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EECS 16A Designing [nformation Devices and Systems |
Summer 2020 Discussion 6]

1. Least Squares: A Toy Example
Let’s start off by solving a little example of least squares.

We’re given the following system of equations:

DB W =
—
o B
=l
Il
\O =

where X = [xl] .
X2

(a) Why can we not solve for X exactly?
Answer:

Recall from the earlier linear algebra module that in order for there to be a solution for the matrix
system AX = b, we must have b € Col(A).

Let us use Gaussian elimination to see if we can find X.

1 4 3 R3—2R|{—R,—R;3 1
3 8 = 3
5 1619 0 0

[a——

We have reached a point at which there does not exist an X that exactly solves the system of equations.
Thus, in this case b ¢ Col(A). This is because of the last row of Ais [0 0] ¥ =2.

(b) Find £, the least squares estimate of X, using the formula we derived in lecture.

-1
) a b 1 d —b
Reminder: [c d] = ad=bc [—c a ]

Answer:
Recall the equation to find the linear least squares estimate:

= (ATA)'ATD

1 4 3 6
Pluggingin A= |3 8 |andb= |1|,wegeti= {2416}
5 16 9 ’
2. Least Squares with Orthogonal Columns
(a) Consider a least squares problem of the form
2
2 2 by | |
. - S . L . S S Ix
min b—AX = min HAx—b = min by| — a1 a [ ]
X X X X2

b3 |
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A

) = X
Let the solution be £ = [xl} .
2

Label the following elements in the diagram below.

Span{ilaJZ}a gzé_A}a
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aixy, arxy, colspace(A)
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Answer:
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b

colspace(A) = span{a),a>}

N

(b) We now consider the special case of least squares where the columns of A are orthogonal (illustrated
in the figure below). Given that £ = (ATA)~'ATb and A% = proj, (b) = X1} + %2>, show that

Answer:

UCB EECS 16A, Summer 2020, Discussion 6D, All Rights Reserved. This may not be publicly shared without explicit permission.



Last Updated: 2020-08-06 20:08 4

The projection of b onto @ and @ are given by:

. 7 C?I,E> — 7 <_)275> —
PIOj (b> = H —»l H2 1 PIOjz, (b> = H —»2H2 az
7,b B, b
Length: <al; ) <a2_; )
[l 2]

)el_—anT—alal —a’ =] [k
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l

t

(c) Compute the least squares solution to

Il
4I
o S
o
3 o
=
| I
I
S
N =
I
1
S =
| S

=1
~
S

=
o

St
S

S
Ny
(¥

N

=1

:
W =
|
R e
=)

Answer:

Note that the columns of A are orthogonal, so it is much faster to projectz onto the columns of A than
use the least squares formula to find X.

3. Polynomial Fitting

Let’s try an example. Say we know that the output, y, is a quartic polynomial in x. This means that we know
that y and x are related as follows:

2 4
y=ap+aix+axx +a3x3 +asx

We’re also given the following observations:

X y
0.0 24.0
05| 6.61
1.0 00
1.5 —0.95
20| 0.07
25| 073
3.0 | —0.12
35 —0.83
4.0 | —0.04
45| 6.42
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(a)

(b)

(©)

(d)

What are the unknowns in this question? What are we trying to solve for?
Answer:
The unknowns are ag, a;, az, as, and a4. They are also what we are trying to solve for.

Can you write an equation corresponding to the first observation (xo,yo), in terms of ag, a1, az, a3, and
as? What does this equation look like? Is it linear in the unknowns?

Answer:

Plugging (xo, o) into the expression for y in terms of x, we get

24=qap+a;-0+a-0>+az-0°+ay-0*

You can see that this equation is linear in ag, a;, a2, az, and aa.

Now, write a system of equations in terms of ag, a1, az, as, and aq using all of the observations.
Answer:
Write the next equation using the second observation. You will now get:

6.61 = ap+a;-(0.5)+ax-(0.5)* +az-(0.5)° +ay4-(0.5)*

And for the third:
00=ag+a;-(1)+ar-1>+az- 13 +a,-1*

Do you see a pattern? Let’s write the entire system of equations in terms of a matrix now.

10 0 0} 0* 1 T 24 T
1 05 (05?2 (0.5)° (0.5)* 6.61
11 12 1? 14 0.0
115 (1.5)2 (1.5 (1.5)%] | —0.95
o222 28 2t [T 007
1 25 (252 (2573 (254 [“2] 7 | 0.73
13 3 33 3 ||B —0.12
1 35 (352 (3.5)7° (354 1 —0.83
1 4 42 43 44 —0.04
(1 45 (4.5)?% (45)7° (4.5)%] | 6.42

Finally, solve for ag, a1, a2, a3, and a4 using IPython. You have now found the quartic polynomial that
best fits the data!

Answer:

Let D be the big matrix from the previous part.

24.00958042
—49.99515152

d=(D'D)"'DTy=| 35.0039627
—9.99561772

0.99841492

It turns out that the actual parameters for the polynomial equation were:

24
-50
a=| 35
—10
1
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(Remember that our observations were noisy.)
Therefore, we have actually done pretty well with the least squares estimate!
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