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EECS 16A Designing [nformation Devices and Systems |
Spring 2022 Discussion 5B

1. Mechanical Determinants

(a) Compute the determinant of [g (3)}

Answer:

We can use the form of a 2 x 2 determinant from lecture:

det < {a b} ) =ad — bc
c d

Therefore,
2 0
dct({o J) =2-3-0-0=6
2 =3 1
(b) Compute the determinantof (2 0 —1{.
1 4 5
Answer:

a b c . L, ,
det| |d e £| ) =aaet(|¢ L) —poaet(|? T|)seder(|?
no i h i g i g h

R (e RN RO

=2-(0— (=4))+3- (10— (1)) +1- (8 0))
=8+33+38
=49

Therefore,

(c) We know that the determinant of a matrix represents the multi-dimensional volume formed by the col-
umn vectors. Explain geometrically why the determinant of a matrix with linearly dependent column
vectors is always 0.
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Answer: Consider an example in R?. If we have two vectors that are linearly independent, we can
form a parallelogram with them and calculate its area, which will be a nonzero value. Thus, we’ll
have a nonzero determinant as well. However, if the vectors are linearly dependent, we only have one
dimension (since the other dimension would have been compressed to zero), so our "parallelogram"
would have an area of 0, corresponding to a determinant with a value of 0.

This idea generalizes to N dimensions. If we have fewer than N linearly independent vectors, then the
multi-dimensional volume will have at least 1 dimension compressed to 0, giving us 0 volume and 0
determinant.

2. Mechanical Eigenvalues and Eigenvectors

In each part, find the eigenvalues of the matrix M and the associated eigenvectors.

1 0
Do you observe anything?

Answer:
Let’s begin by finding the eigenvalues:

L () R (Rt B

The determinant of a diagonal matrix is the product of the entries.
(1-2)9—-2)=0

From the above equation, we know that the eigenvalues are A = 1 and A = 9.
For the eigenvalue A = 1:

M—10)%=0
(R
{ s

. . . . 1
From the second equation in the system, x, = 0, with any solution having the form {0} t fort € R. The

. . 1
eigenspace is thus span{ {O} }
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For the eigenvalue A = 9:

(b 925 e
(b3 e

-8 0]
0 0

Il
ol

From the first equation in the system, x; = 0, so any solution must take the form [ﬂ t fort € R. The

eigenspace is span{ [ﬂ }

We observe that the eigenvalues are just the diagonal entries. Since the matrix is diagonal, multiplying
the diagonal matrix D with any standard basis vector €; produces d;é;, that is, Dé; = d;é;. Therefore, the
eigenvalues are the diagonal entries d; of D, and the corresponding eigenvector associated with A = d;
is the standard basis vector é;.

0 1
o5 ]

Answer:
Let’s begin by finding the eigenvalues:

det(A — A1) = det < [0_21 7317 /J > =0

—A(=3-24)4+2=0

A2+31+2=0
(A+2)(A+1)=0
A=—1,-2
A=—1
0—(—1) 1 0]_[ 1 1 ]0]gg [1 1]O
-2 S3—(=1)|0| | =2 =20 0 00

w0 20 = - [
X2 =1 X2 t 1
The eigenspace for A = —1 is span{ [1}
A=-2
0—(-2) 1 0
-2 -3—(-2)
X1 +x2/2 =0 |:X1:| - |:l‘/2:| - |:1/2:|l‘

X) =1

The eigenspace for A = —2 is span{ [_11/2] }
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(c) Without calculation, determine whether the identity matrix in R” have any eigenvalues A € R. What
are the corresponding eigenvectors?
Answer: Multiplying the identity matrix with any vector in R” produces the same vector, that is,
I¥ =X =1-X. Therefore, A = 1. Since X can be any vector in R”, the corresponding eigenvectors are
all vectors in R”.

3. Steady and Unsteady States

You’re given the matrix M:

_1

2
-2
2

— DN

M:

S OwI=
(e)

which generates the next state of a physical system from its previous state: X[k + 1] = MX[«].

(a) The eigenvaluesof Mare A; = 1,4, =2, 43 = % Define X = av + BV, + Vs, a linear combination of
the eigenvectors corresponding to the eigenvalues. For each of the cases in the table, determine if

lim M"¥
n—soo

converges. If it does, what does it converge to?

o B Y | Converges? | lim,, .. M"X
0 0 | #0
0 |#0] O
0 | #0| #0
#01] 0 0
20| 0 | #0
#0|#0| O
#0 | #0| #0
Answer:
M”?:M”(OLU] +Bﬁ2+y9‘g)
= oaM"V| + BM"V, + yM"V3
- e N .
=1"av; +2"BV, + (2> V3
a B Y | Converges? | lim, . M"X
0| o [0 Yes 0
0 |#0] O No -
0 | #£0]#0 No -
#£0 0 0 Yes avi
20| 0 | #0 Yes av
£0 40| 0 No -
20| #£0| #0 No -

(b) (Practice) Find the eigenspaces associated with the eigenvalues:

UCB EECS 16A, Spring 2022, Discussion 5B, All Rights Reserved. This may not be publicly shared without explicit permission.




Last Updated: 2022-02-25 22:39

i. span(¥), associated with A; = 1
ii. span(,), associated with A, = 2
iii. span(¥3), associated with A3 = 1

2
Answer:
i A=1:
11 I
- —EQ—EOGEI—IOO
M-1|0 0O 0 20| =10 0 1]0
0 0 1|0 0 0 0]0
1
Vi=a |l|,xeR
0
This means that
1
span{Vi} =spanq |1
ii. A =2:
-3 1 I
> 3 —310 o 1 0 10
M-21|0|=|] 0 -1 =2/0| =101 2|0
0O 0 010 0 0 00
—1
Vz—ﬁ -2 ,ﬁER
1
This means that
—1
span{Vr} = span< | -2
1
ces _l.
iii. A =5:
o1 1o 01 0]0
1 = T G.E.
M-3I/0 =105 -2|0| =100 10
00 3]0 0000

This means that

span{Vs} = span< |0
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