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Lecture 12A
Tri-Lateration, Projections




Good morning!

Last time:

* Computing delay with cross-correlation
Today:

* Finding position with multi-lateration

* Projections

- Least Squares (Maybe)



| ocalization

» Satellites transmit a unique code

- Radio signal
* Signal is received and digitized
by a receiver \\\

Two problems:

@
1. Interference
2. Timing ( ((

What are good properties for the codes 5



Received Signal &
rin] = sln — 7] + s,[n — 7,] + win]
corrx(s,)[k] = (rlnl,s;[n— k]) \K

— <sl[n —1,], 8y[n — k]>+ <s2[n — 7], 81[n — k]>+ <W[i’l],51[n - k]>

000 1000 H - 1000
800 800 — 800
600 600 H — 600
400 400 [ * 400
200 200 T 200
.
0 e B o AL 1, L Tl 0 i el IR
L L L L L . " L L

cross-correlation with noise is small

Auto-correlation looks like an impulse cross-correlation is small
(always true)



Received Signal

rin] = sln — 7] + s,[n — 7,] + win] \\\
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Trilateration

W ||x = a, 2=d12
—_ —_— 2_ 2
(2) X — a,||"=4d,
—_  —a 2_ 2
3) X — a;||” = d;

dl — TIC
dz — TzC
d3 — T3C



Trilateration

m o ||X =, 2=0112
—_ —_— 2_ 2
(2) X — a,||"=4d,
—_  —a 2_ 2
3) X — as||”=dj

dl — TIC
dz — TzC



Trilateration

(1)

(2)

(3)

x = a,|?
B |
X — a;|?
XX = a7
—
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I —a|° =df

(X -a) (X —a) =d’

> > —> T— 12
X —x'a;+a,a;=d;
=_2a% + ||@ |17 = d?
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“-2a X + || @ ||IF = Corf

7,C
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T3C



Trilateration
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Trilateration
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Trilateration —

o | XN =2a] X + ||a||I* = C°f
@ || X)) =2aL% + ||a5||* = C?*z2

> 2 >
B | X|*—2a5x + ||as)* = Cor3

(2)- (1) 2 2
—2a3x +2a; x + || a,|lF = | ayll

CZ(T2 12)
2(71 — 72)T? — ”71”2 — ”5)2”2 + CZ(TQ — Tl)

(3)- (1)
2(a | — 73)T7 = ||71||2 — ||73||2 + CZ(T32 — 712)



Trilateration




Trilateration
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Solve via gaussian elimination!



Trilateration

2(a, — a)'x

2(71 - a>3)T x>

— 12 — 12 202 2
—
a

2 — 12 202 2

Problem — receiver clock is not synced to satellites
7, is unknown, but Az, =17, — 7, and Aty = 73 — 74
are known

2(71 — a>2)T X> — 71 2 72 2 + Cz(fz — Tl)(TZ + Tl) 73 = las;, a32]T
2(71 — Cl;z)T x> - 71 2. ?2 Z + C2(7:2 — Tl)(Tz — T + 271)
2@, — a)' x = ||all” = |'a,l|* + C3(Ar)(Az, + 21))




Trilateration

2(a, — a)'x

2(71 - a>3)T x>

— 12 — 12 202 2
—
a

2 — 112 202 2
1 — 3 +C(T3—Tl

Problem — receiver clock is not synced to satellites
7, is unknown, but Az, =17, — 7, and Aty = 73 — 74
are known

2(71 — a>2)T X> — 71 2 72 2 + Cz(fz — Tl)(TZ + Tl) 73 = las;, a32]T
2(71 — Cl;z)T x> - 71 2. ?2 Z + C2(7:2 — Tl)(Tz — T + 271)
2@, — a)' x = ||all” = |'a,l|* + C3(Ar)(Az, + 21))

2(a’ = a)' X = 2C°Anyr, = || @4 |I° = 1a5]1> + C*(Ary)?

Another variable! Need 1 more equation (satellite)



Trilateration

2a, — a)TxX —2C*Atn,1, = ||y ||1> = || a5l + CHAT,)?
2( a;l — a>3)T .x> — 2C2AT37:1 — 71 2 — 73 2 + Cz(AT3)2
2T, — T)TE = 2C A1y, = | @4 1* = | @Ll1* + C¥(AL,)?




Trilateration

2( a>1 - atz)T x> - 2C2A7«'2771 — 71 2 - 72 2 + Cz(ATz)z
2a@, — a3 X = 2C* A, = || 7417 = || @5)1% + CX(Ary)?
2( CI;I — a>4)T x> — 2C2AT4T1 - 71 2 i 74 2 -+ CZ(AT4)2
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Multi-Lateration

200, — a)'x —=2C*At,r, = || @y ||* = || @,
2(a, — ay)'x —2C*Anyr, = ||ay||1> = || a4
200, — a)'x =2C*Aqr, = || @ |)” - || a,
200, — @)% —2C*Arr, = ||a4||1> = || @’s

More equations than unknowns

Over-determined — may not have a solution!



Overdetermined Linear Equations

a1 X, + ajpx, = b,

ay1X| + ayXy = by

az1X) + az3pXy = by

Q: When is there a solution?

—

A: When b € Span{cols of A}




Inconsistent Linear Equations

a; X, + apx, = by + e \L
\
N
Cl21xl + azz.XZ — b2 + 82 \\\
N
az1X) + a3pXy = by + €3 -
-é’
— T
X
A = |p |+7e /
b |+ e Y.
//
//
//
7
/

Q: With noise, equations will be inconsistent! - no solution.




Towards the Least Squares Algorithm

Fact:
—
We have measurements: b
—

We have a model that: Ax = b

Problem: .
But AXx = b does not have a solution!

What to do?
Want to find X, such that AX is the closest to b



Example: a scalar problem

a |
2%)

Solution:

find X that has the smallest error
el = llax—b|

by
123

, one unknown, two equations

Span{ffifff

| .




Example: a scalar problem

a |
2%)

Solution:

find X that has the smallest error
el =lax—b||< llax— b

by
123

, one unknown, two equations

Span{ffifff

S| ™.
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Example: a scalar problem

aq _ _bl _ . Span{ E’}
X = , One unknown, two equations

dy b

B B - 2_
Solution: I b a
find X that has the smallest error / ax

— — a7 — 7 g)
lell=[lax=>b|<|lax— b




Example: a scalar problem

a |
2%)

Solution:

find X that has the smallest error
el =lax—b||< llax— b

by
123

, one unknown, two equations

Span{ffifff

N
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Q
A




Example: a scalar problem

a |
2%)

Solution:

find X that has the smallest error
el =lax—b||< llax— b

by
123

, one unknown, two equations

Span{ffifff

| .

Q
A




Example: a scalar problem

a |
2%)

Solution:

find X that has the smallest error
el =lax—b||< llax— b

by
123

, one unknown, two equations

Span{ffifff
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Example: a scalar problem

aq _ _bl _ . Span{ E’}
X = , one unknown, two equations
dy b
Solution: I s ¢ a
find X that has the smallest error /
el =lax—b||< llax— b /
/
/
/I
/




Example: a scalar problem

a | by . Span{ @}~
5 = , one unknown, two equations

2] 123
Solution: I b a
find X that has the smallest error /

e — _M—_) < ax — b il 3
lell=1lax=>b|[<|lax— b] FA L

/ by

Theorem: /
shortest distance between a point /
and a line is the orthogonal projection /




Projections

Theorem:
shortest distance between a point
and line is the orthogonal projection

Proof:

Pythagoras: (PR)?> = (PQO)’ + (QI;)%
(PR)* > (PQ)*

(PR) > (PQ)

N




Projections

find X that has the smallest error
€l =llax-bl|<|ax— b

Need to find the orthogonal projection!

Weknow: e L b e 1l a

Span{ffifff

/\

0

- — 7 — <?’7>
<b,a =<b,a> j — —
3 112
(b, @)= (72 7)

. —>
(b.7@)=2(7. @) . bla
- . b= —_—>—>
<b,a>=xnaw ala




Orthogonal Projections

Given vectors a, b, we say that the orthogonal projection of b onto ‘@

IS:

_)
b'a

I'a’l|?

—

Proj-(a’) =



Example 2D

3 equations 2 unknowns:

No solution means: » & colspace(A)

A

dip dpp
dyry Ay

Yai  Uap|

—

b
b,
b,

by

.
2
B

—

%)
|

Find X that has the smallest error
|e’|| = ||AX— b || < [[Ax = b ||

Orthogonal projection onto colspace(A)!




Theorem: Consider matrix A, and 'y € colspace(A) -

If 37, suchthat (Z,a;) =0,then (Z,7 ) =0. A=

— ] —
| —
— 8|

Proof:

—_ — —> — e
Know: y =cia{+c,a,+ - +cyay —
Show: Z,y)=0 Z

ZC @+ ey @) =ciZia) + o+ oyZ Ay
Cl * (O) o AR o CN' (O)




Least Squares

argminz || €] = |AT - b |
e =0b—b
Since € L col(A), (a;,€) =0
<a’i, b — 19) =0

aT(b —b)=0

—

A=|a, @, -
I

— AX € colspace(A)

> Find b = A%

|
.
ay




Least Squares

.

argmin— || e|| = ||AXx — b
—> A
e=b-b

Since € L col(A), < a, e’) =0

aT(b —b)=0
— aT _1r | i

b|=0

A=|a, @, -
I

— AX € colspace(A)

> Find b = A%

|
.
a

N




Least Squares

- U || p-b| =0

AT (E’—Afc) _ 0 _ _

| |
ATh —ATA% =0 A= @ @ dy
. | |
ATAR =ATh - ‘
If A is full Rank, then AT A is invertible — AX € colspace(A)
2= @ATA) AT > Find b = AX

b=AATA)'ATH -



- | o>

ATA AT







Example 1

AX = b

| [x]
_1_

k)

ey

f

-

;'4,9 4

1Pl
Lo




