
EECS 16B Fall 2020 10B: SVD

1 Geometric interpretation of the SVD

In this exercise, we explore the geometric interpretation of symmetric matrices and how this connects
to the SVD. We consider how a real 2× 2matrix acts on the unit circle, transforming it into an ellipse.
It turns out that the principal semiaxes of the resulting ellipse are related to the singular values of
the matrix, as well as the vectors in the SVD.

a) Consider the real 2 × 2 matrix

� =

(
0 −1
3 0

)
.

Now consider the unit circle in R2,

( =

{(
cos�
sin�

)
| 0 ≤ � < 2�

}
.

Plot �( on the R2 plane.
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Answer

�( =

{(
− sin�
3 cos�

)
| 0 ≤ � < 2�

}
.

Theplot shouldbe the ellipse centeredat theorigin thatpasses throughthepoints (0, 3), (0,−3), (−1, 0), (1, 0).
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b) Calculate the SVD of �. Write this as a matrix factorization, i.e. � = *Σ+>.

Answer
Since � is square, both ��> and �>� will be the same size. We arbitrarily choose to start with
�>�.

�>� =

[
0 3
−1 0

] [
0 −1
3 0

]
=

[
9 0
0 1

]
The eigenvalues can be read off as:

�1 = 9, �2 = 1

and the corresponding eigenvectors as:

®E1 =
[
1
0

]
, ®E2 =

[
0
1

]
We then calculate the left singular vectors as ®D8 = �®E8

�8
, where �8 =

√
�8 as usual.

®D1 =
[
0
1

]
, ®D2 =

[
−1
0

]
Thus, the SVD of � is given by:

� =

[
0 −1
1 0

] [
3 0
0 1

] [
1 0
0 1

]
c) Consider the columns of the matrices*,+ obtained in the previous part, and treat them as

vectors in R2. Let * = ( ®D1 ®D2), + = ( ®E1 ®E2). Let �1, �2 be the singular values of �, where
�1 ≥ �2.
Draw in your plot of �( the vectors �1 ®D1 and �2 ®D2, drawn from the origin. What do these
vectors correspond to geometrically?
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Answer
�1 ®D1 = (0, 3) corresponds to the semi-major axis of the ellipse, while �2 ®D2 = (−1, 0) corresponds
to the semi-minor axis.

d) Repeat what you did above for the matrix � =
(
2 1
−2 1

)
. We can write an SVD for � as

� =

[ √
2
2

√
2
2

−
√
2
2

√
2
2

] [
2
√
2 0

0
√
2

] [
1 0
0 1

]
.
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Answer

The ellipse and corresponding points are plotted in the above graph.
Notice that the first vector points along the -45 degree line which corresponds to the major
axis for the ellipse while the second is along the 45 degree line which is the minor axis for the
ellipse. Once again, it is the* matrix whose constituent vectors give these directions.
Why? We note that we are looking at the image of a circle under �. If we view the SVD as
a rotation by +>, a scaling of the axes by Σ, and then finally a rotation by * , the circle is
invariant under the initial rotation +> by definition. Thus the principle axes of the ellipse are
determined by �8 ®D8 .
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2 SVD and Induced 2-Norm

a) Show that if* is a unitary matrix then for any ®G

‖* ®G‖ = ‖ ®G‖.

Answer

‖* ®G‖ =
√
(* ®G)>(* ®G) =

√
®G>*>* ®G =

√
®G> ®G = ‖ ®G‖

b) Find the maximum
max
{ ®G:‖ ®G‖=1}

‖�®G‖

in terms of the singular values of �.

Answer
If we write � in terms of its SVD � = *Σ+> and introduce a coordinate transformation ®G = + ®H
then

max
{ ®G:‖ ®G‖=1}

‖�®G‖ = max
{ ®G:‖ ®G‖=1}

‖*Σ+> ®G‖

= max
{ ®H:‖+ ®H‖=1}

‖*Σ+>+ ®H‖

= max
{ ®H:‖ ®H‖=1}

‖Σ®H‖

If the singular values are ordered such that the largest singular value is in the Σ11 location than
the maximum is achieved at H =

[
1 0 . . . 0

]) and the value achieved is �max(�). Thus

max
{ ®G:‖ ®G‖=1}

‖�®G‖ = �max(�).

c) Find the ®G that maximizes the expression above.

Answer
®G = + ®Hmax = ®E1 ,
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