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EECS 16A Designing [nformation Devices and Systems [
Spring 2021 Homework 11

This homework is due April 16, 2020, at 23:59.
Self-grades are due April 19, 2020, at 23:59.

Midterm 2 re-do is due April 16, 2020, at 23:59. This homework is intention-
ally short to give you time to re-do and review the midterm.

Submission Format
Your homework submission should consist of one file.

* hwll.pdf: A single PDF file that contains all of your answers (any handwritten answers should be
scanned)

Submit each file to its respective assignment on Gradescope.

. Reading Assignment

For this homework, please read Notes 21 and 22 to learn about inner products, norms, trilateration, and
correlation. You are always encouraged to read beyond this as well.

(a) What does it mean for two vectors X and y to be orthogonal, in terms of their inner product?
Solution: The inner product of orthogonal vectors is zero, (¥,¥) = ||X]| ||¥|| cos90° = ||X|| ||]| -0 =0

. Inner Product Properties
Learning Goal: The objective of this problem is to exercise useful identities for inner products.

Our definition of the inner product in R” is:
*,¥) = xiyi +xey2+ ...+ x, 0 =XTy, forany X,y R"
Prove the following identities in R":

@ (X.5) = (%)

Solution: This is seen by direct expansion:
Let x;,y; € R, then

X1 Y1
X2 Y2
SRR =Xp-y1+x2- Y2+ X0 I
Xn Yn

=YX ty2 Xt Yo Xn

V1 X1
< Y2 X2 >
Yn Xn
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So the inner product is commutative.

(b) (%% =]

Solution:
X1 X1
X2 X2
N N =X1 X FX X F Xy Xy
Xn Xn

The inner product of a vector with itself is its norm squared.
© (=%5) = - &)

Solution:
—X1 N1
o —X2 Y2
<—x,y> = < : ) >
—Xn Yn
=X Y1 X2 Y2 = Xe Yn
= —(xX1-y1+x2-y2 44X Yn)

Flipping the sign of one of the vectors in the inner product flips the sign of the inner product, but does
not change the magnitude.

@ Fy+37) =&y +*.3)

Solution:

The inner product is distributive.
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(€ (X+¥,X+5) = (%X)+2(%5) + (.5

Solution:

3. Cauchy-Schwarz Inequality

Learning Goal: The objective of this problem is to understand and prove the Cauchy-Schwarz inequality
for real-valued vectors.

The Cauchy-Schwarz inequality states that for two vectors V,w € R":

| (7. %) [ = 3" ] < |[7]] - %]

In this problem we will prove the Cauchy-Schwarz inequality for vectors in R

. cos O . cos
Take two vectors: v =r [sin 6] andw=t [sin(ﬂ , where r > 0, ¢ > 0, 0, and ¢ are scalars. Make sure you

understand why any vector in R? can be expressed this way and why it is acceptable to restrict r,# > 0.

(a) In terms of some or all of the variables r, ¢, 6, and ¢, what are ||V|| and ||w||?

Solution: We use the trig identity cos?x +sin’x = 1 to show:

1] = y/vi+v3
= \/r2 cos2 0 + r2sin” 6

=r

Similarly, ||w|| =1.

(b) In terms of some or all of the variables r, ¢, 6, and ¢, what is (V,w)? Hint: The trig identity
cos (a)cos (b) +sin (a) sin (b) = cos (a — b) may be useful.
Solution: We use the trig identity cos (x) cos (y) + sin (x) sin (y) = cos (x — y) to show:

(V,w) = (rcos8)(tcos@)+ (rsin@)(rsin¢)
=r-t(cosBcos +sinBOsing)
=r-tcos(60—9)

(c) Show that the Cauchy-Schwarz inequality holds for any two vectors in R2. Hint: consider your results
from part (b). Also recall —1 < cosx < 1 and use both inequalities.
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Solution: We use the fact that cosx < 1 to show:

(V,w)=r-tcos(60—¢)
= [[Vll[[[| cos (6 — @)

< |9l [l
‘We use the fact that cosx > —1 to show:

(V,w) =r-tcos(60—¢)
= [Vl[[[w] cos (6 —¢)
= —[Vll{lw]

Therefore:
—[Wllwll < (v w) < (9l
which gives us that
| () | < (7]l

(d) Note that the inequality states that the inner product of two vectors must be less than or equal to the
product of their magnitudes. What conditions must the vectors satisfy for the equality to hold? In other
words, when is (V,w) = ||V|| - ||w]|?

Solution:

(,w) = [Vl [[wl]

[V[H[1wl[ cos (6 — @) = [[V|[|w]
cos(6—9¢)=1
0—9=0

We see that the equality holds when the angle between the two vectors is zero. Note that when the
angle is zero, the vectors would be linearly dependent.

4. Mechanical Linear Correlation

Learning Goal: The objective of this problem is to understand how to compute the linear correlation be-
tween signals.

We recall that the linear correlation of signal ¥ with signal X is given as:

corrz(F)[k] = ). F[n]yln— 4]

n—=—oo
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Signal s}

Signal 5>

Assume that both of the above signals extend to £, and are 0 everywhere outside of the region shown in
the above graphs. First, we will demonstrate the procedure for linear correlation by computing the linear
correlation between signal §; with itself (i.e. corry, (57)[k]). This is referred to as the linear autocorrelation.
This can be computed by evaluating the inner product between the signal and the shifted version of the
signal (outlined in the below tables). Here, we compute this quantity for shifts between -3 and 3. For
all shifts outside this range, the inner product is zero. Finally, we plot the non-zero values of the linear

autocorrelation.
51[n] 0 0 0 2 -2 2 -2 0 0 0
Si[n+3] 2 -2 2 -2 0 0 0 0 0 0
(51[n],51n+3]) |0 + 0 + O -4 0 0O+ 0 + 0 + 0 + O =-4
51(n] 0 0 0 2 -2 2 -2 0 0 0
Si[n+2] 0 2 -2 2 -2 0 0 0 0 0
(s1|n],51[n4+2)) |O + 0 + O 4 4 0O+ 0 + 0 + 0 + O =38
51(n] 0 0 0 2 -2 2 -2 0 0 0
Si[n+1] 0 0 2 2 2 -2 0 0 0 0
(si[n],51n+1)) [0 + 0 + O -4 -4 4 + 0 + 0 + 0 + O =-12
51(n] 0 0 0 2 2 2 2 0 0 0
Si[n+0] 0 0 0 2 -2 2 2 0 0 0
(51[n],51[n+0]) |O + O + O 4 4 4 + 4 + 0 + 0 + O =16
51([n] 0 0 0 2 -2 2 -2 0 0 0
Si[n—1] 0 0 0 0 2 -2 2 -2 0 0
(si[n],51in—1)) |0 + 0 + O 0 -4 4 + 4 + 0 + 0 + O =-12
51[n] 0 0 0 2 -2 2 2 0 0 0
Si[n—2] 0 0 0 0 0 2 -2 2 -2 0
(51[n,51n=2]) |0 + 0 + O 0 0 4 + 4 + 0 + 0 + 0 =8
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51[n] 0 0 0 2 2 2 2 0 0 0
51[n—3] 0 0 0 0 0 0 2 2 2 2
(si[a],5in=3))|0 + 0 + 0 + 0 + O + O + 4 + O + 0 + 0 =4
T
®
10 | :

|
-4 -3 -2-10 1 2 3 4

(a) Using the procedure demonstrated above, compute corry, (52 ) k], the linear cross-correlation of 5, with
51. Like the example, use tables like the one given below for k = —3 and plot the resulting correlation.

51[n] 0 0 0 2 -2 2 2 0 0 0
$H[n+ 3] 1 2 3 4 0 0 0 0 0 0
(51[n],52[n+3])
Solution:
51[n] 0 0 0 2 -2 2 -2 0 0 0
$n+3] 1 2 3 4 0 0 0 0 0 0
(s1|n],$2[n+3)) /O + 0 + 0 + 8 + 0 + O + O + O + O + 0 =38
51[n) 0 0 0 2 2 2 2 0 0 0
Hn+2] 0 1 2 3 4 0 0 0 0 0
(5i[n],52[n+2)) |0 + O + 0 + 6 + -8 + 0 + O + O + O + 0 =-2
51(n] 0 0 0 2 -2 2 -2 0 0 0
S[n+1] 0 0 1 2 3 4 0 0 0 0
(s51[n],S2[n+1)) /1O + 0 + 0 + 4 + 6 + 8 + 0 + 0 + 0 + 0 =6
51[n) 0 0 0 2 2 2 2 0 0 0
$n+0] 0 0 0 1 2 3 4 0 0 0
(5i[n],%2[n+0)) |O + O + O + 2 + 4 + 6 + -8 + 0 + 0 + 0 =-+4
51 0 0 0 2 2 2 2 0 0 0
Soln—1] 0 0 0 0 1 2 3 4 0 0

(si[n],52[n—=1)) |0 + 0 + 0 + 0 + 2 + 4 + 6 + 0 + 0 + 0 =-+4
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51[n] 0 0 0 2 -2 2 -2 0 0 0
Sh[n—2] 0 0 0 0 0 1 2 3 4 0
(si[n],%2[n=2)) |0 + 0 + 0 + 0 + O + 2 + 4 + 0 + 0 + 0 =-2
51[n 0 0 0 2 2 2 2 0 0 0
$n—2] 0 0 0 0 0 0 1 2 3 4
(si[n],%2[n=2)) |0 + 0 + 0 + 0 + O + O + -2 + O + O + 0 =-2
T
®
5 [ |

-4 -3 -2-10 1 2 3 4

(b) Will the linear cross-correlation of 5, with 5| (corry, (52)[k]) be the same as the cross-correlation of §
with 5, (corrg, (57)[k])? You can use the iPython notebook probll.ipynb to figure this out. How are
they related to each other?

Solution: See sol12.ipynb. They do not have the same result, but they are related: one is the reverse
of the other. If you were able to observe this, give yourself full points.

You were not explicitly required to show why, but a sketch of why this is the case follows. Let us
compare corry, (5) k] and corry, (52)[k].

By definition:

corr, GOk = Y Salnlfiln—A]

n—=-—oo

COITy, (Ez)[k] = i §1 [n]§2 [n *k]

n—=—oo0

Using a substitution of index, m = n — k we have:

corrs, (3)[K] = _i 1 [m+ K5 m]

S}

= Y Slmfsiim—(—k)]

m=—oo

= corry, (51)[—K]

So we can conclude that corry, (52)[k] = corrg, (57)[—k].
Now, we will review the procedure to perform linear cross-correlation between one signal that is periodic
with a period of 4 and another that is finite length and extended with zeros as in the previous parts. As an
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example, we will compute the linear correlation corry, (57)[k] between the periodic signal p, (with period
4), formed by repeating 5>, and the finite length signal 5| extended with zeros. The result will be a periodic
signal with period 4.

The periodic signal, p,, formed by repeating s is plotted below for indices -4 to 7. It is defined and non-zero
for all indices from —oo to +-oco.

We compute one period of the result of the cross-correlation by starting at a shift of k = —1 and ending at a
shift of k = 2.
D2[n] 2 3 4 1 2 3 4 1 2 3
Si[n+1] 0 0 2 2 2 2 0 0 0 0
(P2[n],51n+1)) O + O + 8 + 2 + 4 + 6 + 0 + 0 + 0 + O =4
Daln] 2 3 4 1 2 3 4 1 2 3
Si[n+0] 0 0 0 2 -2 2 2 0 0 0
(P2[n],51(n+0)) |]O + O + 0 + 2 + 4 + 6 + -8 + 0 + 0 + O =4
pa[n] 2 3 4 1 2 3 4 1 2 3
Sin—1] 0 0 0 0 2 -2 2 2 0 0
(P2[n],51n—=1) |0 + 0 + 0 + 0 + 4 + 6 + 8 + 2 + 0 + O =4
D2[n] 2 3 4 1 2 3 4 1 2 3
si[n—2] 0 0 0 0 0 2 2 2 2 0
(P2[n],51n=2]) |0 + 0 + 0O + 0 + 0O + 6 + -8 + 2 + 4 + 0 =-4

The computed single period of the resulting linear cross correlation is plotted below.
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-1 0 1 2

The resulting linear cross correlation for shifts from k = —4 to k = 7 is plotted below.

4, -

| |
—4-3-2-101 2 3 4 5 6 7

(c) Repeat the procedure described above to compute the correlation corrj, (57)[k] between a periodic
signal p (with period 4), formed by repeating 57, and the finite-length signal 5 extended with zeros.
Like the example, evaluate tables like the one below for k = —3 for different shifts and plot a single
period of the result.

p1[n] -2 2 -2 2 -2 2 2 2 2 2
Si[n+3] 2 -2 2 -2 0 0 0 0 0 0
(Pr[n],51[n+3])
Solution: ~ We have computed below shifts from k = —3 to k = 3. However, so long as you have

enough values for a single period, give yourself full credit.

51 [n] 2 2 2 2 2 2 2 2 2 2
s1[n+3] 2 2 2 -2 0 0 0 0 0 0
(pin),sin+3)) | 4 + 4 + 4 + 4 + 0 + 0 + 0 + 0 + 0 + O =-16
B1[n] 2 2 2 2 2 2 2 2 2 2
Siln+2] 0 2 2 2 2 0 0 0 0 0
(pila),sin+2)) | O + 4 + 4 + 4 + 4 + 0 + 0 + 0 + 0 + O =16

UCB EECS 16A, Spring 2021, Homework 11, All Rights Reserved. This may not be publicly shared without explicit permission. 9



Last Updated: 2021-04-17 09:34 10

p1[n] -2 2 -2 2 -2 2 -2 2 -2 2
Sin+1] 0 0 2 2 2 2 0 0 0 0
Bin,5in+1) |0 + 0 + -4 + 4 + 4 + 4 + 0 + 0 + 0 + 0 =-16
51l 2 2 2 2 2 2 ) 2 ) 2
51[n+0] 0 0 0 2 2 2 2 0 0 0
Bin],51n+0) 0 + 0 + 0 + 4 + 4 + 4 + 4 + 0 + 0 + 0 =16
51 n] 2 2 2 2 2 2 2 2 2 2
Si[n—1] 0 0 0 0 2 -2 2 -2 0 0
(piln,sin—1) {0 + 0 + 0 + 0 + 4 + -4 + 4 + -4 + 0 + O =-16
pin] 2 2 2 2 2 2 2 2 2 2
si[n—2] 0 0 0 0 0 2 2 2 2 0
(Pila),5in=2)) | O + O + O + O + O + 4 + 4 + 4 + 4 + 0 =16
piln] 2 2 2 2 2 2 2 2 2 2
51[n—3] 0 0 0 0 0 0 2 -2 2 -2
(pin,s1in=3)[0 + 0 + 0 + 0 + 0 + 0 + -4 + -4 + -4 + -4 =-16

Like the example, the period was plotted from k = —1 to k = 2. Give yourself full credit if you plotted
four consecutive values sufficient for a single period, i.e. your plot starts from a shift of k = k¢ and
ends at k = kyp+ 3

10 N

O, |

—-10

5. Homework Process and Study Group

Who did you work with on this homework? List names and student ID’s. (In case you met people at home-
work party or in office hours, you can also just describe the group.) How did you work on this homework?
If you worked in your study group, explain what role each student played for the meetings this week.

Solution:
I first worked by myself for 2 hours, but got stuck on problem 5. Then I met with my study group.

XYZ played the role of facilitator ... etc. We were still stuck on problem 5 so we went to office hours to talk
about the problem.

Then I went to homework party for a few hours, where I finished the homework.
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