
Review : Eigenvalues and Eigenvectors

• Let's start with determinants !

• Every square matrix has a determinant .

• Has a physical interpretation as the volume of a parallelepiped enclosed by
the columns of the matrix
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we really care when detCA) - o

why? because )detCA)-o⇐Aisnotinvertib#
(⇒)

DetCA) -0 =D Volume of parallelepiped is Zero

→ One or more columns are colinear ) dependent

⇒ A is not invertible
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A- that is not invertible ⇒ U will have a row

of all Aeros .

⇒ detent)=O

Fact : Defeat) =
'
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Eigwwalvec.DE#wectorsdetCA-7I)--o ← where did this come from?

Definition of e- wees and e- vacs :

A square matrix has eigenvector T with eigenvalue 7 if

A-T -- 7T ,
where THE

any vector that satisfies ATI >T is an eigenvector

Areas ⇒ AT-E- E ⇒ CA - XI)T=o
⇒ Te NCA-II)
⇒ A-HI is not invertible lP

⇒ det CA-TI) - O

det ( A-II) is called the
"
characteristic polynomial of A

"

si

det ( A-717=0 is called the
"
characteristic equation of A

* solving the characteristic equation for possible 7 's reveals the eigenvalues of A.



①
multiplicity 2

A := {? I] detert-⇒ = detffo" I,)) = (3-75=13-7313-7)is

= O ⇒ 7
,
=3

, 72=3

• We now need to find eigenvectors associated with 7=3

- N ( A -3I)

- but we can find eigenvectors by inspection in this particular case

A-=3 [to9)= 3I
-

Any vector I e- RZ satisfies A-5--35 .

spank
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associated w/ 7=3



A := {! !} detca -II) -- 13-7,32

NCA-⇒ = N ( [If])

1%3%3=183①
④
naessobeo

span ({I'd})
*
eigenspace associated with 7=3

Fact : distinct eigenvalues produce linearly independent
-

eigenvectors

- but if there are repeated eigenvalues then we have to do a little

more work to know how many eigenvectors there are .



suppose A := f?
-
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AI µ Exercise : " imaginary

fives:{
"cia: i number "

3 associated w/ i is [I]

Ae -- fi ;] =L;]
A rotates by Mhz

. . .
detent) -- I = Ii = C-i)Ci)= - i'= - C- c) =) ✓

general rotation matrix : q:?I Ii:-)



Why is this perspective useful in the real world?
←
AC- RAHN

• Suppose we hare a linear dynamical system with XEK]= AXEK-D
-

•If A has a set of q linearly independent eigenvectors Y ,
Vz
,
. . .
, Vq

• . .

and Ho] C- Span ({Vi , vz , . . . , Vg})
= XEO] = dy, tazvzt . . . tag Vg for some da

, Az , . . . ,dg ER

Then XEK] = Akxeo] ← XaI= Axeo]
.
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We decomposed Xcx] for any K
in terms of the eigenvectors and

eigenvalues !



Suppose q = N ← we hare a
" full set

"

of eigenvectors

then this analysis (Modal decomposition) applies f0ranyXEo# !


