EECS 16B Fall 2020 Discussion 10A

Singular Value Decomposition
The definition

The SVD is a useful way to characterize a matrix. Let A be a matrix from R" to R” (or A € R"*") of
rank 7. It can be decomposed into a sum of r rank-1 matrices:

r
A= Z aiﬁiiiT
i=1

e iiy,...,1, are orthonormal vectors in R"; 94, ..., 0, are orthonormal vectors in R".
e the singular values 0; > 09 > -+ > 0, > 0 are always real and positive.
We can also re-write the decomposition in matrix form:
A=U,Sv]
The properties of U;, S and V; are,

U, is an [m X r] matrix whose columns consist of i1, . . ., ii,. Consequently,

UfUy = I

Vj is an [n X r] matrix whose columns consist of 71, . .., 0,. Consequently,

ViVi = L

o U, characterizes the column space of A and V; characterizes the row space of A.

S is an [r X ] matrix whose diagonal entries are the singular values of A arranged in descending
order. The singular values are the square roots of the nonzero eigenvalues of AT A (or, identically,
AAT).

The full matrix form of SVD is

A=UuxvT

where UTU = Ly, VIV = Lixu, = € R™"  which contains S and elsewhere zero.

The calculation
We calculate the SVD of matrix A as follows.
(a) Pick ATA or AAT.
(b) i Ifusing ATA, find the eigenvalues A; of ATA and order them, so that A; > --- > A, >0
and A, =---=A, =0.

If using AAT, find its eigenvalues A4, ..., A and order them the same way.
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ii. If using AT A, find orthonormal eigenvectors 7; such that
ATAG; = A, i=1,...,r
If using AAT, find orthonormal eigenvectors #; such that
AATI = Ay, i=1,.r
iii. Seto; = VA;.
If using AT A, obtain ii; from il; = AT;, i=1,...,7.

If using AAT, obtain ¥; from ; = UliATﬁ,-, i=1,...,r.

(c) This is not in scope but if you want to completely construct the U or V matrix, complete the
basis (or columns of the appropriate matrix) using Gram-Schmidt. Remember to normalize
afterwards.

The full matrix form of SVD is taken to better understand the matrix A in terms of the 3 nice
matrices U, L, V. Often, we do not completely construct the U and V matrices.

1 SVD and Fundamental Subspaces

Define the matrix

1 -1
A=1|-2 2
2 =2

a) Find the SVD of A (compact form is fine).

Answer

First, compute ATA = [ ) _9}. The eigenvalues of AT A are 18 and 0, with corresponding

-9 9

unit eigenvectors

S VA e A
1= _1/\/5 sy V2 — 1/\/5 .

Therefore, A has one singular vector V18 = 3v2
We obtain
N I VRN B 1/x/§__12//53
o1 3V2 | o | [FUV2] | o3

and A can be decomposed as
1/3

A=3V2|-2/3 [1/\/5 —1/\/5]
2/3

b) Find the rank of A.
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Answer
A has 1 nonzero singular value. So A has rank 1.

¢) Find a basis for the kernel (or nullspace) of A.

ker(A) = span { li;g] }

d) Find a basis for the range (or columnspace) of A.

Answer

Answer

1/3
range(A) = span? [—2/3
2/3

e) Repeat parts (a) - (d) for AT instead. What are the relationships between the answers for A and
the answers for AT?

Answer
r o [1 -2 2
A= [—1 2 =2
T _ 19 -9
AA" = [_9 9
A=18,0
S VAP R VAP
1 — _1/\/5 s U2 = 1/\/5 .
1 -1 1/3
By = — ATl = — |2 2 V2] -2/3
01 3\/5 2 -9 7_1/\/§ 2/3
1/v2
= 1/3 -2/3 2/3
A3\/§[_1N§[/ /3 2/3]
At this point, we already know the rank is 1. The column space is also formed by the i vector

range(A) = span{ —11//\</§§

|

Two vectors in the nullspace are

2l [2]
1,] 0
ol -1

Note, if we had just noticed
AT =uxvhH! =vefu’
We could’ve skippepd many steps for SVD calculation.
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2 Eigenvalue Decomposition and Singular Value Decomposition

We define Eigenvalue Decomposition as follows:

If a matrix A € R™" has n linearly independent eigenvectors py, ... ,Pn with eigenvalues
Ai, ..., Ay, then we can write:

A=PAP!
Where columns of P consist of py,...,Pn, and A is a diagonal matrix with diagonal entries

Ao, Ay

Consider a matrix A € S", thatis, A = AT € R"™". This is a symmetric matrix and has orthorgonal
eigenvectors. Therefore its eigenvalue decomposition can be written as,

A = PAPT

a) First, assume A; > 0, Vi. Find a SVD of A.

Answer

Observe that,
ATA = PA%PT

This means that,
o; = A,‘ andV =P

We have,
AZ),‘ = /\[Z),‘ = 0;0;

Plugging into our SVD condition Av; = o;u;:
0;0; = 0ijU;

This means that,
Uu=vs="~r

Therefore, in this case, the eigenvalue decomposition is the same as the singular value
decompositions.

b) Letone particular eigenvalue A; be negative, with the associated eigenvector being p;. Succinctly,
Ap]' = A]'p]' with A]' <0

We are still assuming that,
A =PAPT
a) What is the singular value o; associated to A;?

b) What is the relationship between the left singular vector u;, the right singular vector v;
and the eigenvector p;?
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Answer

a)

b) Either,

or,

This is because the diagonal entries of ©. MUST be non-negative.

aj = Al
1/[]' = p]' and Z)j = _Pj

u]' = —p]' and ZJ]' = ]9]
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