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EECS 16A Designing [nformation Devices and Systems |
Fall 2020 Discussion 14B

1. Orthonormal Matrices and Projections

An orthonormal matrix, A, is a matrix whose columns, d;, are:

* Orthogonal (ie. (d;,d;) =0 when i # j)

» Normalized (ie. vectors with length equal to 1, ||@;]|| = 1). This implies that ||@;||> = (a@;,d;) = 1.

(a) Suppose that the matrix A € RV*M has linearly independent columns. The vector ¥ in RY is not in the
subspace spanned by the columns of A. What is the projection of ¥ onto the subspace spanned by the
columns of A?

Answer: When finding a projection onto a subspace, we’re trying to find the “closest” vector in that
subspace. This can be found by first finding ¥ that minimizes ||y — AX||. From least squares, we know
that £ = (ATA)~'AT¥. The projection of ¥ onto the columns of A is then y = At = A(ATA)'ATy.
(b) Show if A € RV*¥ is an orthonormal matrix then the columns, @;, form a basis for RY.

Answer:
We want to show that the columns of A form a basis for RY. To show that the columns form a basis
for RV we need to show two things:

* The columns must form a set of N linearly independent vectors.

* Any vector ¥ € RN can be represented as a linear combination of the vectors in the set.

We already know we have N vectors, so first we will show they are linearly independent. We shall do
this by showing that A = 0 implies that 3 can be only 0.

AB
ﬁ]ﬁ] —‘r...—l—BNZlN

0 (1)
0 )

Then to exploit the properties of orthogonal vectors, we consider taking the inner product of each side
of the above equation with d;.

—

(di, Brdy + ...+ Byay) = (d@;,0) =0 3)

Now we apply the distributive property of the inner product and the definition of orthonormal vectors,

(@i, Brdr) + ...+ (d;, Bid;) + ...+ (d;, Bvdn) = 0 “4)
0+...+Bi(d,di)+...+40=0 5)
O+...+Bd d+...+0=0 (6)
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Because d;

d; = 1, B; = 0 for the equation to hold. Then, since this is true for all i from 1 to N, all the

elements of the vector beta must be zero (f = 6). Because ¥ = 0 implies § = 6, the columns of A are

linearly independent.

Now, we will show that any vector ¥ € R can be represented as a linear combination of the columns

of A.

f:Aﬁ:ﬁlﬁl+...+ﬁNﬁN

(N

Because we know that the N columns of A are linearly independent, then there exists A~'. Applying

the inverse to the equation above,

ATAB =A%
B=A"'%

B =

Y

()
©)

we find that there exists a unqiue B that allow us to represent any X as a linear combination of the

columns of A.

(c) When A € RV*M and N > M (i.e. tall matrices), show that if the matrix is orthonormal, then ATA =

Iyviscm.
Answer: Want to show ATA =1,,..

ala, ala, ... dalay
=T = T = T =
ATA = |aya Gy ... Gyam| =Ty .y

LN

When @’ d@; = ||d@;||*> = 1 and when i # j, G’ d@; = 0 because the column vectors are orthogonal.

(d) Again, suppose A € RV
the subspace spanned by the columns of A is now AA”Y.
Answer:

Starting with the result from part (a),

(10)

where N > M is an orthonormal matrix. Show that the projection of ¥ onto

Af=A(ATA) ATy, (11)
we can apply the result from part (c),
AATA) TATy = AIATy (12)
=AATy (13)
00 ¥
: NxM 00 ¥2 :
(e) Given A € RV = 0 1 (2) and the columns of A are orthonormal, find the least squares solution
1 0 O
to AR =ywherey=1[5 12 7 8] .
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Answer:
Method 1:
Since the columns of A are orthonormal, from part (d) we know that
R (a,y)
X=ATy=|(a,y)|.
(@3,¥)
Note that this is equivalent to projecting y onto each column of A:

Method 2 (Alternatively you can use the least squares formula):
-1

NG
000100% 0001152
F=(ATA)'ATy=|]0 o 1 0| |00 % 0 0 10
VIV ooll0 1 0 2o ol l?
2 2 1 0 O 2 2 8
5
1o o]fo 0 0177 8
=10 1 of |0 o 1of|S=|7
2 V2 172
001%7008 1242
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2. Identifying satelites and their delays

We are given the following two signals, 5] and $> respectively, that are signatures for two satellites.

Signal 1 Signal 2

(a) Your cellphone antenna receives the following signal r[n]. You know that there may be some noise
present in r[n] in addition to the transmission from the satellite.

;.‘

1l i
—-1.2F :

o 1 2 3 4 5 6 7 8

Which satellites are transmitting? What is the delay between the satellite and your cellphone? Use
cross-correlation to justify your answer. You can use iPython to compute the cross-correlation.

Answer: We calculate both corr,(57)[k] and corr,(53)[k]:

corrz (1) K]
7 0.2 0.2 1 1 —1.2 1 1 0.2 —-0.2
AR 0 0 0 0 0 0 0 0

Fspn+4)[02 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0

7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Siln+3] | 1 I 0 0 0 0 0 0 0
Fspn+3)[02 + 02 + 0 + 0 + 0 + 0 + 0 + 0 + 0

7 0.2 0.2 1 1 —12 1 1 0.2 —0.2
sin+2] | -1 1 1 0 0 0 0 0 0
Fsn+2) =02 + 02 + T + 0 + 0O + 0 + 0 + 0 + 0
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7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Sin+1] | 1 —1 1 1 0 0 0 0 0
Fsn+1]) (02 + —02 + 1T + 1 + 0 0O + 0 + 0 + 0 =2

Fool02 0.2 1 1 ~12 1 0.2 —0.2
sinl |1 1 —1 1 1 0 0 0
Fsp)|02 + 02 + -1 + 1 + —12 + 0 + 0 + 0 + 0 =-08

7 0.2 0.2 1 ~12 1 1 0.2 —0.2
Sin—1] | 0 1 —1 1 1 0 0 0
Fsin—1) | 0 + 02 + 1 + 12 + 1T + 0 + 0 + 0 =0

7 0.2 0.2 1 ~12 1 1 0.2 —0.2
Sin—2] | 0 0 1 —1 1 1 0 0
Fspn—-2) 0 + 0 + I+ 12 I I + 0 + 0 =52

7 0.2 0.2 1 ~12 1 1 0.2 —0.2
Sin—3] | 0 0 1 1 ~1 1 1 0
Fsin=3)] 0 + 0 -+ I+ —12 T + 1 + 02 + 0 =0

7 0.2 0.2 1 ~12 1 1 0.2 ~0.2
Sin—4] | 0 0 0 1 1 —1 1 1
Fsn—4)[ 0 + 0 + 0 + —12 1 1 + 02 + —02 =-12

7 0.2 0.2 1 ~12 1 1 0.2 ~0.2
§iln—5] | 0 0 0 0 1 1 ~1 1
Fsin=s)| 0 + 0 -+ 0 + 0 1 I + —02 + —02 =16

7 0.2 0.2 1 ~12 1 1 0.2 ~0.2
Sin—6] | 0 0 0 0 0 1 1 —1
Fsin—6)| 0 + 0 -+ 0 + 0 0 I+ 02 + 02 =14

7 0.2 0.2 1 ~12 1 1 0.2 ~0.2
Sin—7 | 0 0 0 0 0 0 1 1
Fsin-7] 0 + 0 -+ 0 + O 0 0 + 02 + -02 =0

7 0.2 0.2 1 ~12 1 1 0.2 ~0.2
Siln—8] | 0 0 0 0 0 0 0 1
Fsin—=8)| 0 + 0 -+ 0 + O 0 0 + 0 + 02 =-02
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corry(52) [k]
G 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
SHh+d4 | -1 0 0 0 0 0 0 0 0
Fshh+4) | 02 + 0 + 0 + 0 + 0O + 0 + 0 + 0 + 0 =-02
G 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Sh+3] | -1 ~1 0 0 0 0 0 0 0
FHh+3) | 02 + 02 + 0 + 0 + 0 + 0 + 0 + 0 + 0 =-04
G 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Sn+2] | 1 —1 —1 0 0 0 0 0 0
FHh+2) 02 + 02 + -1 + 0 + 0 + 0 + 0 + 0 + 0 =-1
G 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Sh+1] | 1 1 —1 —1 0 0 0 0 0
FHh+1) 02 + 02 + -1 + -1 + 0 + 0 + 0 + 0 + 0 =-16
Fool02 0.2 1 1 ~12 1 1 0.2 —0.2
S | 1 1 1 —1 —1 0 0 0 0
Fsnh)y|02 + 02 + 1 + -1 + 12 + 0 + 0 + + 0 =16
7 0.2 0.2 1 ~12 1 1 0.2 —0.2
Sn—1 | 0 1 1 —1 —1 0 0 0
Fshn—1) ] 0 + 02 + + 1 + 12 + -1 + 0 + 0 + 0 =24
7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
$n—2] | 0 0 1 1 —1 —1 0 0
Fsn—-2) 0 + 0 + + 1 + 12 + -1 + -1 + 0 + 0 =-12
7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
$n—3] | 0 0 0 1 1 1 —1 —1 0
Fonh-3)] 0 + 0 + 0 + 1 + —-12 + 1 + -1 + —02 + 0 =-04
7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Sn—4] | 0 0 0 0 1 1 1 —1 —1
FHh—4) 0 + 0 + 0 + 0 + —12 + I + 1 + —02 + 02 =08
7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
$n—5 | 0 0 0 0 0 1 1 1 —1
FHh-5) 0 + 0 + 0 + 0 + 0 + I + I + 02 + 02 =24
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7 0.2 0.2 1 1 —1.2 1 1 0.2 —-0.2

Hh—6] | 0 0 0 0 0 0 1 1 1

Fsh—-6)[ 0 + 0 + 0 + 0 + 0 + 0 + 1 + 02 + —02

7 0.2 0.2 1 1 —1.2 1 1 0.2 —-0.2

SHh—-7 | 0 0 0 0 0 0 0 1 1

FHh-7)[0 + 0 + 0 + 0 + 0 + 0 + 0 + 02 + —02

7 0.2 0.2 1 1 ~12 1 1 0.2 —0.2
Hh—8 | 0 0 0 0 0 0 0 0 1
FHn—-8)[ 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + —02

The maximum correlation value is 5.2 at k = 2 from satellite 1. Therefore, the transmission likely
comes from satellite 1.

(b) Now your cellphone receives a new signal r[n] as below. What the satellites that are transmitting and
what is the delay between each satellite and your cellphone?

~!

L
o 1 2 3 4 5 6 7 8

Answer: We want to find shifts k; and k, such that: 7[n] = 5 [n — k] + 52 [n — k2.
We calculate both corrz(s57)[k] and corrz(s7)[k] for different shifts k. The index where the maximum
correlation value is achieved will tell us the shift indices (delays).

corrz () k]

7 0 1 1 -1 2 2 1 -1 -1
Si[n+4] 1 0 0 0 0 0 0 0 0
(#,sijn+4)]0 + 0 + 0 + O 4+ 0 + 0 + 0 + O + 0 =0

7 0 1 1 -1 2 2 1 -1 -1
Si[n+3] 1 1 0 0 0 0 0 0 0
Fsin+3)[0 + 1 + 0 + 0 + 0 + 0 + 0 + 0 + 0 =1
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7 0 1 1 —1 2 2 1 —1 —1

sin+2] | -1 1 1 0 0 0 0 0 0

Fsin+2)) ] 0 + 1 + 1 4 0 + 0 + 0 + 0 + 0 + 0

7 0 1 1 .| 2 2 1 .| -1
Sin+1] 1 —1 1 1 0 0 0 0 0
Fsin+1) |0 + -1 + 1 + -1 + 0 + 0 + 0 + 0 + 0

Pl 1 1 —1 2 2 1 —1 —1
NOE 1 —1 1 1 0 0 0 0
Fsi)0 + 1T + -1 + -1 + 2 + 0 + 0 + 0 + 0 =1

7 0 1 1 -1 2 2 1 -1 -1
sih—1] |0 1 1 -1 1 1 0 0 0
Fsn—1)]0 + 1 + 1 + 1 + 2 + 2 + 0 + 0 + 0 =7

7 0 1 1 -1 2 2 1 -1 1
sin—2] [0 0 1 1 —1 1 1 0 0
Fsin—2)]0 + 0 + 1 + -1 + -2 + 2 + 1 + 0 + 0

7 0 1 1 -1 2 2 1 —1 —1
siln—3] |0 0 0 1 1 —1 1 1 0

G 0 1 1 —1 2 2 1 —1 ~1
Sin—7] |0 0 0 0 0 0 0 1 1
Fsh-7H 0 + 0 + 0 + 0 + 0 + 0 + 0 + —1 + -1 =-2
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7 0 1 1 —1 2 2 1 —1 —1
5in—8] |0 0 0 0 0 0 0 0 1
(F,5ih—8)]0 + 0 + 0 + 0 4+ 0 4+ 0 4+ 0 + 0 + -1 =-I

corry(52) k]

7 0 1 1 —1 2 2 1 —1 —1
SHn+4] | -1 0 0 0 0 0 0 0 0
(F,5o[n+4]) | 0 0 0 + O 0 0 0 + 0 0 =0

7 0 1 —1 2 2 1 —1 —1
$Hn+3] | -1 —1 0 0 0 0 0 0
(F,s2[n+3]) | 0 -1 + 0 + + 0 + 0 + 0 + 0 4+ 0 =-1

7 0 1 1 ~1 2 2 1 —1 —1
san+2] |1 —1 —1 0 0 0 0 0
(F,on+2)) |0+ -1 -1+ + 0 4+ 0 4+ 0 + 0 + 0 =-2

7 0 1 1 —1 2 2 1 —1 —1
Siln+1] |1 1 —1 —1 0 0 0 0 0
(F,s2ln+1])) O+ 1 + -1 + 0 0 0 + 0 0 =1

7 —1 2 1 —1 ~1
$2[n] —1 0 0 0 0
(F,52(n]) + + + 1 -2 + 0 + 0 + 0 + 0 =1

7 0 1 1 —1 2 2 1 —1 —1
Shn—1] 0 1 1 1 -1 —1 0 0 0
Fomh-1)]0 + 1T + 1 + -1 + =2 + =2 + 0 + 0 + 0 =-3

7 0 1 1 ~1 2 2 1 -1 —1
s2n—2] |0 0 1 1 1 —1 —1 0 0
FsHnh-2))0 + 0 + 1 + -1 + 2 + =2 + -1 + 0 + 0 =-1

7 0 1 1 ~1 2 2 1 —1 ~1
$2n—=3] |0 0 0 1 1 1 —1 —1 0
(F,52[n=3])|]0 + 0 + 0 + -1 + 2 + 2 + -1 + 1 0 =3

7 0 1 1 -1 2 2 1 -1 ~1
salh—4] |0 0 0 0 1 1 1 —1 —1
Fumn—4)[0 + 0 + 0 + 0 + 2 + 2 + 1 + 1 + 1 =7
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7 0 1 1 -1 2 2 1 -1 -1
$oin—5] |0 0 0 0 0 1 1 1 —1
(/,52[n=5))0 + 0 + 0 + O + O + 2 4+ I + -1 4+ 1 =3

7 0 1 1 -1 2 2 1 —1 —1
$oin—6] |0 0 0 0 0 0 1 1 1
(F,s5n—6)) |0 + 0 + 0 + O + O + O 4+ I + -1 4+ -1 =-1

7 0 1 1 -1 2 2 1 —1 —1
$5n—=7] |0 0 0 0 0 0 0 1 1
(F,[n-=7)10 + 0 + 0 + O + O + 0 + 0 4+ -1 + -1 =-2

7 0 1 1 -1 2 2 1 —1 —1
$5n—8] |0 0 0 0 0 0 0 0 1
(f,5n-8)|0 + 0 + 0 + O + O + 0 + 0 + O + -1 =-1

The maximum correlation between signals 7 and 5] was achieved at k; = 1, and the maximum correla-
tion between signals 7 and §, was achieved at k, = 4.
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