The Ae term represents some change that f(t) will
make from its initial state whereas B represents the final state given A < 0.

Since we showed that the steady state of f(f) is b, and our initial condition f(f¢) = b, the
function f doesn’t need to move at all to reach b. It’s already at b.
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C
Ic(t)
’ jc H FYIR(D)
C) Vs VR(t) R

a) Find a differential equation for V,(t) for t > 0. Solve the differential equation using the initial
condition V(0) = 1V. Use component values of C = 1fF (1fF = 107'°F), R = 10kQ, and V,; = 2V

2 RC Circuit

Solution

First, we set one node to ground and label the other two nodes as u; and u5.

Ic(f)
+YIr(t)
C_ Vr(t)

Ve(t) = ur —up
up = Vs
ug = VR(t)
Ve(t) = Vs = Vr(t) @
Using Ohm’s law:
VR(t) = RIr(t)
Using KCL at u5

I(t) = Ic(t)
Vr(t) = Rlc(t)
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b)

The current through a capacitor is:

_ ~dVe(t)
Ic(t)=C T
o ~dVe(t)
Vr(t) = Rc—dt
Plugging back into (1):
_ v pedVe()
Ve(t) = Vs Rc—dt

Rearranging, we get our differential equation:

dvet)  Velt) _ Vs
dt RC RC

This is a first-order non-homogeneous differential equation that can be solved through Guess
and Check of Substitution of Variables.

Ve(t) =2 —e i [V]

Instead of having an initial condition of V,;(0) = 1V, we now have an initial condition of
Ir(0) = 150pA (1A = 107°A). Find the new expression for V¢(t) for t > 0. Use the same
component values listed in part (a)

Solution

We can use the same general solution as in part (a), but we need to plug in our new initial
condition to solve for A. To do that, we need to determine what V¢ (0) is using our current’s
initial condition.

Using Ohm’s law: ‘
Vr(0) = Ir(0)*R =150106%10* = 1.5V

We know that:
Ve(0) =V, =Vg(0)=2-15=05V

Now we can plug it back into the general solution to get:

Ve(t) = 2 — 1.5¢" 0T [V]




EECS 16B Fall 2020 HW 2

3 Transistor Switch Model

We can improve our resistor-switch model of the transistor by adding in a gate capacitance. In this
model, the gate capacitance C¢ represents the lumped physical capacitance present on the gate node
of all transistor devices. This capacitance is important as it determines the delay of a transistor logic
chain.

D Vout
S
ROVl 1
CG Ron
Ip
G I
Cc _— Vs 2 Vin
Vis < =[Vipl
S Vout
L D
(a) NMOS Transistor Resistor-switch- (b) PMOS Transistor Resistor-switch-
capacitor model capacitor model.

Figure 1: Note: We have drawn this so that it aligns with the inverter shown below.

You have two CMOS inverters made from NMOS and PMOS devices. Both NMOS and PMOS
devices have an “on resistance” of R,, = 1 k(Q2, and each has a gate capacitance (input capacitance) of
Cg = UF (femto-Farads = 107'°). The supply voltage Vpp is 1Vand the two inverters are connected
in series, with the output of the first inverter driving the input of the second inverter (fig. 2).

Vbpp Vbp

Vin Vout,2

Figure 2: CMOS Inverter chain

a) Assume the input to the first inverter has been low (V;;, = 0V) for a long time, and then switches
at time t = 0 to high (V;;, = Vpp). Draw a simple RC circuit and write a differential equation
describing the output voltage of the first inverter (V,,;,1) for time ¢ > 0. Don't forget that the
second inverter is “loading” the output of the first inverter — you need to think about both of
them.
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Solution

Before t = 0, the input to the first inverter was low for a long time. This means that for t < 0,
the output of the inverter (Vo,,1) had been held at Vpp for a long time.

Att = 0, the input goes high. This means the input inverter’s NMOS device turns on connecting
Vout,1 to ground through a resistance of R,,,. The inverter’s PMOS device is off meaning we
have an open circuit from Vpp to V.

At the input node, Vj;, no current flows through the two gate capacitors (I, = I, = 0.) This is
because the current is proportional to the change in voltage across the capacitors. However,
the voltage difference across the top capacitor stays at 0 and the difference across the bottom
capacitor stays at Vpp.

Vpp Vbp
i Vin,2 low
Cpmas : :
Ron
y
Vout,2
Vin
\ Ron
| )
Cnmos — _ b
‘/in,Q hlgh

Figure 3: Vi, = Vpp so the PMOS is off and the NMOS is on.
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The second inverter “loads” the output of the first inverter. From the notes in the problem, we
can model the gates of the transistors as capacitors. These gates together form our capacitive

load. The gate of the pmos acts as a capacitor to Vpp and the gate of the nmos acts as a capacitor
to ground. Using this we can draw the following RC circuit:

Vbp

— Cpmos =Cg
Al

» Vout,l

v1,

Ron : Cnmos = CG

Figure 4: First inverter output at 0

We know the voltage across Cpos is Vout,1(t) = Vpp and the voltage across Cyipos is Vour,1(t).
Using this information, we can set up a KCL equation and use the i-v relationship of a capacitor:

d d
Ip = Cpmos E(Vout,l(t) - Vbp) I = Chmos Evout,l(t)

Vout,l (t)
Ron

IRZ Ip+1n+IR=O

Then we can set up a differential equation to solve for Vo, (t):

C”m"s%(vm‘fﬂ(” = Vbp) + Cnmos%Vout,l(t) + V”#L(t) =0
Cpmos%Vout,l(t) + Cnmos%vollt’l(t) + Vo#jt) -0
(Cpmos + Cnmos)%vm,t,l(t) = ‘Va;{;(t)
%Vaut,l(t) = _Ron(C‘:::lJ(rtzjnmos)
b=

b) Given the initial conditions in part (a), solve for Vo, 1(f).

Solution
We know that the solution to a differential equation of the form

d Vout,l

Evout,l(t) ==
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<)

is ,
Vout,l (t) = ke Ron(Co)

ot
Plugging in the initial condition V,,,1(0) = Vpp we find that V,,;,1(t) = Vppe Fon®C).
Sketch the output voltage of the first inverter, showing clearly (1) the initial value, (2) the

initial slope, (3) the asymptotic value, and (4) the time that it takes for the voltage to decay
to roughly 1/3 of its initial value.

Solution

(1) We know that the output of our inverter started with the initial value Vpp.

(2) Since the differential equation tells us the change in value of V,;,1(t) at time ¢ we can simply
plug in t = 0 into our differential equation to get the initial slope:

d V. 0
—Vout,1(t) __ out,l( ) (1)
dt Ron(Crmos + Cpmos)
d Vbp
—Voura(t) = - 2
dt out1(£) Ron(Crmos + Cpmos) @
e ey fe VDD — _ VDD
Thus the initial slope is Ron(Comos+Comas) — Ron(2CG)

(3) Since the input to the inverter changed from low to high we know the output of the first
inverter (V,y¢,1) is going to go to 0 in steady state, as this node will be discharged by the first
inverter’s nmos transistor.

Alternatively, we can find the asymptotic value by plugging in t = co to the solution we found
for Vout,l(t) to find Vgut,l = VDD(?_R””(QCC) =0.

(4) To approximate when the output will decay to § its original value, we use the fact that

e”l = % ~ % We thus want to find when V,,;; 1 = Vppe~!. This will occur when the e term is
raised to —1, which occurs when t = R,,(2Cg) = 2 x 10725,

Voltage on discharging capacitor over time

1
¥}
o0
8 05 o
S
OF------------———======—x
0

d) A long time later, the input to the first inverter switches low again. Solve for Vo, 1(f).
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Solution

We know that after a long time, the output of the first inverter has stabilized to 0. When the
input switches low again, the input inverter’s nmos device turns off, while the input inverter’s
pmos device turns on. This connects the V,,;,1 node to Vpp, as shown in fig. El

Vbp Vbp
_ Cpmos =Cg
vy
» Vaut,l
vi,
:: Cnmos = CG

Figure 5: Inverter output at 1

To set up the differential equation, we apply KVL and KCL again:

d d
Ip = Cpmos %(Vout,l(t) - VDD) I, = Cnmos %Vaut,l(t)

Vaut,l (t) - VDD

I, +1,+1g =
Ron 14 n R 0

Ig =

Then we can set up a differential equation to solve for Vo, (t):

CPMOS%Vout,l(t) + C”mOS%VOMt,l(t) + %?m_vl)l) 0
(Cpmos + Cﬂmos)%vout,l(t) = —%zn_vmj
%Vout,l(t) = _RO‘:Z?;”S: - Zfsos)
) = - Lot Voo

We know that a differential equation of the form %x(t) + ax(t) = B has solution
x(t) = xpe ™ + g(l —eh

Substituting for x(t) = Vour1,x0 =0, = 2R;CG B = 21;/02%6 , we get:

___t
Vout,l(t) = VDD (1 —e 2Roncc)
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e) Sketch the output voltage of the first inverter (V,,;,1), showing clearly (1) the initial value,
(2) the initial slope, and (3) the asymptotic value.

Solution

(1) Because the input to the first inverter was high for a long time, we know the initial value of
Vout,1(t) = 0. This was the initial condition applied to the solution of the differential equation,
above.

(2) To find the initial value of the slope we can plug in t = 0 to the above differential

equation:
d _ _ (VDD - Vout,l(o))
Evout,l(t - O) - Rgn(zcc)
(Vpp)

where V,ut,1(0) = 0. Thus our initial slope is Notice this slope is positive while the

previous part had a negative slope.

Ron(2Cq)"

(3) Since the input to the inverter changed from high to low and the input inverter’s pmos is
now on, we know the output of the first inverter is going to go to Vpp in steady state.

Alternatively, we can find the asymptotic value by plugging in f = oo to the solution we
found for Vius,1(f) to find V1 = Vpp (1 - eiRDWCGJ) = Vpp(1 —=0) = Vpp.

Voltage on charging capacitor over time

Voltage

time (s)

f) For each complete input cycle described above (V;;, = 0V — 1V — 0V), how much charge is
pulled out of the power supply? Give both a symbolic and numerical answer. Consider only
the charge needed to charge up the V,,; ; node.

Solution

To find the charge required from the supply, we can integrate the current required from the
supply during each phase of the cycle (Q = fooo Iy (t)dt).

The ciruit in the input step, 0 — 1 is drawn below. We know that the voltage is Vjut,1(t) =

t
VDDe_ 2CgRon .

10
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Vbp
_ Cpmos =Cq
Alp
> Vout,l
v,
Ron : Cumos = C'G

Figure 6: Process 0 — 1

Here only the current I, affects the amount of charge pulled out of Vpp.

d
I(t) = CG%(Vout,l(t) - Vbp)

[ S
=Cq Vppe 2CcRon

-1
2CGRo,
Thus:

00 00 -1 o
Qo= = ./ Ic,,,, (t)dt = / Ceo=7—Vppe *cfordt
0=t 0 ! ) 0 2CGRon
__t
= Cg - Vppe >cFor |

=Cg - Vpp(0-1) =-Cg - Vpp

The ciruit in the input step, 0 — 1 is drawn below. We know that the voltage is Vout,1(t) =
.
Vbp (1 — e 2RonCg )

Vbp Vbp
_ Cpmos =Cc
vy
S Vout,l
vi,
_ Chmos = Ca

Figure 7: Inverter output at 1

11
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This time, both Ir and I, will affect the amount of charged pulled out of Vpp.

___t
Ig = Vout,l(t) — VDD _ VDD (1 ~¢ 2RU”CG) B VDD _ —VDDE_M
R - - -_—

Ron Ron Ron

d
I, = CGE(Vout,l(t) —Vpp)=-C

-1 ot
Gs=—5—Vppe *cRon
2CGR(m

Thus:

ot
o —Vppe 2RonCc
Vppe 2CcRon + —t
2CGRon Ron

Q1_>0 = / Ip(t) + IR(t)dt = / —CG
0 0

—-Vbp .
——— - —1-2R,,Cge 2RnCc |7
on

= —CGVDD(O - 1) + 2CGVDD(O - 1)
=-CcVpp

¢
= —-CcVppe 2CGRon |8° +

The total charge is thus
Qtotal = Qo—1 + Q10 =—-CcVpp = CcVpp = —2CcVpp
Note that the current direction for I, and Ir were pointing into the Vpp source, so the charge

represents the charge moved into the power supply. As the question asks for the charge pulled
out of the power supply, we know:

qulled out of power supply = —Qtotar = 2CcVpp = 2(1fF - 1V) = 2fC

12
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4 CMOS Scaling

Jerry wants to create a new machine learning accelerator chip using CMOS technology. When
designing his chip, he considers the most important parameters of his design to be the amount of
energy dissipated when the gate transitions and the delay time it takes for the output of a gate to hit
VDTD from either ground or Vpp (i.e. the delay of the gate). These two parameters are very important
for CMOS technology, as they determine how quickly the processor can run and how much power it
will consume.

Jerry has access to two different fabrication processes: process A and process B.

Process A uses a supply voltage of Vpp = 1V. The transistors have a parasitic resistance of
Ry = 10kQ), and the output driven by a representative inverter has a parasitic capacitance of C, = 5fF.

Process B uses a supply voltage of Vpp = 3V. The transistors have a parasitic resistance of
Ry = 30kQ, and the output driven by a representative inverter has a parasitic capacitance of C,, = 1fF.

In order to determine which process is better for the design, Jerry decides to analyze the circuit
where the input of an inverter transitions from Vpp to 0. This can be modeled as the following
circuit:

Vbp

Since the input of the inverter is transitioning from Vpp to 0, the initial condition for V.(¢) is:
Ve(0) =0

a) In terms of the variables Vpp, Ry, and Cp, solve for Vy,:(t).

Solution

To find an expression for V,,;(t):
Vc(t) = Vout(t)

KCL at V,;; (note the direction of ig) yields:
ir(t) =ic(t)

VDD - Vout(t) —
RP

dVout(t)
dt

Cp

13
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dVout(t) 1 VDD

+ = Vour(t) =
dt R,C, out (1) R,C,

We can either guess and check or use substitution of variables to get the solution

Vout(t) =Vbp (1 - e_R;CP)

b) Using the expression for V,,;(t) that was just calculated, solve for iz (). Keep this expression
in terms of the variables Vpp, Ry, and Cp,.

Solution

__t
Voo — Vbp (1—6 RPCP) __t
Vbp - Vout(t) _ _ Vppe R

e
lR( ) RP RP RP

¢) In the previous part, you should have noticed that ig(t) started at some value, and decayed
towards 0 as t — oo.

Why does this trend make sense? If the voltage were switching to a different level, would
the same trend in current hold?

Solution

In steady state (i.e. when t — o0), we know that the voltage will settle to a constant value.

Because ic = C %, it makes sense that when the voltage is constant, the current through the
capacitor will be 0. In general, this trend will hold true: when there is a step voltage change (in
this case, the transistor suddenly switching on/off) in a circuit with a resistor and capacitor, the
current through capacitor will jump to some level (iy = i(t = 0)), and will then exponentially
decay to reach a steady state current of 0.

d) Using the values of Vpp, Ry, and C,, from process A, calculate the time it takes for V,,; to
reach Vg—D
Solution

We can find the delay time by setting V;,:(¢) = VDTD:

__t
%:VDD (1—6’ R"’C”)

! 1 t
n|i=|=-—
2/~ R,C,
1
t=—1In 5 RPC,,

From this, we can say that the delay time to reach VDTD for any R, and Cy, is:

tg = 0.69RpCp

14
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ty = 0.69(10 X 10® X 5 x 1071°) = 3.45 x 10~ s

e) Using the values of Vpp, R, and C, from process A, calculate the total energy delivered by
the voltage source, Vpp, while the capacitor is being charged to Vpp.

For this problem, recall that the instantaneous power delivered by a voltage source is
P(t) = I(t) - V(t). Note that the current and voltage are functions of time.

Energy can be found by integrating power:

t=00
E = / P(t)dt
t=0

Remember that the units of energy are Joules [J], while the units of power are Watts [W], which
is energy per time: 1W = %

Solution

The total energy delivered by the source can be found by integrating the instantaneous power:

U, = / " (bt = / T Vobir(ht

0 0

. dVout (t)
ir(t) = Cp (;lut
__t_ \V __t_
iR(t) = CpVDD e RS = Ee RpCp

R,Cp R,

p
Us = ‘/O‘X’ (Vbp)

oyZ o
Ug :/ _DD " ®cp g4
o Rp

YD - m555 | gt
Ry

[ee]

V2
L2 (-ryc)

0

U =

The total energy supplied by the supply when charging up the capacitor is:
Us =CV3,
Plugging in component values of process A for the energy dissipation and time delay:

Us = (5x10719)1%2 =5 x 10717]

Note: Notice that the energy supplied by the supply when charging the capacitor is Us = CV3,.
However, we know that the energy stored by a capacitor is U,y = 5CV3 .

15
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f)

8)

h)

i)

This implies that the enerqy drawn from the supply in charging the capacitor is twice the energy that the
capacitor finally stores when it is charged. Where did the other half of the energy go? It is dissipated
as heat through the resistor when charging the capacitor. If you do a similar calculation to what
you just did, where you integrate the energy dissipated through the resistor as the capacitor is
charging (i.e. apply P = I - V to the resistor and integrate), you will find the missing half of the
energy.

Repeat parts (d) and (e), but with the values from process B.

Solution

Using the equations derived above:
Us = (1x10719)32 =9 x 10719]

ty = 0.69(30 X 10° X 1 X 1071°) = 2.07 x 107 s

Compare the energy and delay of process A and B.

Solution

Compared to process B, process A dissipates less energy per transition, but has a longer delay
time.

Jerry’s friend Pat tells Jerry that with process B, one can reduce Vpp to 2V. However, the
reduction in supply voltage increases the parasitic resistance R, to 50k(2. Calculate the new
delay and energy.

Solution
Us = (1x1071%)22 =4 x 1071
ts =0.69(50 x 103 x 1 x 1071%) = 3.45 x 10~ s

Based on your previous answers, which process should Jerry choose to use? Why?

Solution

With the new Vpp and R, of process B, it ends up that process B and process A have the same
delay time. However, process B dissipates less energy per transition with the new Vpp and Ry,
which means Jerry should choose process B which uses the reduced Vpp.

16



EECS 16B Fall 2020 HW 2

5 Homework Process and Study Group

Citing sources and collaborators are an important part of life, including being a student!
We also want to understand what resources you find helpful and how much time homework is
taking, so we can change things in the future if possible.

a) What sources (if any) did you use as you worked through the homework?

b) If you worked with someone on this homework, who did you work with?
List names and student ID’s. (In case of homework party, you can also just describe the group.)

¢) Roughly how many total hours did you work on this homework?

d) Do you have any feedback on this homework assignment?

17
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