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Lecture 12B
Least Squares




GPS

« 24 satellites
- Known position
- Time synchronized
- 8 usually visible
* Problem:
- Classify which satellite is transmitting
- Estimate distance to GPS
- Estimate position from noisy data
* Tools:
- Inner product
- Cross correlation
- Least Squares



Orthogonal Projections

Given vectors a, b, we say that the orthogonal projection of b onto ‘@
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Example 2D

3 equations 2 unknowns:

No solution means: » & colspace(A)
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Find X that has the smallest error
|e’|| = ||AX— b || < [[Ax = b ||

Orthogonal projection onto colspace(A)!




Theorem: Consider matrix A, and 'y € colspace(A) -

If 37, suchthat (Z,a;) =0,then (Z,7 ) =0. A=

— ] —
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— 8|

Proof:

—_ — —> — e
Know: y =cia{+c,a,+ - +cyay —
Show: Z,y)=0 Z

ZC @+ ey @) =ciZia) + o+ oyZ Ay
Cl * (O) o AR o CN' (O)




Least Squares

argminz || €] = |AT - b |
e =0b—b
Since € L col(A), (a;,€) =0
<a’i, b — 19) =0

aT(b —b)=0

—

A=|a, @, -
I

— AX € colspace(A)

> Find b = A%
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Least Squares

.

argmin— || e|| = ||AXx — b
—> A
e=b-b

Since € L col(A), < a, e’) =0

aT(b —b)=0
— aT _1r | i

b|=0

A=|a, @, -
I

— AX € colspace(A)

> Find b = A%
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Least Squares

- U || p-b| =0

AT (E’—Afc) _ 0 _ _

| |
ATh —ATA% =0 A= @ @ dy
. | |
ATAR =ATh - ‘
If A is full Rank, then AT A is invertible — AX € colspace(A)
2= @ATA) AT > Find b = AX

b=AATA)'ATH -



Q

(ATA)!

o=







Example 1

AX = b

| [x]
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Example 1

AX = b
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AX = b .
_2_ Ix] OL:L:.:’ => 1 1/2
1 — I'Dc- g/f 0 1/2J

Example 1

Inconsistent! No solution
Least Squares:

£=(ATA)'ATY A'A = (- 4][1]
= () e (Wa)"'= §

- €)1



Example 2

Least Squares:

i=UATA) AT
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Example 3: Linear Regression

Known: Waller: (xp yl)
Sahai: (XZ’ yz)

Alon: (.X4, y4)

y X Stojanovic: (Xs,Ys)
§ Ranade: (X6, )’6)
o L Courtade: (X7, y-)
: X Liu: (Xga )’8)
g

# times teaching EECS16A X



- L legression
Example 3: Linear Regressio Model: y = ax+b

Known: Waller: (X1, Y1)
Sahai: (xz, yz)

Alon: (x4, y4)

Stojanovic: (x5,y5)

Ranade: (X6, y6)

Courtade: (x7,y7)

Liu: (XS, y8)

Mean of final exam ‘<

# times teaching EECS16A X



L ’ lon
Example 3: Linear Regressio Model: v = ax+b

Known: Waller: (xla yl)
Sahai: (Xz, yz)

Alon: (X4, y4)

Y Stojanovic: (X5, Ys)
§ - Ranade: (X6, )’6)
EE o Courtade: (x7,y7)
= i Liu: (xg,yg)
:

# times teaching EECS16A X



- L legression
Example 3: Linear Regressio Model: y = ax+b

—_— A —
e =Ap—y Known: Waller: (X1, Y1)
Q: What are the elements of : ‘e on this graph? Sahai: (XZ’ Y2)
Alon: (x4, y4)
Y Stojanovic: (X5, Ys)
g - Ranade: (X6, )76)
é R Courtade: (X7, }’7)
e N Liu: (xg, Yg)
S R
= Y3
Y8

A T AN—1 AT
# times teaching EECS16A X P - (A A) A y



Online Courses

BUT, not
everything fits to a
line!?!

What they promiseffee s
you will learn g

What you actually
learn




CURVE-FITTING METHODS

Example 4: Regression o TR T

Gauss found Ceres by using Kepler’s laws: S R B

* q
., o.'.

.
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. 2 2 . c e | . .
Model: ax“+by-+cxy+dx+ey =1 S MEINR o
ITH MATH"
o | X :
Q: Is this a linear fit? : S
A: Yes! MJ[M
Knowns: (. y1) (6. 5) - (. y) TG MmN T,
POLYNOMIAL PEOPLE. I DONT WANT TO!

Unknowns: p = [a b ¢ d e]" B s T I

"I NEED TO CONNECT THESE  “USTEN, SCENCE IS HARD. "I HAVE A THEORY,
TWO LINES, BUT MY FIRST IDEA  BUT I™M A SERIOUS AND THIS 15 THE ONLY
DIDN'T HAVE ENOUGH MATH."  PERSON DOING MY BEST." DATA T COULD FIND. n

T CLICKED ‘SMOOTH “T HAD AN IDEA FOR HOU A5 YOU CPN SEE, THIS

UINES IN EXCELY T0 CLEAN UP THE DATA. MODEL SMOOTHLY FITS
WHAT DO YOU THINK?* THE- WAIT MO NO DON'T

EXTEND IT APARAR!"




CURVE-FITTING METHODS

Example 4: Regression o TR T

Gauss found Ceres by using Kepler’s laws: S R B
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Q: Is this a linear fit? : R
A: Yes! MJ[M
Knowns: (. y1) (6. 5) - (@y. ) TG MmN T,
POLYNOMIAL PEOPLE. I DON'T WANT TO!

Unk :_>: r <
nknowns: p = [a b ¢ d e] Y / L

5 X J
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WHAT DO YOU THINK?* THE- WAIT MO NO DON'T

EXTEND IT APARAR!"




Example 4. Regression

Gauss found Ceres by using Kepler’s laws:

Model: ax*+by*+cxy+dx+ey = 1

X
Q: Is this a linear fit?
A: Yes!
Knowns: (x;,y1) (x5, ¥5) -+ (o, V)
Unknowns: p = [a b ¢ d e]’
X

A 7
2 .2 a
A1 V1 X1 X1 N b |=
2 2 X X
X5 V5 Y2 Ay W C
e

p=@A"A)"ATY

r—t»—t»—t|\<l

s, b :
AN YN XNYN XN YN 1




Example 5: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: v = ax+b P =1[0.1015 0.9757]%

1€ = 3.85
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Example 5: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: y=ax
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Example 5: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: y=ax
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Example 5: Exponential Regression  c v

Model: y = ce™" :

Q: Is this a linear fit?

A: No! But, can be made linear..... . .
New Model: log(y) =logc+ax = b+ ax e
Knowns: (. 1og()) (6. 108(3)) - Gy, log(yy)) .

Unknopns: . =la b]y.T
S N p_ S

By date of spocmen Sowoe b

https://www.cebm.net/covid-19/exponential-growth-what-it-is-why-it-matters-and-how-to-spot-it/



Example 5: Exponential Regression  «—cccemmmmmmnns

Model: y = ce™”

Q: Is this a linear fit? E
A: No! But, can be made linear..... ] _
New Model: log(y) =logc+ax = b+ ax e

Knowns: (x;,1og(y;)) (x,,10g(y,)) -+ (xy, log(yy))

Unknowns: p = [a b’

4 77 |
11 a]_ log y; [13 = (ATA)—lATy’J &
Y2 1| b log y, -
| N 1_ B 10g Ve P pp——

https://www.cebm.net/covid-19/exponential-growth-what-it-is-why-it-matters-and-how-to-spot-it/



Multi-Lateration

2a |, — ay)'x =2C*Anr, = ||a4||1> = || @517 + C*(Ar,)?
2a, — ax) X —2C? A0, = || @ |? = || a;l1? + CH(Aty)?
2a,— ay)'x —2C*Aqr, = ||a4||1> = || @4l1> + C*(Azy)?
2a, — a)'x —2C% Az, = ||a|I> = || a’s||* + C*(Ats)?

More equations than unknowns

r

Over-determined — Solve via Least-Squares

Q: How do we know if A” A is invertible? [ p=ATAIAT 7}
A: if A is full rank!?1?




Matrix Transposes
M L

A e RNXM ND ) = RMXL vl |

AT e RMXN| v BT ¢ RLXM EL
AB NDDME RNXL IN
i ﬁ'\/' T > T N
(AB)' (D ) — ( l ) e R™



Matrix Transposes

e (Dn) L ( l )gw -

BT AT ELQM = RLXN Lﬁ

(AB)! = B'A"



Invertibility of AT A

* Invertible = Trivial null space = Linear independent cols/rows....

—

The matrix A A is invertible iff Null (A TA) = 0
Theorem: Null (A7A) = Null (A)

Proof: (1) show that if W € Null(A), then w € Null(A”A)
(2) show that if v € Null(A” A), then V" € Null(A)

(1). W € Null(A) 2. 7V & NullA’A)
AW =0 ATATV = 0 Need to show AV = 0
ATAW =AT0 or... JAV| =0

IAV? = (AV)'(AV)
=v"'ATAY)
=V'(ATAV) =0

ATAW =0



Invertibility of AT A

« What if AL A is not invertible

T A~ T_> colspace(A) [;
A" Ax=A"b

—
—

A: x will have infinite solutions with the same ¢ = Ax — b



