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What is linear algebra®?

* The study of linear functions and linear equations, typically using
vectors and matrices

* Linearity is not always applicable, but can be a good first-order
approximation

* There exist good fast algorithms to solve these problems



Linear Equations

* Definition:
Consider: f(x, Xy, ==+, Xy) : R" = R
f is linear if the following identity holds:
(1) Homogeneity:
flax, -, axy) = af(x;, . .., xXy)
(2) Super Position (distributivity): if x; = y; + z; then
JO+ 20 v+ zy) =0 0w (2 005 2y)
Claim: linear functions can always be expressed as:

J(x1, X9, ==, X)) = €1 X + CyXy + ==+ + CyXy



Proof for [R?

- f(x1,%,) : R* = R is linear. Need to prove: f(x;, X,) = ¢1X; + CyX,

Trick:
x, =1 ”j+ 0%
1 2 — Xl — lel -+ XZZI
X2:O‘xl+1'x2
| ) — .x2 — lez ~+ X2Z2
AR By
So,

S, %) = fxy; + X2, X1y, + X,%)
= f(x1 Y1, X1Y2) + (%521, X525)
— xlf()ﬁ, )’2) + xzf(Zp Zz)
= xlf(l\xO) - x2f(0,1\2

Cy C,

— Clxl -+ C2X2



Linear Set of Equations

* Consider the set of M linear equations with N variables:
Clllxl + a12x2 + 0 + ClleN — bl
a21x1 ~+ a22X2 + - + aZN.xN — bz

ClMlxl + aM2X2 + .- + CIMNXN — bM

* Can be written compactly using augmented matrix:




Back to Tomography o 41 x 4015 +0-x,=4

1.
O'X1+O‘XZ+1'X3+1°X4:3
1'X1+0'X2+1°x3+0°x4:2
O-x,+1-x%+0-x3+1-x,=5

, \/§x1+0-x2+0-x3+\/§x4=3\/§
_ _

.X4 3

2 S 32




Back to Tomography Lox 41 x40 x40 x, =4

0-x,+0-x,+1-x34+1-x,=3
l-x,+0-x+1-x3+0-x,=2
4 O-x,+1-x%+0-x3+1-x,=5
V2x +0- X+ 0 x34+4/2x, = 3¢/2
3 ~ -

0 4
3
2
O

1
0
1

1
0
1
0
How do we solve it? L \/§ \/§ 3\/§

o R OO =
O O = = O




Back to Tomography

L=l
=1
Z % o =.x, I
E 1 4 I
1 7 B ]
A
'=- AP
. 4 ;}—,‘r
L LIS
i H-H i

How do we systematically

solve it?

e
———

p—

111 0oooo000 0000 1110000000000 00000000 000 o
000 1100000000000 000 00000000 000 o
000 0011110000000@0 100 00000000 100 0
000 000 014 011 11110000 011 o
000 000 1 000 tooo0111m 000 1
100 00100 010 100000000 010 o
010 000 000 0000100 000 0
001 1oo 001 01000100 001 o
000 000 000 00100010 000 o
000 010 100 0001000M 100 1
100 000 100 0oooolo00 100 0
010 1oo 000 00010000 000 o
111 000 000 0000000 U 000 o
000 110 000 00000000 000 0
000 001 oo 0000000 oo o
000 000 011 11110000 011 o
000 000 000 00001 11m 000 1
100 001 010 10000000 010 0
010 000 000 00001000 000 o
001 100 001 01000100 001 o
000 000 000 00100010 000 0
000 010 1oo 0o0o1000m 100 1
100 0o 100 toovolon 100 o
010 100 000 00010000 000 o
001 010 010 1000001 010 0
111 000 000 00000000 000 0
000 110 000 00000000 000 0
000 001 oo 0000000 oo o
000 000 011 11110000 011 o
000 000 000 00001 11H 000 1
100 001 010 1ooooooa 1 010 0
010 000 000 00001000 X 000 o
001 100 001 01000100 000001 o
000 000 000 00100010 001000 0
000 010 1oo too1000m 000100 1
100 000 100 000001000000100000100 o
010 100 000 00010000 001000 0
11 000 000 0000000 U 000000 o
000 11000 0o 0000000 WM cooo0o o
000 00111 100 00000000 100 o
000 0006001111000@0 011 11110000 011 0
000 0000000001 11100 000 0000111 m 000 1
100 1000100000000 010 10000000 010 o
010 010000001001 000 00001000 000 0
001 0000010001000 001 01000100 001 0
000 0010001000100 000 co0l10001 W 000 o
000 0001000100010 1oo 0o0o01000m 1oo 1
100 0000010000010 0 100 00000100 100 0
010 1600100001000 1 000 00010000 000 0
001 0100001000001 @0 010 1000001 010 o
000 0010000100100w00 001 01001000 001 o
—




Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar
2. Adding a scalar constant multiple of one equation to another
3. Swapping equations



Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar
2. Adding a scalar constant multiple of one equation to another
3. Swapping equations

(1) « + y = 2
(2) 3z 4+ 2y = 5
and
E;; SHA 2y — ; Have the same solution
r + oy =

Proof: Pretty obvious!



Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar

2x + 3y =4 has the same solution as: 4x + 6y = 8
Proof for N=2:

Let ax 4+ by = c, with solution X, y,

pax + pby = fc, with solution: x;, y;
= axO + byo =C

= pax, + pby, = pc

Show that ax + by = c,
has the same solution

Substitute x, y, for x, y: Since f # 0....
ﬂaxO + ﬂby() - 'BC ﬁaxl + ﬁbyl — ﬁC = axq + byl =C

ﬁ(ax() T by()) ~ ﬁc SOLUTION OF ONE, IMPLIES THE OTHER
,BC = ﬁC But is it the only solution? AND VICE-VERSA!

Show that fax + by = fc,
has the same solution.



Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar
2. Adding a scalar constant multiple of one equation to another

(1) = +y = 2
(2) 3z 4+ 2y = 5
and
(1) Loy — Have the same solution
3x(1)+(2) 6z + bdy =

Concept of proof: look at explicit solution, show they are the same
Also show the reverse — by applying the reverse operations



Upper Diagonal Systems

* Consider the following equations:

1
y — z = 2
1

=
|
<
s
l\l\zD
|

S
|




Upper Diagonal Systems

* Consider the following equations:

xr — y + 2z = 1 1
y —  z = 2 2
zl = 1 1

* Why are they easy to solve?

Upper Triangular matrix \ Row Echelon

1 % % %

More general Row Echelon in the notes! O 1 * *

0 1 *

Pivots




Gaussian Elimination

* Row-reduction to upper triang (Row echelon):

Step |

a’/‘ —
e + y +
-4z + dy

y + 2z

Z

09



Gaussian Elimination

20 + y +
* Row-reduction to upper triang (Row echelon): —4dx  + 9y
Step| _
1 —1 2 1 [
2 1 1 8 |2
-4 5 0| 7|6
Step Il
1 -1 2] 1 o
2) =2 x (1) (2)
3 +4x1) | 13

|
00



Gaussian Elimination

20 + y +
* Row-reduction to upper triang (Row echelon): —4xr + Oy
Step| _
1 —1 2 1 ()
2 1 1 & |2
-4 5 0| 7|06
Step Il

@ -2x1 | O 3 —3 6 |2
@ +4axn| 0O 1 8 11 |3

Step I

(2)/3 (2)

09



Gaussian Elimination

* Row-reduction to upper triang (Row echelon):

Step |

Step Il

(2) =2 x (1)
(3)+4x(1)

Step I

(2)/3

-

1
8
7

11

Step IV

3)-(2)

(1)
(2)
(3)

09



Gaussian Elimination

* Row-reduction to upper triang (Row echelon):

Step |

Step Il

(2) =2 x (1)
(3)+4x(1)

Step I

(2)/3

-

1
8
7

11

(1)
(2)
(3)

Step IV

3)-(2)

Step V

(3)/9

(1)
(2)
(3)

(1)
(2)
(3)

09



Gaussian Elimination

* Row-reduction to upper triang (Row echelon):

Step |

Step Il

(2) =2 x (1)
(3)+4x(1)

Step I

(2)/3

-

1
8
7

11

(1)
(2)
(3)

Step IV

3)-(2)

Step V

(3)/9

Pivots

(1)
(2)
(3)

(1)
(2)
(3)

09



Gaussian Elimination Cont. 2w 4+ oy 4

« Back substitution: —4r + Jy

SV 12 |1 T
0O 1 =11 2 |©
0 0 1 |1 o

Step VI _
(D) =2x(3) (1)
2)+@3) (2)

|
00



Gaussian Elimination Cont.

* Back substitution:

—1

Step V

Step VI

(1H-2x@3)

2)+0)

Step VI
() +(2)

o O

o =

= O

(1)
(2)
(3)

(1)
(2)
(3)

y + 2z
e + y +

-4z + dy

09



Gaussian Elimination Cont.

* Back substitution:

—1

Step V

Step VI

(1H-2x@3)

2)+0)

Step VI
(D +(@2)

(1)
(2)
(3)

(1)
(2)
(3)

Diagonal/identity matrix
(1) (reduced Row-Echelon form)

2r +
—4dxr 4+ Dy

X

Y
Z

Qo

y + 2z
(T

|
00



Back to Tomography

How do we solve it?

l-x;+1-%+0-%34+0-x,=4
O-x+0-%+1-x3+1-x,=3
l-x;+0-x+1-34+0-x,=2
O-xy+1-%+0-x35+1-x,=5

O = O =
o O
O = = O
—_ O = O
T DN W




Back to Tomography

3+

(3)
(4)

(2)
(3)

2
5

1
0

1
0

1 0 1 O

0O 1 0 1

1

Step |

Step Il

3 -

4)

(2)



Back to Tomography
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Back to Tomography

Back substitution: Row Echelon

11 0 0] 4 BN
O 1 0 1| 5 1 0 x k|
00 1 1|3 PIvots g g x| *
0 0 0 0} 0 0 0 0 0] 0

Reduced Row Echelon

UHL)_ 01 0 1 5_ //O X 8 : i
000 0} 0] 0 0 0 0O
|Ba|sic| Free

variables ~ variables



Back to Tomography Lox 41 x40 x40 x, =4

O-x+0-%+1-x3+1-x,=3.1
1'.X1+O'X2+1'X3+O'.X4:2
O-xy+1-%+0-x35+1-x,=5

Perturbations in the measurements

1 1 0 O 4

O O 1 1 3.1

1 0 1 O 2

0O 1 0 1 5
How do we solve it? L |




Back to Tomography

4

3

3.1

D

1

1 0 O

0
0 0 1

0

0

0O 1 0 1

0

0

Step IV

3+

4)-03)

4

3.1
2

1 0 O
0

1
0

1 0 1 O

3.1
=7

No Solution!

—

1
1 0

—1

0

Step |

3)—-D)

-1 1 O

0

Step I



Back to Tomography Lox 41 x40 x40 x, =4

0-x,+0-x,+1-x34+1-x,=3
l-x,+0-x+1-x3+0-x,=2
4 O-x,+1-x%+0-x3+1-x,=5
V2x +0- X+ 0 x34+4/2x, = 3¢/2
3 ~ -

0 4
3
2
O

1
0
1

1
0
1
0
How do we solve it? L \/§ \/§ 3\/§

o R OO =
O O = = O




Gaussian Elimination

0
1
0
1

V2 | 3

1
0
1
0

V2

O = O O =
O O = = O

Smww;&
)

3) -

(5) -2 x (1)

—(5)/(2)

2)

3)+2)
4 -2

5 -0

(4)/2
) —-@

2)+ @

3)+ @

(1) -@)
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Tomography Solved!

Possible reconstruction

3

Blurred version of :

X1

o O O O

%%)

o OO -

X3

o O = O

4]

O = OO

NN = W




Geometric Interpretation

(1) x+4y=06 x=0=>y=15 y=0=>x=6
2 2x—y=3 x=0=>y=-3 y=0=>x=1.5
SSUN
: . T~
Single Solution! ~~1_
x=2,y=1 |
I/
/
/V




Geometric Interpretation

1) x+4y=6

x=0=>y=15 y=0=>x=6

2) 2x+ 8y =12 x=0=>y=15 y=0=>x=6

Infinite Solutions!
anything that satisfies:

—




Geometric Interpretation

(1) x+4y=06 x=0=>y=15 y=0=>x=6
2 2x+ 8y =38 x=0=>y=1 y=0=>x=4

No Solutions!

Parallel lines do not intersect!

%,

—




Gaussian Elimination Summary

Data: Augmented matrix A € R ("+1) for a system of m equations with n variables

» Reduce to row-echelon form, from left-to-right by using: Result: Reduced form of augmented matrix
# Forward elimination procedure:
1. Multiply an equation with nonzero scalar for each variable index i from 1 to n do
. . . if entry in row i, column i of A is O then
2. Adding a scalar constant multiple of one equation to another if all entries in column i and row > i of A are O then

‘ proceed to next variable index;
else
find j, the smallest row index > i of A for which entry in column i # 0 ;

3. Swapping equations

2 2 R R ; c # The following rows implement the “swap” operation:

Single solution Infinite solutions No solution 61 s s B

1 * *x % * 1 * *x % * 1 * *x % * row j of A «— row i of A;

0 1 x =x * 0 1 x =« * 0 1 % =« * row i of A <— old_row_3;

0 0 1 x| = O 0 0 11| % 0 N ) 11| x dend

en
0 0 0 1 * 00 00 0 0 ) 0 * divide row i of A by entry in row i, column i of A;
J for each row index k from i+ 1 to m do
scaled_row_i <— row i of A times entry in row k, column i of A;

row k of A <—row k of A — scaled_row_i;

» Back substitute to reduced row-echelon form, from right-to-left

end

end
# Back substitution procedure:

gle SO|Utlon Inflnlte SOIUtlonS for each variable index u fromn—1to 1 do
1 0 % 0 * if entry in row u, column u of A # 0 then

8)
o

* 0O 1 x O * for each row v fromu—11to 1 do

) 0O 0 0 1 * scaled_row_u <— row u of A times entry in row v, column u of A;
row vof A «<—rowvofA — scaled_row_u;

% 0O 00 0] O

end

end
end
Algorithm 1: The Gaussian elimination algorithm.

PiVOtS Basic Free

variables variables




Vectors

* An array of N numbers
- Represents coordinates in an N-dimensional space

s
L1 N
T = , : z eR
* For example:
— [ 3 _ —
T=1 45 | z € R?




Vectors

* Since it’s an array of numbers, it can represent other things....

pixel color
®=HE L

RGB Sliders

Red

O .

Green

Blue

Hex Color # D783FF

Opacity

K

131

pixel values in an image




Vectors

200

Data

| Solar Cycles

-t

W

o
1

100 +

Smoothed Sunspot Number
3
L

0 — T

16

| /

19

TR F TR LS R B SR

1900 1910 1920

1930

T
1940

T

1950

1960 1970 1980 1990 2000 2010

Year




Special Vectors

<l
|
—1
|

N
|




Matrices

* A collection of numbers in a rectangular form

L11 L12 L1M
221 22  X2M
X = | , | . X e RIxM
 IN1 IN2 " INM

* Or a collection of M, N-length vectors




Vectors as Matrices

* A vector is a degenerate matrix

* A scalar is a degenerate vector or matrix

= Rlxl



Vector addition

* Two vectors of the same length can be added

- Addition is element-wise

T =

3
2

<y
|




Properties of vector addition

» Commutativity: X +y =y + x

» Associativity: (X+Y)+Z72=x+(V +2)
. Additive negative: X 4+ (=X) = 0

- Additive identity: X + U =X



Scalar Vector Multiplication

* Multiplying with a scalar result in multiplying each element.

_ az _
axl1
aQxr —
| AT Nx1 |
3 6
2.7 =2 =
2 4




Vector Transpose

—’T

. is the transpose of X
ey
11 Nx1
T = ., reRY”

> .
e X is always a column vector

. —_—
 To represent a row vector, write: x r



Vector Matrix Multiplication

. Let x € RV 57 e R 7 € RMX]
* Multiplication is valid only for specific matching dimensions!

Like this.... - | and like tat‘

1

adihad i

Or




Like this.... and like that!

Vector Vector Multiplication

I XN

N x 1



Like this.... and like that!

1 B
1
dr |
; i
; = ‘ FEE: )
/ i
) 3
|

|

Vector Vector Multiplication

X,V
I XN
YT?Z =)71X1 +y2X2+y3x3—|— coe +nyN
NGy s/
scalar 1 X 1
N x 1 Also known as “inner product”

or “dot product”



Like this.... and like that!

Vector Vector Multiplication

X,y
yIx = = V1X] + Xy + y3x3 + o+ Yy
\/——W /]
scalar 1 x 1

Also known as “inner product”
or “dot product”

I XN

S

<
|

|

N x1 Nx N



. . . Like this.... and like that!
Vector Vector Multiplication bl
7, 7 e RNXI | |
y'x = = Y1X| + YpXp + YaX3 + o0+ Yy Xy
M _J
scalar 1 x 1

Also known as “inner product”
or “dot product”

I XN B =
r1ys T1yYy2 -+ T1YN
royis  T2Yy2 - T2YN
—>—>7T
Xy = —
 INY1 INY2 - TINYN |
N x1 N XN Do not commute!

Also known as “outer product”



Vector Matrix Multiplication

. Let ¥ € R 37 e RM™ 7 € RMXI
« N X 1 with 1 X M with output: N X M
« M X 1 with 1 X N with output: M X N

« 1 X N with N X 1 with output: 1 X 1

—> —>T

—

X -y X'y
vly ¥

1x1

AN

NXxXM

M XN




